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INTRODUCTION

- Operations Research, or OR, originated in the context of military operations, but

today is widely accepted as a powerful tool for planning and decision-making,

-especially in business and industry. The OR approach has provided a new tool for

managing conventional management problems. In fact, operational research techniques
constitute a scieritific methodology of analysing the problems of the business world
and provide an improved basis for taking management decisions. The practice of OR
helps in tackling intricate and complex problems such as that of resource allocation,
product mix, inventory management, sequencing and scheduling, replacement and a
host of similar problems of modem business and industry.

Operations research is an interdisciplinary branch of applied mathematics and
formal science that uses mathematical methods, such as mathematical modelling,
statistics and algorithms, to arrive at optimal or near optimal solutions to complex

problems. Basically, it is concerned with optimizing the maxima (profit, assembly -

line performance, bandwidth, etc) or minima (loss, risk, etc.) of some objective
function. It also helps management achieve its goals using scientific methods. The
field of operations rescarch is closely related to industrial engineering, and industrial
engineers consider operations research techniques as their major toolset. Some of the
primary tools used by operations researchers are statistics, optimization, probability
theory, queuing theory, game theory, graph theory, decision analysis and simulation.
Because of the cpmputaﬁonal nature of these fields, OR is linked to computer science
and OR professionals use specific custom-written software for computation of data
and decision-making, - -

The uniqueness of OR prompted industries to use its formal tools such as

: opérations analysis, system analysis, management science, decision science, etc.
Commercial industries such as airlines, automobiles, communications, electronics,
. transportation, chemicals and mining use OR techniques to optimally utilize their

limited resources and thereby maximize profits. Hence, OR is the application of the
methods of science to complex problems arising in the direction and management of
large systems of men, machines; materials and money in industry, business, govemment

and defence. The distinctive approach is to develop a scientific model of the system,

incorporating measurement of factors such as chance and risk, with which to predict
and compare the outcomes of alternative decision strategies and controls.

Operations research provides top-lsvel administrators a quantitative basis for

- taking decisions which will help organizations to carry out their functions such as
planning, controlling and organizing, effectively. Decision-making is the key

responsibility of managers and OR provides a scientific approach to them for solving
problems. Decisions in an organization should be such that they can compete in the
market, We can say that the OR and decision-making are interlinked. There are
intangible factors also, such as human behaviour, which OR has to take into account
when calculating for a solution.

This book, Operations Research, provides a basic understanding of the subject
and helps to grasp its fundamentals. In a nutshell, it explains various aspects of
operations research, models in operations research, applications and limitations of
operations research, linear programming problem, duality in linear programining
problem, sensitivity analysis, transportation problem, assignment problem, network
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analysis (CPM and PERT), simulation and queueing system, and basic ifica's of Monte-
Carlo simulation. The concepts are analysed in a logical format, beginning with an
overview that helps the reader to easily understand the concept, followed by
explanations and solved examples. This book has been written in the SIM format or
the self-instructional mode wherein each unit begins with an ‘Introduiction’ to the
topic followed by an outline of the *Unit Objectives'. The detailed content is then
presented in a simple and an organized manner, interspersed with ‘Check Your
Progress’ questions to test the understanding of the students. A ‘Summary’ along
Wwith a list of *Key Terms’ and a set of ‘Questions and Exercises’ is also provided at
the end of each unit for e ffective recapitulation. Additional explanations and examples
bave been provided to clarify the areas where students often have difficulty.
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«and FN. Trefethen in 1940 in Bowdsey in the United Kingdom. This innovative
~+<ience was discovered during World War U for a specific military situstion; whes -t -
‘military management sought decisions based on the optimal consumption of limited

UNIT I INTRODUCTION TO
_OPERATIONS RESEARCH

Structure

1.0 Introduction
1.1 Unit Objectives
1.2 Operations Research: Meaning, Nature and Origin
1.2.1 Nature of Operations Research
1.3 Development of Operational Research
1.4 Operations Research in India
1.5 Operations Research as a Tool in Decision-Making
1.6 Operations Research and Management
1.6.1 Significance of Operations Research
1.6.2 Operations Research and Modern Business Management
1.7 Features and Methodology of Operations Research and Phases of
- Operations Research Study
1.7.1 Methodology of Operations Research
1.8 Models in Operations Research and Methods of Deriving the Solution
Li8.1 Advantages of a Model
: 1.8.2 Classification of Models
1.9 Limitations of Operations Research
1.10 Summary
1.11 Key Terms
112 Answers to ‘Check Your Progress’
.13 Questions and Exercises
1.14 Further Reading '

1.0 INTRODUCTION

In this unit, you will learn about Operations Research (OR), which is a very powerful
tool for decision-making, The term Operations Research was coined by J.F. McCloskey

mulitary resources with the hélp of an organized and systematized scientific approach.

This was termed as operations research or operational research. Thus, OR was known

as an ability to win a war without really going into a batntlefield or fighting it. Itis a
Dew field of scientific and managerial application.

You will learn the scope of OR and its applications. The different phases of

model and controlling the final putput or solution. You will learn about the requirements
of & good model which must be capable of working on a new fornulation without
making any changes in its frame with minimum assumptions snd with minimum
varisbles and must not take extraordinary time to solve the problem.

‘ You will understand how the various models of OR work and the techniques
sdopted. These techniques are: linear programming, waiting line or queuing theory,
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inventory control/planning, game theory; decision theory, network analysis, 5'“’“'“'}""'
itegrated production madels, non-linear programming, dynamic programming,
heuristic programming, integer programming, algorithmic programming, quadratic
programming, parametric programming, probabilistio programming, search theory
and theory of replacement. All these techniques involve higher mnlhcm'alics. In real
practice these techniques are used in combination to form more sophisticated and

advanced programming models.

1.1  UNIT OBJECTIVES

Afler going through this unit, you will be able to:
¢ Understand the definition and scope of operations research (OR)
* Define development of OR
* Analyse the nature of OR
* Know about OR in India
* Describe OR as a tool in decision-making’ .
* Explain the relation between OR and management
¢ Know about the phases and applications of OR
e Understand the requirements of a good model ;
* Understand the working of various models and techniques of OR

® Derive solutions using OR

1.2° OPERATIONS RESEARCH: MEANING;
NATURE AND ORIGIN ;

The term, operations research was first coined in 1940 by J.F. McCloskey and F.N.

Trefethen in a small town Bowdsey in the United Kingdom. This new science came o
| into existence in a military context. During World War 11, military management called {

on scientists from various disciplines and nrganized them into teams to assist in snlving 1
strategic and tactical problems, relating to air and Jand defence. Their mission was to ‘
formulate specific proposals and plans for aiding the Military commands to arrive at !
decisions on optimal utilization of scarce military resources and attempts to implement !
these decisions effectively. This new approach to the systematic and scientific study -
of the operations of the systern was called Operations Research (OR) or Operational

Research. Hence, OR can be associated with ‘an ant of winning the war without

actually fighting it’.

Definitions

Operations Research (OR) has been defined so far in various ways and it is perhaps
still too young to be defined in some authoritative way. It is not possible to give

uniformly acceptable definitions of O A few opinjons about the definition of OR are
given below. These have been changed according to the development of the subject

L —— i~ e

OR is n scientific method of providing executive departments with a quantitative
s regarding the operations under their control.

basis for dccision
- Morse and Kimball (1946)

OR is the scientific method of providing executive with an analytical ang
objective basis for decisions.’ F.M.S. Blackett (1948)

OR is a systematic method-oriented study of the basic structures, Charz-%ctcﬁstics,
ﬂz}iclions and relationships of an organization to provide the executive with a

ientific and quantitative basis for decision-making.
sound, seientit ¢ E.L. Arnoff and M.J Netzorg

OR is a scientific approach to problem solving for executive management.

H.M. Wagner ‘

OR is an aid fc: the executive in making his decisions by providing ‘him with
the quantitative information based on the scientific method of analysis.
C.Kittee

OR is the scientific knowledge through interdisciplinary team effort for the

purpose of determining the best utilization of limited resources.
‘ ’ HA Taha

The various definitions given here bring out the following essential characteristics of
operations research:
() System qﬁentation
(i) Use of interdisciplinary terms
(7if) Application of scientific methods
(iv) Uncovering new problems
tv) Quantitative solutions
(vi) Human factors
Scope of Operations Rescarch

Thcr? is a great scope for economists, statisticians, administrators and the technicians
w?rkmg as a !eam. to solve problems of defence by using the OR approdch. Besides
+this; OR i5 useful in various othef unpoitait fizlds like: -~ - N

() Agriculture
(#) Finance
(i1f) Industry
(iv) Marketing
(v) Personnel management

(v) Production management
(vti) Research and development

Phnses_of Operations Research

major phages:

Ve
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(i) Formulating the problem
(i) Constructing » mathematical madel
(i) Denving the solution from the model
(iv) Testing the modei and its solution (updating the model)
{v) Controlhng the selution
(vi) Lnplementiton

{.2.1  Nuature of Operations Rescarch

Looking to te basic leatures of the definitions conceming OR, we can state that,
‘Operational Research can Le considered as the application of scientific methoc! by
interdisciplinary teans 1o problems involving the control of organized (man-machine)
systems 10 provide solutions, which best serve the purposes of the organization as a
whole™.

Different charactenistics constituting the nature of OR can be summed up as follows:

1. Interdisciplinary team approach: The Operations Research has the
characieristics that it is ‘done by a team of scientists drawn from various
disciplines such as mathematics, statistics, economics, engineering, physics,
etc. It is essentially an interdisciplinary team approach. Each member of the
OK tzam is benefited from the viewpoint of the other so that a workable solution
obtzined through such collaborative study has a greater chance of acceptance
by management. ‘ : .

2. Systems approach: Operations Research emphasizes on the overall approach
to the system. This characteristic of OR is often referred as system orientation.
The orientation is based on the observation that in th~ organized systems the
behaviour of any part ultimately has some.effect on every oth.er' part. But all
these efiects are not significant and even not capable of detection. »'Ijher'efore,
the essence of system orientation lies in the systematic seafch .for significant
interactions in evaluating actions of any part of the organization. In OR an
attempt is made to take account of all the significant effects and to-evaluate

3. Helpful in improving the quality of solution: Operations R’esearch cannot give
perfect answers or solutions to the problems. It merely gives bad answers fo
the problems which otherwise have worst answers. Thl{8, OR simply help.s in
improving the quality of the solution but does not result into a perfect solution,

4. Scientific method: Operations Research invoh‘/cs scicmiﬁc_and systemalic attack
of complex problems to arrive at the optimum ‘soh'mon. In other words,
Operations Research or OR uses techniques of sclcn'uﬁc’ research. Thus OR
comprehends both aspects, ie., it includes ‘both scn‘enuf'!c rcscar'c'h on the
phenomena of operating systemns and the associated engineering activities aimed

at applying the results of research. |
5. Goal oriented optimum solution: Operations Rescarch trics to optimize a well-
' defined function subject to given constraints and as such is concerned with the

optimization theory.

them as.a whale. DR thus considers the total system for getting the optimum

ey s
l

- and on:the basis of quantitative study of operatiors- suggested “cortain apprcaches™

‘Systems Evaluation and Systems Research,

6. Use of models: Operations Research ypes models built by quantitative
measurement of the variableg concernng a given problem and alo derives 2
solution from the model using one or more of the diversified solution technigues,
A solution may be extracted from a model either by conducting experiments on

.it or by mathematical analysis. The purpose is 1o belp the management 1o
determine its policy and actions scientifically.

1. Kequire willing executives: Operations Research does requize the willingriess
on the part of the exccutive for experimentation to evahuate the costs and the
consequences of the alternative solutions of the problem. It enables the deciion-
maker to be objective in choosing an alternative from among many possible |
alternatives. f

8. Reduces complexity: Operations Research tries to reduce the complexity of
business operations and does help the executive in correcting a troublesome
function and to consider innovations which are tco costly and complicated 1o
experiment with the actual practice,

In view of the above, OR must be viewed as both a science and an art As t
science, OR provides mathematical techniques and algorithms for solving
appropriate decision problems. OR is an art because success in all the phases
that precede and succeed the solution of a problem largely depends on the
creativity and personal ability of the decision-making analysts.

'

The subject of Operational Research (OR) was developed in military context during
World War I, pioneered by the British scientists. At that time, the military management
in England appointed a study group of scientists to deal with the strategic and tactical
- problems related to air and land defence of the country. The main reason for conducting
the study was that they were having very limited military resources. It was, therefore,
necessary to decide upon the most effective way of utilizing these resources. As the
name implies, Operations Research was apparently invented because the team was

|
|
1.3 DEVELOPMENT OF OPERATIONAL RESEARCH ;
—_— , ‘
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dealing with research on military operations. The scientists studied the vanous problems

which showed remarkable success. The encouraging results obtained by the British
operations research teams consisting of personnel drawn from various fields like
Mathematics, Physics, Biology, Psychology and other physical sciences, quickly
‘motivated the United States military management to start similar activities. Successful
innovations of the US teams included the development of new flight patterns, planning
sea mining and effective utilization of electronic equipments, Similar OR teams also
slarted functioning in Canada and France. These OR teams were usually assigned to
the executive-in-charge of operations and as such their work came to be known as
‘Operational Research’ in the UK and by a variety of names in the United States an
Operational Analysis, Operations Evaluation, Operations Research, Systems Analysis,
The name ‘Operational Research® or
‘Operations Research’ or simply OR is most widely used now a days all over the
world for the systematic and scientific study of the operations of the system. Till
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fifties, use of OR was mainly confined to military purposes.
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After the end of the second world war, the success of military teams attracted
the attention of industrial managers who were seeking solutions to their complex
managerial problems At the end of the war, expenditures on defence research were
reduced in the UK and this Jed to the release of many operations rescarch workers
from the military at a time when industrial managers were confronted with the need
to reconstruct mast of Britain's manufacturing industries and plants that had been
damaged in war. Executives in such industries sought assistance from the said
operations research workers. But in the USA most of the war experienced operations
research workers remained in military service as the defence research yas increased
and consequently operations research was expanded at the end of the war. It was only
in the early 1950s, industry in the USA began to absorb the operations is research
worker under the pressure for increased demands for greater productivity originated
bgcause of the outbreak of the Korean conflict and because of technological
developments in industry. Thus, OR began to develop in industrial field in the United

- States since the year 1950. The Operations Research Society of America was formed
in 1953 and in 1957 the International Federation of Operational Research Societies
was established. Various journals relating to OR began to appear in different countries
in the years that followed the mid-fifties. Courses and curricula in OR in different
universities and other academic institutions began to proliferate in the United States.
Other countries rapidly followed this and after the late fifties Operations Research
was applied for solving business and industrial problems. Introduction of Electronic
Data Processing (EDP) methods further enlarged the scope for application of OR
techniques. With the help of a digited computer many complex problems can be
studied on day-to-day basis. As a result, many industrial concerns are adopting OR as
an integrated decision-making tool for their routine decision procedures.

1.4 OPERATIONS RESEARCH IN INDIA -

Today, the impact of OR in Indian business and industry can be felt in many areas. A
large number of management consulting firms are recently engaged in OR acuvm‘es.
Apart from military and business applications, OR activities include transportation

yse of computers the operations research techniques have started playing a noticeable

SelfInsiructional
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Indian Railways, Indjan Airlines, Defence Organizations, Hindﬁ_stan Li\'rcr, Tata Iron
and Steel Company, Fertilizer Corporation of India and similar industries make use
of operations research techniques for solving problems and making decisions.

specially with the setting up of an Operation Research Unit at thc !'{cgiorfal Rescarch
Laboratory at Hyderabad in 1949.. Operations Research activities ga_med funbu
impetus with the establishment of an Operations Rescarch Unit in 1953 in the Indian

systems, libraries, hospitals, city planning, financial institutions, etc. With increasing

role in our country as well. The major Indian indusfries siich as DelAt Cloth™ Mills; ]

i

i

]

Historically, Operations Research started developing in India after independence

Statistical Institute (ISI), Calcutta for applying Operations Research techniques i .

national planning and survey. Operational Research Society of India was formed in

1957 which joined International Federation of Operational Research S:c:;t]:s: 611?60(}
by becoming its member. The said society helped the cause of thebuehin I;joumal
Operations Research activities in India in several ways and started publishing,

S u—

i

of Operations Rescarch entitled ‘OPSEARCH’ from 1963. Besides, the Indian Institue
of Industrial Engineers has also promoted Operations Research in India and its journals
viz., ‘Industrial Engineering’ and ‘Managcment’ are considercd as important key
journals relating to Operations Rescarch in the country. Other important journals which
deal with Operations Research in our country are the Joumal of the National
Productivity Council, Materials Miunagement Journal of India and the Defence Science
Journal. There are several institutions which train and produce people in the field of
Opecrations Research to meet the necd of OR practitioners in the country.

So far as the application of Operations Research in India is concerned it was
Professor P.C. Mahalonobis of IS1, Calcutta who made the first important application.

He formulated the Second Five Year Plan of ouir country with the help of OR technique |

to forecast the trends of demand, availability of resources and for schedu ling the
complex scheme necessary for developing our country’s economy. It was estimated
~ that India could become self-sufficient in food and solve her foreign exchange problems
merely by reducing the wastage of food by 15%. Operational Research Commission
made the use of OR techniques for planning the optimum size of the Caravelle fleet
of Indian Airlines. Kirloskar company made use of assignments models for allocation
of their salesmen to different areas so as to maximize their profit. Linear Programming
" "(LP) models were alsc used by them to assemble various diesel engines at minimum
possible cost. Various cotton textile leaders such as Binny, DCM, Calico, etc., are
vsing linear programming techniques in cotton blending. Many other firms like Union
Carbide, ICI, TELCO and Hindustan Liver etc., are making use of OR techniques for
solving many of their complex business problems. State Trading Corporation of India
(STCI) has also set up a Management Sciences Group with the idea of promoting and
developing the use of OR techniques in solving its management decision problems.
Besides, many Universities and professional academic institutions are imparting
training in OR in our country. The subject of OR has been included in the courses of
such institutions. But in comparison with the western world the present state of OR in
our country is much behind. Operations Research activities are very much limited
and confined only to the big organized industries. Most popular practical application
) 9£0perations Research has been mainly that of Linear Programming. There is relative
stcvarcity of well-trained operational researchers. The use of Operations Research is
"“relatively a vety costly affair: In"spife"ot several firfiftations, our industrialists are
gradually becoming conscious of the role of Operations Research techniques and in

the coming years such techniques will have an increasingly important role to play in
Indian business and industry.

'

1.5 OPERATIONS RESEARCH AS A TOOL IN
DECISION-MAKING

Mathematica| mode!s have been constructed for OR problems and methods for solving
the models are available in many cases. Such methods are usually termed as OR

lechmquc_s. So.mc of. the important OR techniques often used by decision-makers in
modern times in business and industry are as under:

Li'f“'r programming. This technique is used in finding a solution for optimizing
@ given objective, such as profit maximization or cost minimization under certain

Sl
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constraints. This technique is primarily concemed with the optimal allocation
of limited resources for optimizing a given function. The namc linear
programming is given because of the fact that the model in such cases consists
of lear equations indicaunyg linear relatiouship between the different variables
¢! the system. Lincar programming technique solves product-mix and
Uistnbution problems of business and industry. Itis a technique used toallocate
__aree fesources in an optinum manner in problems of scheduling, product-
v and so on. Key factors under this technique include an objective function,
i siee among severs! alternatives, limits or constraints stated in symbols and
vanables assumed to be lincar.

. Waiting iline or Queuing theory Waiting line or queuing theory deals with

mathematical study of queues. The queues are formed whenever the current

demand for service exceeds the current capacity to provide that service. Waiting -

line technique concerns itself with the random arrival of customers at a service
station where the facility is limited. Providing too much of capacity will mean
idle time for servers and will lead to waste of ‘money’. On the other hand, if the
queue becomes fong there will be a cost due to waiting of units in the queue.
Whaiting [ine theory, therefore, aims at minimizing the costs of both servicing
and waiting. In other words, this technique is used to analyse the feasibility of
2dding facilities and to assess the amount and cost of waiting time. With its
help we can find the optimal capacity to be installed which will lead to a sort of
an economic balance between cost of service and cost of waiting

. Inventory control/Planning. Inventory planning aims at optimizing inventory

levels. Inventory may be defined as a useful idle resource which has economic
value, e.g., raw materials, spare parts, finished products, etc. Inventory planning,

in fact, answers the two questions, viz., how much to buy and when to buy.
Under this technique the main emphasis is on minimizing costs associated
with holding of inventories, procurement of inventories and the shortage of
inventories. ’

. Game theory. Game theory is used to determine the optimum strategy in a

e

mpﬂ-ms)maMwSmmhsgms;lbb comopstitive, situation is, that of two_ §

persons playing zero-sum game, ie., a situation in which two persons are
involved and one person wins exactly what the other loses. More complex
competitive situations in real life can be imagined where game theory can be
used to determine the optimum strategy.

. Decision theory. Decision theory concerns with making sound decisions under

conditions of certainty, risk and uncertainty. As a matter of fact there are three
different kinds of states under which decisions are made, viz,, deterministic,
stochastic and uncertainty and the decision theory explains how to select a
suitable strategy to achieve some object or goal under each of these three states.

. Nerwork analysis. Network analysis involves the determination of an optimum

sequence of performing certain operations concerning some jobs in order to
minimize overall time and/or cost. Programme Evaluation and Review
Technique (PERT) Critical Path Method (CPM) and other network techniques
such as Gantt Chart come under nclwork analysis. Key concepts under this

f

i

. Integrated production models. This technique aims at minamizing cost with

. Some other OR technigues. In addmon, lherc are several other techniques such
* as non-linear programming, dynamic programming, search theory, the theory

—— ==~ (it} Heuristieprogremming. Itis also known as discoveryméthod and refers -

techniqué are network of events and aclivities, resource allocation, time and
cost considerations, network paths and critical paths.

. Simulation. Simulation is a technique of testing a model, whic.h resembles a

real life situation. This technique is used to imitate an operation prior o actual
performance. Two methods of simulation are used—Monte Carlo method and
the System simulation method. The former uses random numbers (o solve
problems which involve conditions of uncertainty and the mathematical
formulation is impossible. In case of System simulation, there is a reproduction
of the operating environment and the system allows for analysing the response
from the environment to alternative management actions. This method draws
samples from a real population instead of from a table of random numbers.

respect to work force, production and mventory. This technique is highly
complex and is used only by big business and industrial units. This technique
can be used only when sales and costs statistics for a considerabie long period
are available.

of replacement, etc. A brief mention of some of these is as follows:

(i) Non-linear programming. A form of programming in which some or all
of the variables are curvilinear. In other words, this means that cither the
objective function or constraints or both are not in inear form. In most of
the practical situations, we encounter non-linear programming problerzs

. but for computation purpose we approximate them as Enear programming
problems. Even then there may remain some non-linear programming
Iiroblems which may not be fully solved by presently known methods.

(i) Dynamic programming. It refers to a systematic search for optimal
solutions to problems that involve many highly complex interrelations
that are, moreover, sensitive to multistage effects such as successive time
phases. '

to step-by-step search towards an optimum when a problem cannot be
expressed in mathematical programming form. The search procedure
examines successively a series of combinations that lead to stepwise

improvements in the solution and the search stops when a pear optimum
has been found.

(iv) Integer programming. Itis a special form of linear programming ia which
the solution is required in terms of integral numbers (i.e., whole numbers)
only. )

() Algorithmic programming. It is just the opposite of Heuristic
programming. It may also be termed as similar to mathematical
programming. This programming refers to a thorough and exhaustive
mathematical approach to investigate all aspccts of the glven variables in
order to obtain optimal solution.
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) _Q"""?’ atic programming. It refers to s modification of lincar programming
In which the objective equations appear in quadratic form, i.e., they contain
Squared terms, - .

(vi}) Paramerric programming. It is the name given to linear programming
When it is modified for the purpose of inclusion of several objective
equations with varying degrees of priority. The sensitivity of the solution
to these variations is then studied. o

(viti) Probabilistic programming. It is also known as stochastic programming
and refers to linear programming that includes an cvaluation of relative

risks and uncertainties in various alternatives of choice for managcment
decisions. :

(ix) Search theory. It concerns itself with search problems. A search problem
is characterized by the nced for designing a procedure to collect
information on the basis of which one or more decisions are made.
This theory is useful in places in which some events are known to occur
but the exact location is not known. The first search model was developed
during World War II to solve decision problems connected with air patrols
and their search for submarines. ‘Advertising agencies search for
‘customers, personnel departments search for good executives are some
of the examples of search theory’s application in business.

(x) The theory of replacement. 1t is concerned with the prediction of
replacement costs and determination of the most economic replacement
policy. There are two types of réplacement models, First type of models

deal in replacing equipments that deteriorate with time and the other type

of models help in establishing replacement policy for those equipments

which fail completely and instantaneously.

All these techniques are not simple but involve higher mathénmtic;. The tendency
today is to combine several of these techniques and form into more sophisticated and
advanced programming rhodels. -

1.6 OPERATIONS RESEARCH AND MANAGEMENT

s ————p o,

Operations Résearch plays significant role in industries and empowers management
to make better decision. The following are the important applications of OR in business
and management: _

1.6.1 Significance of Operations Research

Operations Research has gained increasing importance since World War II in the
technology of business and industry administration. It greatly helps in tackling the
intricate and complex problems of modern business and industry. OR techniques are,
in fact, examples of the use of scientific method of management. The significance of
OR can be well understood under the following heads:

1. OR provides a tool for scientific analysis. OR provides the executives with a
more precise description of the cause and effect relationship and risks underlying
the business operations in measurable terms and this eliminates the conventional

b

N L pew—

intuitive and subjective basis on which managements used to formulate their
dccisions decades ago. In fact, OR replaces the intuitive and subjcctive approacy
of decision-making by an analytical and objective approach. The usc of OR
transformed the conventional techniques of operational and investment problem;
in business and industry.'As such OR encourages and enforces disciplined
thinking about organizational problems.

- OR provides solutions for various business problems. OR techniques are being

used in production, procurement, marketing, finance and other allied fields. 1 |

can be used to solve problems like how best can managers and executives

allocate the available resources to various products so that in a given time (he |

profits arc maximum or the cost is minimum, possibility of an industria|

enterprise to arrange the time and quantity of orders of its stocks such that the |

overall profit with given resources is maximum, competence of business
managers to determine the number of men and machines to be employed and
used in such a manner that neither remains idle and at the same time the custome:

or the public has not to wait unduly long for service, and similar other problems. |

Similarly we might have a complex of industries: steel, machine tools an¢

others, all employed in the production of one item, say, steel. At any particuia: |

and tools for producing autos, building steel factories or tool factories. What
should be the policy which optimizes the total number of autos produced over
a given period? OR techniques are capable of providing an answer in such a
situation.

Planning decisions in business and industry are largely governed by the
picture of anticipated demands. The Ppotential long range profits of the business
may vary in accordance with different possible demand patterns. The OR
techniques serve to develop a scientific basis for coping with the uncertainties
of future demands. Thus, in dealing with the problem of' uncertainty over future
sales and demands, OR can be used to generate “a least risk” plan.

"At times there may be a problem of finding an acceptable definition of
long range company objectives. Management may be confronted with différent

. Yiewpoints; some may stress the desirability of reaximizing ofnet profit whercas-

others may focus attention primarily on the minimization of costs. OR
techniques, specially that of mathematical programming such as linear
programming can help resolve such dilemmas by permitting systematic
evaluation of the best strategies for attaining different objectives. These
techniques can also be used for estimating the worth of technical innovations

as also of potential profits associated with the possible changes in rules and
policies. :

Ho.w n.mch changes can there be in the data on which a planning
formulation is based without undermining the soundness of the plan itself?
How accurately must managements know cost coefficients, production

* time we have a number of choices of allocating resources such as money, stee| |
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through various OR techniques the management can know how critical such
uncertainties are and this in itself is a great help to business planners.

3. ‘CRenables proper deploymcnt of resources. OR renders valuable help in proper
deployment of resources. For example, Programme Evaluation and Review
‘Technigue (PERT) enables us to determine the carliest and the latest times for
cach of the events and activities and thereby helps in identification of the critical
path. All this helps in the deployment of resources from one activity to another
10 cnable the project completion on time, This technique, thus provides for !
determining the probability of completing an event or project itselfby a specified

dute.

4. ORhelps in minimizing wuiting und servicing costs. The waiting line or queuing
theory helps management in minimizing the total waiting and servicing costs.
This technique also analyses the feas ibility of adding facilities and thereby helps
businesspeople take correct and profitable decisions.

5. OR enables management 10 decide when to buy and how much to buy. The

main objective of inventory planning is to achieve a balance between the cost |
of holding stocks and the benefits from stock-holding.

Hénce, the technique of inventory planning enables the ma:'mgeme'nt to decide
when to buy and how much to buy. !

6. OR assists in choosing an optimum strategy. Game theory is specially used to |
determine the optimum strategy in a competitive situation and enables
businesspeople to maximize profits or minimize losses by adopting the optimum-
strategy.

7. OR renders great help in optimum resource allocation. Linear programming
technique is used to allocate scarce resources in an optimum manner in
problems of scheduling, product-mix and so on. This techniqug is popularly
used by modern management in resource allocation and in ensuring optimal
assignments. ' '

v

8. OR facilitates the process of decision-making. Decision theory enables

probabilistic form. Through decision tree (a network showing the logical
relationship between the different parts of a complex decision and the altcm'anve '
courses of action in any phase of a decision situation) technique exccutive’s"

judgement can systematically be brought into the analysis of the problems. L

Simulation is another important tcchnique used to ir.ni!ale an op_em'lion or process
prior to actual performance. The significance or simulation he‘s in the fact t!mt
it enables in finding out the effect of alternative courses c?f action in a situation
involving -uncertainty where mathematical formulation is not possible. Even

o T~y

complex groups of variables can be handled through this technique.

‘ ' ions bf the integrated business |

OR management can know the react s of I ed.bi ’

9. sT ,j:;zih The Imegrgatcd Production Models technique is used to minimize cost t
y'th rcs' ect 1o work force, production and inventory. This lecllmx'que is qglle

g;mple: and is usually used by companies having detailed information !

cemning their sales and costs statistics over a long period. Besides, various |
concermnis

§
"
I

other OR techniques also help mana
concerning various problems of bus
designed to investigate how the inte

gement people in taking decisjons
iness and industry, The techniques are
grated business system would react to
variations in its component elements and/or external factors.

10. OR techniques help a lot in the preparation of future (or would be) managers.
In fact, OR techniques substitute a means for improving the knowledge and
skill of youngsters in the field of management. ’

1.6.2 Operations Research and Modern Business Management

From what has been stated above, we can say that operational research renders valuable
service in the field of business management. It ensures improvement in the quality of
managerial decisions in all functional areas of management. The role of OR m business

management can be summed up as under:

OR techniques help the directing authority in optimum allocation of various
limited resbu;ces, viz., men, machines, money, material, time, etc., to different
competing opportunities on an objective basis for achieving effectively the goal of a
business unit. They help the chief of executive in broadening management vision and
perspectives in the choice of alternative strategies to the decision problems such as
forecasting manpower, production capacities, capital requirements and plans for their
acquisition. , '

OR is useful 1o the };roduclion management.in (i) Selecting the building site
for a plant, scheduling and controlling its development and designing its layout;
(if) Locating within the plant and controlling the movements of required production
materials and finished goods Inventories; (jii) Scheduling and sequencing production
by adequate preventive maintenance with optimum number of operatives by proper
allocation of machines; and (iv) Calculating the optimum product-mix.

OR is useful to the personnel management to find out (i) Optimum manpower
planning; (i) The number of persons to be maintained on the permanent or full time
roll; (iii) The number of persons to be kept in a work pool intended for meeting

 .absenteeism; (iv) The optimum manner of sequencing and routing of personnel to a
ez ”fmictyqujqbs;- and-(v) In-studying personne} recruiting-nrocedures.. acc;dmm

and labour turnover.

OR techniques equally help the-marketing management to determine.
(i) Where distribution points and warchousing should be located; their size, quantity
to be stocked and the choice of customers; (i7) The optirnum allocation of sales budget
to direct selling and promotional expenses; (iif) The choice of different media of
advertising and bidding strategies; and (iv) The consumer preferences relating to
size, colour, packaging, etc., for various products as well as to outbid and outwit
competitors,

OR is also very useful to the financial management in (1) Finding long-range
© capital requirements as well as how to generate these requirements;
(i) Determining optimum replacement policies; (iii) Working out a profit plan for the

firm; (iv) Developing capital-investments plans; and (v) Estimating c_rcdivt and |
investment risks, o
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In ﬂfidmon to all this, QR provides the business executives such an understanding
of the busm_ess operations which gives them new insights and capability to determine
better solutions for several dec"mion-m.\king problems with great speed, competence
and confidence. When applied on the level of management where policies are
formulated, OR assists the executives in an advisory capacity but on the operational
level where production, personnel, purchasing, inventory and administrative decisions
fare made. It provides management with a means for handling and processing
Information. Thus, in brief, OR can be considered as scientific method of providing
exXecutive departments with a quantitative basis for taking decisions regarding
~ Operations under their control.

1.7 FEATURES AND METHODOLOGY 'OF ‘
OPERATIONS RESEARCH AND PHASES OF
OPERATIONS RESEARCH STUDY

OR study generlly involves three pbases viz.,, the judgement phase, the research
phase and the action phase. Of these three, the research phase is the longest and the
largest, but the remaining two phases are very important since they provide the basis
for and implementation of the research phase respectively. - '

The judgement phase includes (1) A determination of the problem; (i) The
establishment of the objectives .and.values related to the operation; and (jii) The
determmation of suitable measures of effectiveness. :

B e —

The research phase utilizes @) ObSemﬁdm and data collection for better’

understanding of the problem; (1i) Formulation of hypothesis and models;

(iij) Observation and experimentation to test the hypothesis on the basis of additional
| data; and (#v) predictions of various results from the hypothesis, generalization of the
result and consideration of alternative methods.

The action phase in the OR consists of making recommendations for decision
process. As such this phase deals with the implementation of the tested results of the
model This phase is executed primarily through the cooperation of the OR experts

—=—=_~0n.the One hand-and those who-are respensible for operzating the syatem-cn the-othen- - -

1.7.1 Methodology of Operations Research

~ In view of the above referred phases the methodology of OR generally involves the
following steps:

1. Formulating the problem. The first step in an OR study is to formulate the

problem in an appropriate form. Formulating a problem consists in identifying,
defining and specifying the measures of the components of a decision model.
This means that all quantifiable factors which are pertinent to the functioning
of the system under consideration are defined in mathematical Iapguagc as
variables (factors which are not controllable), parameters or coefficient along
with the constraints on the variables and the determination of suitable measures

of effectiveness. ,
tructing the model. The second step consists in constructing the model by
. CZJ,"';] e mean that appropriate mathematical expressions are formulated which
which W

e
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describe interrelations of all variables and parameters. In addition, one or more
cquations or inequalities are required to cxpres's.th.e @ct .that some or al! of the
controlled variables can only be manipulated wu?nrf limits. Such equations or
inequalitics are termed as constraints or the restrictions. The mo.dcl m\_.lst also
include an objective function which defines the measure of effectl_veness of the
system. The objective function and the constraints, cogc?thcr caonstitute a mode]
of the prublem that we want to solve. This model describes the tccfmology and

" the cconomics of the system under consideration through a set of simultancous
equations and inequalities,

3. Deriving the solution. Once the model is constructed the nex,t step in an.OR
study is that of obtaining the solution to the model, i.e., finding the optimal
values of the controlled variables—values that produce the best performance
of the system for specified values of the uncontroiled variables. In other words,
an optimum solution is determined on the basis of the various equations of the
model satisfying the given constraints and inter-relations of the system and at
the same time maximizing profit or minimizing cost or coming as close as
possible to some other goal or criterion. How the solution can be derived depends
on the nature of the model. In general, there are three methods available for the
purpose viz., the analytical methods, the numerical methods and the simulation
methods. Analytical methods involve expressions of the model by mathematical
computations and the kind of mathematics required depends upon the nature
of the model under consideration. This sort of mathematical analysis can be
conducted only in some cases without any knowledge of the values of the
variables but in others the values of the variables must be known concretely or
humeﬁqally. In latter cases, we use the mumerical methods which are concerned
with iterative procedures through the use of numerical computations at each
step. The algorithm (or the set of computational rules) is started with a trial or
initial solution and cootinued with a set of rules for improving it towards
optimality. The initial solution is then replaced by the improved one and the
process is repeated until no further improvement is possible. But in those cases
where the analytical as well as the numerical methods cannot be used for deriving
the sqlution‘ then yve use simulation methods, ie., we conduct experiments on

_&the r:odel in Wth!'i wigelect vaiucs of the uncontrolled variables with the
telative E:equencws dictated By their probability distibutions. The simulation
methods involve the use of probability and line
used with tllle belp of computers. Whichever method is used, our objective is to
find an optimal or near-optimal solutio
measure of effectiveness in a model.

through the model. 1f necessary, the
actual observations and the whole pr
is attained. The operational research
be a good representation of the syste

model may be modified in the light of
occs§ is repeated till a satisfactory model
€T Quite often realizes that his model must
m and must correspond to reality which in
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turn requires this step of testing the validity of the model in an OR study. In
effect, perfonmance of the model must be compared with the policy or procedure
that it is meant to replace.

5. Conirolling the solurion. This step of an OR study establishes control over
the solution by proper feedback of information on variables which might have
deviated significantly. As such the significant chunges in the system and its
caviroument must be detected and the solution must accordingly be adjusted.

6. Implementing the resulis. Implementing the results constitutes the last step of
an OR study. The objective of OR is not merely to produce reports but to
improve the performance of systems. The results of the research must be
implemented if they are accepted by the decision-makers. It is through this
step that the ultimate test and evaluation of the research is made and it is in this
phase of the study the rescarcher has the greatest opportunity for leaming.

Thus the procedure for an OR study generally involves some major steps viz.,
formulating the problem, constructing the mathematical model to represent the
system under study, deriving a solution from the model, testing the model and the
solution so derived, establishing controls over the solution and lastly putting the
solution to work-implementation. Although the said phases and the steps are usually
initiated in the order listed in an OR study but it should always be kept in mind that
they are likely to overlap in time and to interact each phase usually continues-until
the study is completed. '

[

Flow Chart Showing OR Approach

OR approach can be well illustrated through the following flow chart:
i
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1.8 MODELS IN OPERATIONS RESEARCH AND
METHODS OF DERIVING THE SOLUTION

A model in OR is a simplificd representation of an operation or as a process in which
only the basic aspects or the most important features of a typical problem undey
investigation are considered. The objective of a model is to identify significant factors
and interrelationships. The reliability of the solution obtained from a2 model depends
on the validity of the model representing the real system.
A good model must possess the following characteristics:

i A () Tt should be capable of taking into account new formulation unthouthavmg

|- any changes in its frame.

: " (if) Assumptions made in the model should be as small as possible.

_ (iif) Variables used in the model must be less in number ensuring that it is

simple and coherent.

(#v) It should be open to parametric type of treatment.
(v) It should not take much time in its construction for any problem.

1.8.1 Advantages of a Model

There are certain significant advantages gaimed when using a model. These are:
U] Problems under consideration become controllable through a model.

(ii) It provides a logical and systematic approach to the problem.

(m) It provides the limitations and scope of an activity.
i (iv) It belps in finding useful tools that eliminate duplication of methods applied to
3 . solve problems.
P (v) It helps in finding solutions for mearch and improvements in a system.

(vi) It provides an economic description and explanation of either the operation, or

the systems they represent. .

l 8 2 Classification of Models

e = -
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Thc classxﬁbatxon of models is a subJecnve problem. 'Ihey may be dxsnnguxshcd as
follows:
(%) Models by degree of abstraction
(i) Models by function
(iii) Models by structure
(iv) Models by nature of an cnvu'onment
(v) Models by the extent of generality

Maodels by Fupction

These models consist of (i) Descriptive models, (ii) Predictive models and
(ifi) Normative or optimization models. S

e T S —

Descriptive and Predictive models. These models describe and predict facts
. and relationships among the various activities of the problem. These models do not
have an objective function as a part of the model to evaluate decision alternatives. In

Introdu
Operations R

NOTES

S t(ﬁbulrucumd

© Bfaterial



this model, it is possible to get information

result of changes in other factors as to how one or more factors change asa

Normative or Optimization Models.

objective decision- ey are prescriptive in nature and develop

' rule for optimum solutions, - {
Models by Structure

These models are represented b coni ; :
" " Y (i) Iconic or Physical models, (ii) Analog models,
and (iif) Mathematic or Symbolic models. s s
and Icorlz;c or I"hysical Models. The.se are pictorial representations of real systems
a]-‘;zt © appearance of the real thing. An iconic model is said to be scaled down
or scaled up according to the dimensions of the model which may be smaller or
greater than that of the real item, e.g., city maps, blue prints of houses, globe and so
on. These models are easy to observe and describe but are difficult to manipulate and
are not very useful for the purposes of prediction. . '
Analog Models. These are abstract than the jconic ones. There is no look alike
corrwpondcnce between these models and real life items. The models in which one
sct of properties is used to represent another set of properties are called analog models.
After the problem is solved, the solution is reinterpreted in terms of the original system.,
These models are less specific, less concrete but easier to manipulate than iconic
models. . v » ’ i '
Mathematic or Symbolic Models. These are most abstract in nature in
comparison to others. They employ a set of mathematical symbols to represent the
components of the real system. These variables are related together by means of
mathematical equations to describe the behaviour of the system. Thé solution of the
problern is then obtained by applying well developed mathematical techniques to the
model. The symbolic model is usually the easiest to manipulaté experimentally and it -
is the most general and abstract. Its function is more explanatory than descriptive.
Models by Nature of an Environment '
These models can be classified into (/) Deterministic models, and (i7) Probabilistic or
Stochastic models. '
Deterministic Models. In these models, all parameters and functional
- rclationshipsareassuncdtobokiownrwitlrcertainty when the decision is o bs Titder~
Linear prpgfamm'ing and break even models are the examples of deterministic models.
Probabilistic or Stochastic Models. These models arc those in which atleast
one parameter or decision variable is a random varable. Th_ese models 'reﬂ'e':cl to
some extent the complexity of the real world and the uncertanity surrounding it.

Models by the Extent of Generality v
odels can be categorized into (7) Specific models, and (i7) General models.

These m
cific models. When a model presents a system at s?mc specifjlc time, it is
n these models, if the time factor is not considered them
odels. An inventory problem of determining economic
they are fc?rfBC?O:’ d;‘:ar:'iil";J eriod assuming that the demand in the planning period
order quanm.}' same as that of today is an example of static model. Dynamic
would re_";:‘lgﬂmay be considered.as dn example of dynamic model.
pmgramm '

Spe ;
known as a specific model. 1
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gene ¢
becn overlooked previously.

General Models. Simulation and heuristic models fall under the category of

ral models. These models are used to cxplore altcrnative strategies whicly have

1.9 LIMITATIONS OF. OPERATIONS RESEARCH

OR though is a great aid to m'anngcmem as outlined above but still it cannot be a
substitute for decision-making. The choice of a criterion as to what is actually best for
abusiness enterprise is still that of an executive who has to fall back upon his'expericnce
and judgement. This is so because of the several limitations of OR. Important limitations
are given below: -

1. The inherent limitations concerning mathematical expressions. OR involves

[R= o LI

o

_the use of mathematical models, equations and similar other mathcmatical
- expressions. Assumptions are always incorporated in the derivation of an

equation or model and such an equation or model may be correctly used for the
solution of the business problems when the underlying assumptions and variables
in the model are present in the concerned problem. If this caution is not given
due care then there always remains the possibility of wrong application of OR
techniques. Quite often the operations researchers have been accused of having
many solutions without being able to find problems that fit.

. High costs are involved in the use of OR technigues. OR techniques usually
. proye very expensive. Services of specialized persons are invariably called for

and along with it the use of computer and its maintenance is also considered
while using OR téchniques. Hence, only big concerns can think of using such

- techniques. Even in big business organizations we can expect that OR techniques

will continue to be of limited use simply because they are not in many cases
worth their cost. As opposed to this a typical manager, cxercising intuition and
Jjudgement, may be able to make a decision very inexpensively. Thus, the use
of OR is a costlier affair and this constitutes an important limitation of OR.

. OR does not take into consideration the intangible factors, i.e., non-measurable

human factors. OR makes no allowance for intangible factors such as skill,

ATilTdE; ViZOUE o the managementin taking’ décisions but i fany instances™

success or failure. hinges upon the consideration of such non-measurable
intangible factors. There cannot be any magic formula for getting an answer to

_ management problems but it depends upon proper managerial attitudes and

policies.

- ORis only a tool of analysis and not the complete decision-making process. It

should always be kept in mind that OR alone cannot make the final decision. I
S Just a tool and simply suggests best alternatives. In the final analysis many
business decisions will involve human element, Thus, OR is at best a supplement
to rat.her than a substitute for management; subjective judgement is likely 1
Teémain a principal approach to decision-making.

- Other limitations. Among other limitations of OR, the following deserve

mention:
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(i) Bias. The operational researchers must be unbiased. An attempt to
shochom results into a confirmation of management’s prior preferences
can greatly increase the likehihood of failure.

(i1) Iiadequate objective functions. The use of a single objective function is
often an insufficient basis for decisions. Laws, regulations, public relations,
market strategies, etc., may all serve to overrule a choice arrived at in this
\\‘uy

(ii) {aternal resistance. The implementation of an optimal decision may also

coulront internal obstacles such as trade unions or individual managers

with strong preferences for other ways of doing the Jjob.

v) Competence. Competent OR analysis calls for the careful specification
of alternatives, a full comprehensnon of the underlying mathematical
relationships and a huge mass of data. Formulation of an industrial problem
10 an OR sct programme is quite often a difficult task.

(¥) Reliability of the prepared solution. At times a non-linear relatxonshxp is
changed to linear for fitting the problem to the LP pattem. This may dlsturb :

the solution.

1.10 SUMMARY

e if-imstrmrignal
doserial

¢ The term operations research (OR) was first comed in 1940 byJ F. McCloskey
and F.N. Trefethen.

¢ OR is a scientific method of providing executive depanments With aquantitative
basis for decisions regarding the operations under their control.

* OR can be considered as being the application of ‘Eéi\emiﬂc method by
interdisciplinary teams to problems involving the control of organized (man-

machine) systems to provide solutions which best serve the purpose of the -

organization as a whole.

* OR emphasnzcs on the overall approach to the system. Thxs characteristic of
OR is ofien referred as system oriented.. R T

» OR involves scientific and systematic attack of complex problems to arrive at
the optimum solution..
e Linear programming technique is used in finding a solution for optimizing a
~ given objective, such as profit- maximization or cost minimization under certain
constraints. :

« In OR, waiting line or queuing theory deals with mathematical study of queues

which are fortned whenever the current demand for service exceeds the current

capacity to provide that service.

« In OR, decision theory concerns with making sound decisions under conditions
of certainty, risk and uncertainty.

« OR techniques are being used in production, procurement, marketing, finance

and other allied ﬁelds Through OR, management can know the reactions of

3

the integrated business systems. The Integrated Production Modcls technique
is used to minimize cost with respect to work force, production and i inventory.

« OR provndcs the business executives such an understanding of the business
operations which gives them new insights and capability to determine better
solutions for several declanon—makmg problems with gr cat speed, competence
and confidence.

o OR study generally involves three phases viz., the judjement phase, the research
phase and the action phase.

‘e The procedure for an OR study generally involves some major steps viz.,
formulating the problem, constructing the mathematical model to represent the
system under study, deriving a solution from the model, testing the model and
the solution so derived, establishing controls over the solution and puttmg the
solution to work unplemematxon.

. ® OR is generally conccmcdw:th problems that are tactical rather than strategic
m nature. -

° A model in ORisa sunphﬁcd representatxon of an operanon or a process in
which only the basic aspects or the most unporta.nt features ofa typncal problem
under mveshgatxon are consndcrcd

o Models by function consxst_ of descriptive models, predictive models and
normative models.

* Models by structure are represented by iconic or physmd models, analog models
and mathematic or symbolic models.

* Models by nature of an environment can be classified into deterministic models
+ and probabilistic models.

* Models by the extent of genemhty canbe categorized into specnﬁc models and
general models.

111 KEY TERMS

e e

e i g

. Operatlons research' The applxcatlon of scxenuﬁc knowledgc through

interdisciplinary team effort for the purpose of determining the best utilization
of limited resources,

® Model: A simplified representation of an ope:atmn or a process that cons:dcrs '

only the basic aspects or the most important features ofa typical problem under
investigation with an objective to Jidentify significant factors and their
interrelationships

¢ Descriptive model: A typc of model that dcscnbes facts and relauonshlps
among the various activities of the problem. This model collects information
on factors that change as a result of changes in other factors

* Normative or optimization models: These models are prescriptive in narure
and develop objectwc dccnsnon rule for optimum solutions
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* Iconic or physical models: Pictarial representations of real systems that have
the appearance of the real thing. Fxamples are city maps, blue prints of houses,
glodbes, etc

* Analog models: These are abstract models and one set of properties is used to

represent another set of propetties

* Mathematic or symbolic models: These models are most abstract in nature
and employ a set of mathematical symbols to represent the components of the
real system

1.12 ANSWERS TO ‘CHECK YOUR PROGRESS’

|
|
|
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1. The concept of Operations Research came into existence in a military context
during World War II, when military management wanted to arrive at decisions
on optimal utilization of scarce military resources with a new approach to the
systematic and scientific study of the operations of the system.

2. OR is the scientific knowledge through interdisciplinary team effort for the
purpose of determining the best utilization of limited resources.

3. Essential characteristics of operations research are:
(i) System orientation @~
(i) Use of interdisciplinary terms . L
(iii) Application of scientific methods B
(iv) Uncovcripg new problems
(v) Quantitative solutions
(vi) Human factors
4. Following are the areas where concept of OR is applied:
(i) Agriculture
(i) Finance
(iif) Industry
(iv) Marketing
- (1) Pesonnel Mansgoment,
(vi) Production Management
(vif) Research and Development
5. Major phases involved in the application'of OR are:

(i) Formulating the problem.
(ii) Constructing 2 mathematical model
(iii) Deriving the solution from the model
(#v) Testing the model and its solution (updating the model)
(v) Controlling the solution
(vi) Implementation ‘
6. The subject of Operational Research (OR) was t'icveloped in military context
during World War IJ, pioneered by the British scientists.

7. This technique is used in finding a solution for optimizing a given objective,
.such as profit maximizstion or cost minimization under certain constraints.

- L e
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10.
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112,

13.

14,

(1) The establishment of the objectives and values related to the op‘e;’aﬁo;i

17.

' Game theory is used to determine the optimum strategy in a competitiye

11.

- The first step in an OR study is to formulate the problem in an appropriate

This technique is primarily concerned with the optimal allocglion of limiteg
] s . . .
resources for optimizing a given function.

Waiting linc or queuing theory deals with malhematical. study of queues. The
ueues are formed whenever the current d‘cmand folr service exceefls the curreyy

:lnpacity to provide that service, Waiting line t'cchmquc concerr?s, itself with the

random arrival of customers at a service station where the facility is limited,

situation.
1t refers to a systematic search for optimal solutions to problems that involve
many highly complex interrelations that are, moreover, sensitive to multistage

effects such as successive time phases. :
Operations Research has gained increasing importance since World War [T iy

the technology of business and industry administration. It greatly helps in tackling
the intricate and complex problems of modern business and industry,

OR techniques are being used in production, procurement, marketing, finance
and other allied fields. It can be used to solve problems like how best can
managers and executives allocate the available resources to various products
so that in a given time the profits are maximum or the cost is minimum

OR is useful to the production management in
(i) Selectinig the building site for a plant, scheduling and controlling ts
development and designing its layout
(1) Locating within the plant and controlling the movements of required
production materials and finished goods inventories
(i) Schédpling and sequencing production by adequate preventive
maintenance with optimum number of operatives by proper allocation of
machines
(iv) Calculating the optimum product-mix.
The judgement phase includes
i) A determination of the problem

(iii) The determination of suitable measures of effectiveness.

{}?”“- Formulating a problem consists in identifying, defining and specifying
C measures of the components of a decision model.

:’v& }umc%d:l:;; lf])eRt;.s a §lmpl|ﬁed fepresentation of an operation or as a process in
i Yt a:?sw aspects or the most important features ofa typical problem
sder gation are considered. The objective of a model is to identify

gniticant factors ang mtcrrclationships
The classif; :

cation i I e
85 followe: ofmodels js a subjective problem. They may be distinguished

() Modelg by degree of abstraction

(1) Models by function
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7, ¥ Res
m,

\ 01

T
I

Vo



0n 10 (iii) Models by structure ] 18. What is a model in operations research?

Introductior
w5 Research

: \ e oea o lE . . Operations Resea
(tv) Models by nature of an environiment ’ 19. Write any one limitation of opcrations research.

(v) Models by the extent of generality ' ! Long-Answer Questions

. e T R  varlone petiviile , , _ - , ’ NOTE
OTES 18. Descriptive mm‘kls describe facts and rd.monslu.ps amony lh? vanious activities " 1. Explain the meaning and origin of operations research with the help of definitions S
ctihe problem. These models do not have an objective function as a part of the and examples
model to valuate decision alicratives. In this model, it is possible to get |- ) i , ) :
wifermation us o how one or more factors change as a result of changes in 2. Discuss about the nature of operations rescarch with the help of examples.
uther tactors. _ 3. Write an essay on the development of operations research.
Pl detemministic odels, L parameters und Runctional relationships are assumed 4. Discuss operations research in India,
to be known with certsinty when the decision is to be made. Linear programming ' . ‘ . .. ;
. t h used t making?
and break even models are the examples of deterministic models. . How is operations researc fuse &8 loobin decision- &
T A 6. Explain th i til h techniques.
20. It should always be kept in mind that OR alone cannot make the final decision. xP a‘m © va-nous D/pes OF operstions rescase ues
It is just a tool and simply suggests best alternatives. In the final analysis many 7. How is operations rescarch useful to management?
business decisions will involve human element. Thus, OR is at besta supplement .8. Explain the significance of operations research in management process.
1o rather than a substitute for management; subjective judgement is likely to N . . g
9. Explain the role of operations research in modern business management.
remain a principal approach to decision-making. , .
10. Explain the various phases of operations research study.
1.13 QUESTIONS AND EXERCISES 1 }  1l. Describe opérations research approach with the help of a flow chart.
. 12. Explain the various categories under which operauons research problems are
Short-Answer Questions P I classified.
1. Where did the concept of operations research originate? . . ) ] 13. hH?wocfan youa:xl)aslﬂfy operations research’ models‘7 EJ‘P‘am each type with the
: : elp of an example.
2. Name the fields where operations research can be used? e . .
- ; . . o 14. Whatshould be the charactensucs of a good operauons research model? Explain.
3. Whatd by nature of operations researc . .
3. Wha do you mean by e otop r : . 15. What are the advantages of usmg a mode]? Explam and also give your own
4. Which Indian companies use operations research? - . opinion. -
5. What is inventory control? What is its importance? 16. Write about application of operations research in modern business environment.
6. What is decision theory? ' " * Explain with suitable examples.
7. What do you understand by network analysis? 17. Explain the limitations of Operaﬁons research with the help of suitable examples.
= <1~ "7 8. What is non-linear programiming? - - ' I L m———— e < : e - -
L. _ . : - 1 14 FURTHER READING
9. What is integer programming?
10. Describe heuristic programming and algorithmic programming. When are these Taha, H.A. 2006. Operations Research: An Introduction, 8th edition. New Delhi:
used? . Prentice-Hall of India.
11. What is search theory? In which situation is it applied? o ' Jensen, Paul A., and Jonathan F. Bard. 2003. Operations Research Models and
12. What do you understand by theory of replacement? What is its significance? 4 ' Methods. New York: John Wiley & Sons.
13. How operations research enables proper deployment of resources? _ ‘ Gupta, P.X., and D.S. Hira. 2002. Introduction to Operartions Research. New Delhi:
14. How operations research techniques help in directing authority? - . ! 8. Chm\dA & Co.
— 1 Kothari, C.R. 1982. 4n Introduction to Operational Research. New Delhi: Vikas
15. Define research phase. i i Publishing House Pvt. Ltd.
- ing the validit 1
16. What do you mean by testing t ¢ validity] ‘¢ Kalavathy, S. 2013. Operations Research, 4th edition, New Delhi: Vikas Pubhshmg
17. How competitive problems arise? House Pvt. Ltd.
. ‘ Self-. In.ﬂrnclwnal
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UNIT 2 LINEAR PROGRAMMING, |
| DUALITY AND SENSITIVITY
by s ANALYSIS

St r'u:c@u re
12,0 Introduction
“2°1 Unit Objectives
2.2 Linear Programming: Meaning and Uses
y fnt 2.2.1 Meaning of Linear Programming
2.2.2 Flields Where Linear Programming can be Used
.3, Concepts, Notations and General Form of Lirlear Programming Model

" 23.1 Basic Concepts and Notations
., 232" General Form.of the Linear Programming Model
4 Applications and Limitations of Linear Programming Problems
.5 Formulation of Linear Programming Problem - -
" 2.5.1' Grapbic Solution

2.5.2 General Formulation of Linear Programming Problem

2,5.3 Matrix Form of Linear Programming Problem
Solution of Linear Programming Problem: Graphical Solution
and Simplex Method

2.6.1 Graphical Solution

2.6.2 Some Important Definitions

2.6.3 Canonical or Standard Forms of LPP

2.6.4 SimplexMethod :

2.6.5 MMethod
, Duality

2.8 Sensitivity Analysis -
Summary
Key Terms

.2.11 Answers to ‘Check Your Progress’
2.12 Questions and Exercises

2 2.13 Further Reading

% INTRODUCTION - - T T
3y
& ;Sleﬁ‘ “ : .
oy ‘i{\ this unit, you will learn the use of linear programming in decision-making. For a

Te manufacturing process, a production manager has to take decisions as to what quantities

is maximum. Currently, this method is used in solving a wide range of practical

business problems. The word ‘linear’ means that the relationships are represented by
_ Straight lines. The word ‘programming’ means following a method for taking decisions
. Systematically.

You will leam the extensive use of Linear Programming (LP) in solving resource
allocation problems, production planning and scheduling, transportation, sales and
advertising, financial planning, portfolio analysis, corporate planning, etc. Linear
programming has been successfully applied in agricultural and industrial applications.

You will also leam a few basic terms like lincarity, process and its level, criterion

S

and which process or processes are to be used so that the cost is minimum and profit |

)

function, constraints, feasible solutions, optimum solution, etc. The term linearity

Salfnsne

C Mawrie



rogramming, implies straight line or proportional relationships among the relevant variables, Process | 454 Marshall pointed out that the businessman always studies his production function
and Scasitivily

means the combination of one or mare inputs to produce a punicu!nr oulpm..Crilgr_ion and his input prices and substitutes one input for another till his costs be o this
function is an objective function which is to be either maximized or minimized. comy

Linear Programming.
Duality and Sensitivity

va 2s . .. ) . N Analysis
ra ot hic . There minimunt possible. All this sort of substitution, in the opinion of Marshall, is being don'c
Coﬂii?ﬁsu:l:oslg?&:g?g;g‘t: \:l:\;gl‘e: nlfé::isbl:.aosgll:::o:s“x]\rgT:llk\l}f;)s‘l:};)‘z:si;rI: } by businessman’s trained instinct-rather than with formal calculations. But now there NOTES E
& rt:s o ) . ) . . . - - -
JOLES solutions considering given constraints. An optimum solution is considered the best { does exist a method of formal calculations ofien tcm'xc.d as Linear Programming. This
among feasible solutions. . iethod was first formulated by a Russian mathematician L.V. Kantorovich, but it was
‘ ; i ' ; i developed later in 1947 by George B. Dantzig ‘for the purpose of scheduling the

You will also learn to formulate linear progranuming problems and put these in v : wities of the United S Air Force’. Today, thi
s matrix form. The objective function, the set of constraints and the non-ncgative < complicated procurement activities of the United States Ar Force . 1oday, ;m: 0 jf
constraint together form a linear programuming problem. In this unit, you will also {1 is being. used in solving a w1de.rang_e of thc?l b?.lsmess problems. mh:r ‘;;nt 0
lear the methods of salving a Linear Programming Problem (LPP) with two decision |  electronic computers has fur(her increased its applications to solve many ot prLs lems
variubles using the graphical method. All lincar programming problems may not have |  in industry. It is being considered as one of the most versatile management tools.
unique selutions. You. may fm\% some linear progr:m.\ming problems thul' have an 2.2.1 Meaning of Linear Programming
infiniic number of optimal solutions, unbounded solutions or even no solution. . . ’

Finally, in this unit, you will leamn about the canonical or standard form of LPP Linear Programming (LP) is a major mnov.ation. sice World_ Wez I o e ﬁ‘,ﬂd o
and duality. In the standard form, irrespective of the objective function, namely maximize | busmess decision-maling, particularly under conditions of certainty. The word “Linear
or minimize, all the constraints are expressed as equations. Moreover, the right hand [ ‘means that the relationships are represented by straight lines, ic., the relationships
side (RHS) of each constraint and all variables are non-negative. The simplex method § 2r¢ of the fomy =a + 'bx and the ward ‘Programming’. means taking decisions
.and M method are the methods of solution by iterative procedure in a finite number of gystemaylcal!y. Thus, LP is a 9603{0&mﬂkmg techmqu_e under given constmnts on
steps using matrix. You will also learn about duality and sensitivity analysis. the assumptjon that the relationships amongst the variables representing different

, : phenomena happen to be linear. In fact, Dantzig originally called it ‘programming of
‘ T . interdependeént activities in a linear structure” but later shortened it to ‘Linear
2.1 UNIT OBJECTIVES . Programming’: LP is generally used in solving maximization (sales or profit
o o ] _ . maximization) or minimization (cost minimization) problems subject to certain
After going through this unit, you will be able to: "assumptions. Putting in a formal way, ‘Linear Programming is the maximization (or
¢ Understand linear programming minimization) of a linear function of variables subject to a constraint of linear
« Know the terms associated with a linear prOQYMDg problem ‘ igcquélities.‘ Hence, LP is a mathematical technique designed to assist the organization
: b formulate a lin Ny bl } inoptimally allocating its available resources under conditions of certainty in problems
i to CIITILASS 8 SOSACPIOSIAIMIDE prooiem " of scheduling, product-mix and so on. '
* Form a matrix of a linear programming problem _ | 222 Fi ld’ Wh Li ' p .
y o U . . havde 1 min
+ Explain the applications and limitations of linear programming problems . elcs ere Linear Trogram g can be Used
« Solve a linear programming problem with two variables using the graphical { 7The problem for which LP.provides a solution may be stated to maximize or minimize
S o mEhOG, i e e e w - . su.) for some dependent variable which is a function of several independept variables
. . , " . Wwhen the independent variables are subject to various restrictions. The dependent
e Describ ( roblems in canonical form DATL . . » pen
esen .c linear pr mg p ] 7 m Variable is usually some economic objectives, such as profits, production, costs, work
¢ Solve linear programming problems using the simplex mcthod Wweeks, tonnage to be shipped, eto. More profits are generally preferred to less profits
« Solve linear programming problems using the M method i.l{ld lower costs are preferred to higher costs. Hence, it is appropriate to represent
« Describe duality and solve dual problems either maximization or minimization of the dependent variable as one of the firm’s
. - . objective. LP is usually concerned with such objectives under given constraints with
b f sensitivity analysis Mgt A Sty der g 1
* Understand the basics o mvity : ySi linearity assumptions. In fact, it is powerful to take in its stride a wide range of business
- - applications. The applications of LP are numerous and are increasing every day. LPis
2.2 LINEAR PROGRAMMING: MEANING AND eXtensively used in solving resource allocation problems. Production planning and
USES scheduling, transportation, sales and advertising, financial planning, portfolio analysis,
; 0 corporate planning, etc., are some of its most fertile application areas. More specifically,
Decision-making has always bcen very important in the business and industrial world, | LP has been successfully applied in the following fields:
particularly with regard to the problems f:anceming pro_d'uction of comnpdities. Which s (i) Agricultural applications: LP can be applied in farm management problems
commodity/commodities 10 pfoduoc. in what quantities and by Wh“'?h process or | as it relates to the allocation of resources such as acreage, labour, water
i;‘:f'vhi‘:tlmclional ' processes, are the main questions before a production manager. English cconomist 3 supbly or working capital in such a way that is maximizes net revenue.. - ' seitimsinucional
- i ) . "Material : 3z
t
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(i) Contract awards: Evalu

ation of tenders by recourse to LT guarantces
that the awards are mad

e in the cheapest way.

(1) Industrial applications: Applications of LP in business and"industry arc
°f_ most diverse kind. Transportation problems concerning cost
minimization can be solved by this technique. The technique. can also be

adopted in solving the problems of: production (product-mix) and inventory
control. )

:Ihus, LP is the most widely used technique of decision-making in business and industry
In modem times in various fields as stated above.

2.3 CONCEPTS, NOTATIONS AND GENERAL
FORM OF LINEAR PROGRAMMING MODEL

The following are the concepts, r;otations and.forms uSed in a linear programming
model: . ' ) .

2.3.1 Basic Concepts and Notations

There are certain basic concepts and notations to be first understood

of the LP technique. A brief mention of such conceptsis as follows:

1. Linearity. The term linearity implies straight line or proportional relationships
among the relevant variables. Linearity in economic theory is lépown' as constant

output and profit are also doubled. Linearity assumption, thus, implies that if
two machines and two workers can produce twice as tauch.as one machine
and one worker; four machiries and four workers twice as much as two machines
and two workers and so on. '

2. Process and its level. Process means the combination of particular inputs to
produce 2 particular output. In a process, factors of production are used in
fixed ratios, of course, depending upon technology and as such no substitution

15, thus, no interference of one process with another when two or more processes
are used simultaneously. If a product can be produced in two different ways,
then there are two different processes (or activities or decision variables) for,
the purpose of a linear programme. :

3. Criterion function. Criterion function is also known a.s quective ﬁ:nctif:g which
states the determinants of the quantity either to be maxunfz?d or to be m_uufnized,
For example, revenue or profit is such a,functio_n .wlfen .n isto bc? mr':xumzed. or
cost is such a function when the problem is to minimize it. An objective function
should include all the possible activities \'N.lth the revenue (profit) or cost
coefficients per unit of production or acgulsnior'l; The goal mfiy be either to
maximize this function or to minimize this function. In symbolic form, let ZY

te the value of the objective function at the X level of the activities included

-dc"m"rh's is the total sum of individual activities produced at a specified leve],

?h“' ' t']viu' s are denoted as/ =1, 2,..., n. The revenue or cost coefficient of the
€ acll

for easy adoption

returns which means that if the amount of input doubles, the corresponding -

: is possible with a process. There may be many processes open. to a firm for
.~ weproducinga commodity.and ope process.can he substituted for another, There.

jth activity is represented by C, Thus, 2X,, implies that X units of activity j= |
~ yields a profit (or logs) of €, = 2.

4. Constraints or inequalities. These are the limitati.é_ps undFr Wwhich one hag to
' planand decide, i.e., rcstrictions' imposed upon decision variables. For example,
a certain machine requires onc worker tcf be operated upon; another machine
requires at least four workers (i.e., ) > 4); thcre are at mog;
20 machine hours (i.c., < 20) available; the weight of the product should be say
10 Ibs and so on, are all cxamples of constraints or why are known as incqualities,
Incqualities like X > C (reads X is greater than C or X < C(reads Xis less thay
C) are termed as strict inequalities. The constraints may be in form of weak
inequalities like X s C (reads X is less than or equal to C) or
X2 C (reads C'is greater than or equal to C). Constraints may be in the form of
strict cqualities like X = C (reads X'is equal to C).
Let 4, denote the quantity b of resource i available for use in various production
processes, The coefficient attached to resource i is the quantity of resource ;
required for the production of one unit of product /.

5; Feasible solutions. Feasible solutions are all those possible solutions which

- can be worked upon under given constraints. The region comprising of all
feasible solutions is referred as Feasible Region.

6. Optimum solution. Optimum solution is the best of the feasible solutions.

2.3.2 General Form of the Linear Programming Model

Linear Programming pfoblcm mafhematical]y can be stated as under:
Choose the quantities, ‘

X20(=1,.,n) a0

This is also known as the non-negativity condition and in simple terms means
that no X can be negative.

To maximize,

e e e .22

e S

S N

. _2.= iC{.X/
R

Subject to the éonsti*aints, R

< (i=1..m) (23)

=1
alinear programming model in the simplest possible
Interpreted as a profit maximization situation where 7

a limj . 4 :
re:::lt?;rgtr;?f ™ resources being available, Each unit of the jth activity yields 8
MR €S an amount a_ of the jth ; e of the
objective function for a given gystem, resouree. Z denotes the optimal valu -
Assumptions or the Conditions to be Fulg

LP model is based on
and finite choices.

lied Underlying the LP Model -
the assumptions of Proportionality, additivity, certainty, continuity

o™ :
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amiming, Proportionality is assumed in the objective function and the constraint « Transportation problem Duality and Sensitivis
Sensitivity inequalities. In economic terminology this incans that there are constant retums to » Diet problem Analysis
scale, i.e., if one unit of a product contnibutes ¥ S toward profit, then 2 units will « Matrix games )
CODleUlC 4 10, 4 units ¥ 20 and so on. . POﬂfO“O optimg_auon NOTES
I'ES
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Cerainty assuinption means the prior knowledge of all the cocflicients in thc
obic_tive function, the coetlicicnts of the constraints and the resource valucs. LP
nodel operates only under conditions of certainty.

A-iditiviny assumption means that the total of all the activities is given by the
suin total of each activity conducted scparately. For example, the total profit in the
objective function is equal to the sum of the profit contributed by each of the products
separately.

Continuity assumption mcans that the decision variables are contiunous.
Accordingly the combinations of output with fractional values, in case of product-
mix problamns, are possible and obtained frequently.

Finite choices assumption implies that finite number of choices are available
to a decision-maker and the decision variables do not assume negative values.

2.4 APPLICATIONS AND LIMITATIONS OF
LINEAR PROGRAMMING PROBLEMS

The applications of linear. programming problems are based on hnea.\' programming
matrix coefficients and data transmission prior to solving the simplex algorithm. The
problem can be formulated from the problem statement using linear programmmg
techniques. The following are the objectives of linear programming:

+ Identify the objective of the linear programming problem, i.e., which quantity -

is to be optimized. For example, maximize the profit.

« Identify the decision variables and constraints used in linear programming, for
example, production quantities and production hm“at:ons are taken as decision
variables and constraints.

» Identify the objective functions and constraints in terms- of decision- varizble’s;‘-.;
using information from the problem statement to determine the proper-

coefficients.
¢ Add implicit constraints, such as nononegative restrictions.

« Arrange the system of equations in a consistent form and place all the variables
on the left side of the equations.

Applications of Linear Programming

Linear programming problems arc associated with the efficient use of allocation of
limited resources to meet desired objectives. A solution required to solve the linear
programming problem is termed as optimal solution. The linear programming problems
contain a very special subclass and depend on mathematical model or description. It
is evaluated using relationships and are termed as straight-line or lincar. The following
are the applications of linear programming:

e e gl e

e Crew scheduling

Linear programming problem may be solved using a simplified version of the simplex

technique called transportation method. Because of its major application in solving

problems involving several product sources and several destinations of products, this
type of problem is frequently called the transportation problem. It gets its name from
its application to problems involving transporting products from several sources to

. several destinations. The formation is used to represent more general assignment and

scheduling problems as well as transportation and distribution problc.ms The two
common objectives of such problems are:

¢ To minimize the cost of shipping m units to n destinations.
* To maximize the profit of shipping m units to » destinations.

The goal of the diet problem is to find the cheapest combination of foods that
will satisfy all the daily nutritional requirements of a person. The problem is formulated

. as a linear program where the objective is to minimize cost and meet constraints

which require that nutritional needs be satisfied. The constraints are used to regulate

the number of calories and amounts of vitamins, mmeral:. fats, sodium and cholesterol
in the diet.

Game method is used to tum a matrix game into a linear programming problem.
Itis based on the Min-Max theorem which suggests that each player determines the
choice of strategies on the basis of a probability dxstnbunon over the player’s list of

e strategnes

The portfolxo optumzauon templatc calculates the opumal capital of i mvastmenls
that gives the }nghest return for the least risk: The unique design of the portfolio
optimization techmque helps in financial investments or business portiolics. The

" optimization analyss is applied to a portfolio of businesses to represent a desired and

beneficial framework for dnvmg capital allocation, investment and divestment decisions.

‘Crew schedulilig™s an iffipoitaht applitation of linear programming problem.

Ithelps if any airline has a problem related to alarge potential crew schedules variables.
Crew scheduling models are a key to airline competitive cost advantage these days'
because crew costs are the second largest flying cost after fuel costs.

Limitations of Linear Programmmg Problems

Linear programming is applicable if constraints and objective functions are linear,
but there are some limitations of this technique which are as follows:

* All the uncertain factors, such as weather conditions, growth rate of industry,
etc, are not taken into consideration. -

* Integer values are not taken as the solution, c.g., avalueis rcquucd for fraction

and the nearest integer is not taken for the optimal solution. ‘

* Linear programming technique gives those practical-valued answers that are.
really not desirable with respect to lmear progr auumng problem.

. Selflr_u tructional
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Check Your Progress

‘1. What is Jinear

programming?

2. What is meant by
criterion function in
Iinear
programming?

3. Mention two areas
where linear
programming finds
application.

4. What are the.
constraints in linear

_ programming?
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—_ " C imited and
* Itdeals with one single objective in real life problem which is more bieni
" the problems come with multi-objective,

i —

; < nts
* In linear programming, coefticients and parameters are assumed as consta
butin realty they do not take place,

* Blending is a frequently encountered problem in linear progrﬂmmlflg. FQT
example, if different commodities are purchased which have different
charactenistics and costs, then the problem helps to decide how much of each
commadity would be purchased and blended within specified bound so that
the total purchase cost is minimized. '

2

-5 FORMULATION OF LINEAR PROGRAMMING
PROBLEM }

A linear programming is a mathematical method for detéﬁnining method to achieve
the best outcome, i.e., maximum profit at Jowest cost.

2.5.1 Graphic Solution

The procedure for mathematical formulation ofan LPP consists of the following steps:
Step I: The decision variables of the problem are noted.

Step 2: The objective function to be optimized (maximized or minf'mized)‘ as a Jinear
function of the decision variables is formulated. .

Step 3: The other conditions ‘of the_problem such as resource limitation, market
constraints, interrelations between variables, etc., are formulated as linear inequations
or equations in terms of the decision variables. ’ - :

Step 4: The non-negativity constraint from the considerations is added so that the
negative values of the decision variables do not have any valid physical inferpretation.

The objective function, the set of constraints and the non-negative constraint
together form a linear programming problem. :

2.5.2 General Formulation of Linear Programming Problem
The gcncral t;orﬁaulati‘c)n’ of the LPP can be stated as follows: . "
In order to find the values of » decision variables X, Xz - )\’; to maximize or

minimize the objective function.’ '

Z=CX, +CX, +...+C,X,

~ Maximize the profit, viz.,

Polishing, '

w(2.4)
ay X, +a, X, +--+ a,X, (s =, Z)b.
ay X, +anyX,+-+a, X, (%, =, 2)b,
a, X +a, X, ++a,X,(s,=, 2)b,
LA X v a X, et an, X, (S=2)b, . (25)

i

-

\,‘%

Here, the constraints can be inequality < or > or eve
’ . . .
(=) and finally satisfy the non-negative restrictions:
=) g

X, 20,4, 20..X,20

N the fom, N cquyg
. l n

2.5.3 Matrix Form of Linear. Programming Problem ..,(2‘6)

The LPP can be expressed in the matrix form as follows:
Maximize or minimize Z = CX — Objective function
Subject to AX (S, =, 2) B — Constant equation
B> 0, X 2 0 — Non-negativity restrictions
Where, X= (X, X;---X,)

C= (G, C;-C,)

fb\ (analz“'axn )
B= le A= anan --ra,,
2 = . .
b, ’
amlanz '“amu

Example 2.1: A manufacturer pfoduéeS two types of models M, and

M, Each moge|
of the type M, requires 4 hours of grinding and 2 hours of polishin

8; Whereas each

Solution:

Decision variables: Let X, and X, be the number of units of M and M,

Objective function: Since the profit on both the models are given, we have to

L Maxz=3x 44y

Constraints;: There: are two constraints: one for grinding and the other for

we 2 g:hnij :_l:sm:;r of hours available on each grinder for one week is 40 hiu;sé },:;:
P gn‘nding, M rt:ance', the manufactun?r does not have mo-re than 2 x 40 e ding.
1 Fequires 4 hours of grinding and M, requires 2 hours of grindng
The grinding constraint is given by,
4X,+2X, <80 ‘ | '
by g(l)n:elitsh;r;;re 3 polishers, the available time for polishing in a week s "

requires 2 h s e . hours ofpolishing-
Hence, e have 2/\',. *5X < 18((’)"'3 of polishing and M, requires 5. o .
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Thus, we have,

Max Z = 3X| +44]

Subject 1o, 4.X, + 2.X, < 80

2.Y, +5X, $180
X, X =0

Example 2.2: A fum manufacturers three products 4, 8 and C. The profits are T3, I
2 and ¥ 4 respectively. The firm has two machines and the following is the required
processing time in minutes for each machine on each product.

Product )

4 B C

Machines C l 4 3 5
D|3 2 4

Machine Cand D have 2000 and 2500 machine minutes respectively. The firm
must manufacture 100 units of 4, 200 units of B and 50 units of C, but not more than
150 units of 4. Set up an LP problem to maximize the profit.

Solution: Let X, X, X, be the number of units of the product 4, B, C respecnvely

Since the profits are X 3, 2 and Y 4 respectively, the total profit gained by the
firm afler selling these three products is given by,

Z=3X,+2X, +4X, |

The total number of minutes required in producing these three products at
machine C'is given by 4X, + 3X, + 5X, and at machine D is given by,

3X, + 2X, + 4X,.

The restrictions on thc machine C and D are gwen by 2000 minutes and 2500
minutes,

4X,+3X, +5X, <2000
3X, +2X, +4.X, <2500

--Also, since the firm manufactures 100 units of 4, 200 ypits | of ,B and 50 umts of .
C, but not more than 150 units of 4, the further restriction- bccomes

100 < X, <150
200< X, 20
50< X, 20

form:
Find the value of X|, X, X| so as to maximize,
Z=3X +2X,+4X,
Subject to the constraints,

4X, +3X,+5X,<2000
3X,+2X,+4X, <2500

100< X, 5150,200< X, 20,505 X, 20

Hence, the allocation problem of the firm can be finally put in the following -

e - LS

2.6 SOLUTION OF LINEAR PROGRAMMING
PROBLEM: GRAPHICAL SOLUTION AND
SIMPLEX METHOD

The linear programmyjing problems can be solved as follows using the gmphlcal solution
and simplex method:

2.6.1

Simple linear programming problem with two decision variables can be easily solved
by graphical method.

Graphical Solution

Procedure for Solving LPP by Graphical Method-

The steps involved in the graphical method are as follows:
Step 1: Consider each inequality constraint as an equation.

Step 2: Plot each equatxon on the graph as each will gcomemmlly represent a
straight line.

Step 3: Mark the region. If the inequality constraint corresponding to that line

"is <, then the region below the line lying in the first quadrant (due to non-negativity of
variables) is shaded. For the inequality constraint > sign, the region above the line in
the first quadrant is shaded. The points lying in the common region will satisfy all the
'constramts sunultaneously The common regxon thus obtained is called the. feasiblc

region.

Step 4: Allocate an arbitrary value, say zero, for the objecuve funcnon_

Step 5: Draw the straight line to represent the objecnve function with the arbitrary

-value (i.e., a straight line through the origin).

Step. 6: Stretch the objective function line till the extreme points of the feasible
region. In the maximization case, this line will stop farthest from the origin and passes

through at least one corner of the feasible region. In the minimization case this line

will stop nearest to t.he origin and passes through at least one comex of the feasible

“Tegion,” ~ T - TT
‘ Step 7: Find the coordinates of the extreme pomts selected in.Step 6 and find
the maximum or minimum value of Z. - :

Note: As the optimal values occur at the corner
to calculate the value of the objective function of the
select the one which gives the optimal solution,
optimal pomt corresponds to the comer point at w
value and in the case of minimization,

minimum value is the optimal solution.

pomts of the feasible region, it is cnough
corner points of the feasible region and
ie., in the case of maximization problem,
hich the objecuw function has a maximum
lhg: corner point which gives the objective funcuon the

Example 2.3: Solve the followmg LPP by graphxcal method.
Minimize, Z=20X + lOX

X, +2X, <40
3X, + X, 230

Subject to,
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4N, 42y 260
AL A, 20
Solution: Replace all the inequalitics of the constraints by eq\mtm".
A +2X, =40 1f A\ =0=X,=20
If X, =0=X, =40
X, +2X, =40 passes through (0, 20) (40, 0)
3X|+ X, = 30 passcs through (0, 30) (10, 0)
4X+ 3X; = 60 passes through (0, 20) (15, 0)
Plot each equation on the graph.
X
]

The feasible region is ABCD.
C and D are points of intersection of lines.
X, + 2K, = 40, 3X,+ X, = 30
And, 4X +3X,=60 . .
" On solving, we get C (4, 18) yand D (6 12)

Corner Points Value of Z = 20X: + 10X,

Exam

A (15,0) 300
B (40, 0) 800

C(4,18) 260

D (6,12) 240 (Minimum value)

- The minimum value of Z occurs at D (6, 12). Hence, the optimal solution is

X, =6 X— 12.
ple 2.4: Find the maximum value of Z =

5X, +7X,

Subject to the constraints,
X, +X,54

3X, +8X2524
10X, + X, < 35

X, x> 0
Replace all the inequalities of the constraints by forming equations,

X, + X, =4 passes through (0, 4) (4 0)
X+ 8X, = 24 passes through (0, 3) (8, 0)
10X, +7X, = 35 passes through (0, 5) (3.5, 0)

Plot these lines in the graph and mark the region below the line as the ; inequal;
of the constramt is < and is also lying in the first quadrant. o

Solution:

X ‘r

©0 °

The feasible region is O4ABCD.

- . Band Care points of instruction of lines,
X, +X,=4,10X, +7X,=
And, 3X, + 8X, =24

- -On:solving we get,
B (1.6,2.3)
C(1.6,2.4)
Corner Points Value of Z = 5X, + 71X,
0 (0, 0) 0
A(3.5,0) 17.5
B(1.6,2.3) 25.1
C(1.6,2.4) 24.8 (Maximum value)
D (0 3 - ©o21

. The . n 1S
maximum value of Z occurs at ( (l 6 o) 4) and [he optu'nal 3011“10 i
‘k =1, 6 1\' =24,
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Example 2.5: Solve the following LPP by graphical method.
Maximize, Z = 100X] + 404]
Subject to, SA] + 2X, < 1000
34+ 22X 5900
A 2N, D300 .

SRR

The solution space is given by the feaﬁible region OABC.

Corner Points Value of Z = 100X+ 40X,
0 (0, 0) 0 '
A (200, 0) 20,000
B (125, 187.5) 20,000 (Maximum value of Z)
C (0, 250) 10,000
- --.". Themaximum-value of Z occurs-at two vertices AendB:..... . .-

Since there are infinite number of points on the line, joining 4 and B gives the
same maximum value of Z. - :

Thus, there are infinite number of optimal solutions for the LPP.
2.6.2 Some Important Definitions
1. A set of values X, X; ... X, which satisfies the constraints of the LPP is called
its solution.

2. Any solution to a LPP which satisfies the non-negativity restrictions of the LPP
is called its feasible solution. :

3. Any feasible solution which optimizes (minimizes or maximizes) the objective
function of the LPP is called its optimum solution.

- 4. Given a system of m linear equations with 5 variables (m < n), any solution

which is obtained by solving m variables kecping the remaining n - m variables

zero is called a basic solution. Such m variables are called basgic variables and
the remaining variables are called non-basic variables.

5. A basic feasible solution is a basic solution which also satisfies all basic variables
are non-negative.

Basic feasible solutions are of two types:

() Non-degenerate: A non-degencrate basi;: feasible solution is the basic
feasible solution which has exactly m positive X(i=12,.,m),ie,
none of the basic variables is zero.

(if) Degenerate: A basic feasible solution is said to be degenerate if one or
more basic variables are zero.

6. Ifthe value of the objective function Z can be increased or decreased indefinitely,
such solutions are called unbounded solutions.

2.6.3 Canonical or Standard Forms of LPP

£ The general LPP can be put in either canonical or standard forms.

In the standard form, irrespective of the objective function, namely maximize
or minimize, all the constraints are expressed as equations. Moreover, RHS of each
constraint and all variables are non-negative..

Characteristics of the Standard Form
(7) The objective-ﬁxnption is of maximization type.
(iiy All constraints are expressed as equations.
(i) Right hand side of each constraint is non-negative.
(i) All variables are no_n~nega;i§e.

In the canonical form, if the objective function is of maximization, all the
constraints other than non-negativity conditions are ‘<’ type. If the objective function
is of minimization, all the constraints other than non-negative conditions are *2’ type.

} Characteristics of the _Cdnonlcal Form

g - R R R pEa—.

2253 T el T =T nae e e Seve, - Nt oce -
v (1) The objective function is of maximization type.

(i) All constraints are of ‘<’ type.
(iii) All variables X, are non-negative,
Notes: »

1. Minimization of a function Z is equivalent to maximization of the negative expression
of this function, i.e., Min Z = -Max (-2).

2. An inequality in one direction can bs converted into an inequality in the opposite direction
by multiplying both sides by (~1).

3. Suppose we have the constraint equation,
ayXita Xt ta X = b,
This equation can bo replaced by two weak inequalities in opposite Aireclions.
a, X+ a X+ ta X sb
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" region of feasible solution to anot
- function at the succeeding vertex is k

4. Ifa variable i icted in si
is unrestricted in sign, then it can be expressed as a difference of two nof-

negative variables, i.c., X, is unrestricted in sign, then X=X =X where X,, XX

are 2 0.
5.1 ! y i
i: :;r;ia;d form, all the constraints are expressed in equation, which is possible by
e 1‘ g s:;ne additional \.'ambla called slack variables and surplus variables s0
ata system of simultaneous linear equations is obtained. The necessary transformation
Wwill be made to ensure that 5,2 0. :

_ ‘Deﬁnitior.l

(i) If the constraints of a general LPP be,
da, X, <b(i=12..,m),

J=1
then the non-negative variables S, which are introduced to convert the inequalities
(<) to the equalities Za, X +8,=b(i=12,..,m), are called slack variables.
J=1
) Slack variables are also defined as the non-negative variables which are added
in the LHS of the constraint to convert-the inequality ‘<’ into an equation.

(if)- If the constraints of a general LPP be,
>a, X, 2b(i=1,2,..,m)

=

then, the non-negative variables S, which are introduced

> to the equalities Y’ a, X, -5, =4 (i=1,2,.., m) are called surplus variables.
J=! ) ’

1

Surplus variables are defined as the non-negative variable_s'whi'ch are removed-

from the LHS of the constraint to convert the inequality ‘2’ into an equation.

2.6.4 Simplex Method
Simplex method is an iterative procedure for solving LPP ina finite number of steps.

This method provides an algori
her in such a manner that the value of the objective

vertex. This procedure is repeated
method leads to an optimal vertex ina
of unbounded solution.

Dgﬂnition

(i) LetX,bea basic feasible solution to the LPP.

MaxZ=C, .
Subject to A, = b and X 2 0, such tha
Where B is the basic matrix formed b

Cyy oo Con)s where C, are ©
alled the cost vector assoca

t it satisfies X = Bb,

‘ y the column of basic variables.
The vector C, = (Cpr omponents of C associated
with the basic varia,blcs is C ted with the basic feasible
solution X;-

to convert the inequalities

thm which consists of moving from one vertex of the .

css or more asthe case may be that ai ihe previous -
and since the number of vertices is finite, the -
finite number of steps or indicates the existence

- Gl a |G |G 00...0

R I . T A O X AT 88y e S

5 (C;al S| ay a, | a; [ay a,, 10..0
n 5 by | ay | ay | ay | ay a;, 10...0

(i) Let X, bea basic feasible solution to the LPP.

and X2 0.

MaxZ=Cyp where A= b
nding to X,. For each column vector g in4
j P

" Let C, be the cost vector COTrespo
- which is not a column vector of B, let

oy
|

(5 . i m
33
’ a,= ’Z'aub/

i :
Then the number Z, = ;C,,a,, is called the evaluation corresponding to o
= : . J

and the number (Zj - C) is called the net evaluation corresponding to .

. Simplex Algorithm

For the soluii

i feasible soluti
solution are as ‘follows:

. Skp 1: Check whether the objective'ﬁxncﬁon of the given LPP is to be

. maximized or minimized. If it is to be minimized then we convert it into a problem of

on is always assumed. The steps for the computation of an optimum

** maximization by,
Min Z =-Max (-2)
i | Step 2: Check whether all b, (i=1,2, ..., m) are positive. If any one of b, is
L negative, then multiply the inequation of the constraint by —1 50 as to get all b, to be
% positive. - . o ‘ '
‘ Step 3: Express the problem in the standard form by introducing slack/surplus
variables to convert the inequality constraints into equations. '
Step 4: Obtain an initial basic feasible solution to the problem in the form
X,=B-'b and put it in the first column of the simplex table. Form the initial simplex
table shown as follows:

on of any LPP by simplex algorithm, the existence of an initial basic

Srep 5: Compute the net evaluations Z,—-C, by using the relation:
2-C=C(a-C)
Examine the sign of Z-C;
) If a!l Z, —.9 2 0, then the-initial basic feasible solution X; is an optimum
basic feasible solution. ' '

(i) Ifat least one Z — C,> 0, then proceed to the next step as the solution is
not optimal. s

Step 6: To find the entering vaﬁ;able, i.e., key column.

ST
Mote” d
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If there are more than one negative Z — €, choose the most negative of them.
Letit be Z — C, for somej = r. This gives the entering variable X and is indicated by
an arrow at the bottom of the 7th column. If there are more than one variable having
the same most negative Z ~ C, then any one of'the variable can be selected '\rbntranly

as the entering variable.
() allX s0@=1,2, ...

given problem.

(5) atleastone X, >0 (i=1,2

enters the basis.

. a) then there 18 an unbounded solution to the

Swcp 7: To find the leaving vauinble or key row:

Compute the ratio (X, /X, X >0)

If the minimum of these ratios be X, /X, then choose the variable X, to leave
the basis called the key row and the element.at the intersection of the key row and the

_ key column is called the key element.

Step 8: Forma new basis by dropping the leaving variable and introducing the {:
entering variable along with the associated value under C column. The leaving element  {
is converted to unity by dividing the key equation by the key element and all other | 8

elements in its column to zero by using the formula:

New element = Old element

Product of elements in key row and key column.| . ‘
Key elemcnt

Step 9: Repeat the procedure of Step (S) until either an optimum solution is
obtained or there is an indication of unbounded solution.

Example 2.6: Use simplex method to solve the following LPI_’.
Maximize, Z =3X, + 2X,

Subject to, X, + X, <4 .
X =X,52. .. R R
X, X, 20

Solution: By introducing the slack variables S, and S, convert the problem into standard
form. '
Max, Z = 3X, + 2X, + 05, + 0S,

Subjectto, x, +X,+S, =4
X, - X,+5,=2
X, X,,5,.,5,20
X, X, S 5 o ,
1 1 10 ';’ =[;} . .
1 -1 0 1 s‘ . o
2

.» m), then the corresponding vector X -

An initial basic feasible solution is given by,
X,=B'b,
Where, B=1,, X,=(S,, S,)
ie,(S,5)=1(4,2)=(4,2)

Initial Simplex Table

ZI=C'a1_
0)
Z,-C =Cya,-C, _( (11)-3=-3
0/
0\
z,-c;=c,a,-c,=(o (11-2==2
V
. , _ o
z,-c,:c,a,—c-,'=[ (1 0)-0=-0
. \0) o
0
Z,-C=Cpa,~C,=| (0 1)-0=
G 3. 2 0 0
G B .| X X X s s | MnZe
Xl
0 s, | 4 1 1 1 0 41=4
0 S, 2. ©) -1 0 1 |F21=2
z,, 0 o | o [} 0
c, 1 -t =2 ()} 0

\ Smce there are somc Z,— C;= 0, the current basic feasible solution is not
optimum. :

, Since, Z, — C,=-3 is the most-negative, the corresponding non-basic variable
X enters the bas:s

) The column correspondmg to this X, is called the key columpn.

o N |
Ratio = Min {}ﬂ'.xo > 0}
) r . .

o fa 2 '
=Min {T' T} , which corresponds to S,

. The leaving variable is the basic variable S, This row is called the key row.
Convcxt the leading element X, to units and all OLber elements in its column », i.e.,
(X ) to zero by using the formula:

New element = Old element —

Product of elements in key row and key column
Key element

To apply this formula, first we find the ratio, namely
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The element to be zero

— %

1
Key element = 1 !

Apply this ratio for the
Multiply this ratio by key row

1x2
1 x]
1 x-1
1x0
Ix1

number of elements that are converted in the key row.
clement shown as follqws:

Now, subtract this element from the old element. The element to be converted
into zero is called the old element row. Finally, we have

4-1x2=2
I-1x1=0

I-1x-1=2
1-1x0=1
0-1x]1=o]

. - The improved basic feasible solution

is given in the followi:"llg simplex table,

First Iteration - . . .
' (o7 3. 2 0 0

. - . : »
G SO R B - R Mino~
«0 S, 2 o [ (@ 1. | =1 | 2n2=
3 X, 2 1| 4 0 1 -
Z 6 | 3 | 3 0 0
" z-¢ 0 | st | o 0
. POk S L R

s - A e R L e - e "
" Since, Z, - C, is the most negative, X, enters. the basis.

To find Min (%‘-,'X,z > 0)

i2
- (z)
Min 2)

This gives lhé outgoing variables. Convert the leaving elemen? into one. Thxs is
done by dividing all the elements in the key row by 2. The remaining elements are

converted to zero by using the following formula. .
He y is the common ratio. Put this ratio 5 times and multiply each ratjo
ere, — 2 : .

by the key row element.

A o

> i:eg*

3

GRS
ARSI

~

B

&y

-%_x 2 '
.__l. x0
2
=1 x2
2
~-1/2x1"
~-1/2 x -]
" Subtract this from the old element. All the row elements which are convertey
into zero are called the old elements. S
1
2—| ——x 2)? 3
(3
1-(-1/2x0)=1
—1=(-112x2)=0
0-(-12%x1)=1/2
A=(-12%x-1=1/2
Second Itcration
- o 3 2 0 0
(o B X3 X %) , s, 5
2 X, 1 0 1 2 | an
3 X, 3 1 0 12 1”2
) Z, 1 - 3 . 2 52 172
z-¢ 0 0 sn 12
Siice all Z, ~ C, 20, the solition is optimum. The optimal solution is Max
 Z=11L,X,=3,adx, = |. - '
Ex_nnep_l_g 2.7: $_01ye the following LPP using simplex method.
Maximize Z=3X, + 2x, + 5~ '
Subject to, X, + 2, + x, ‘< 430
X+ 2X, <460
X, +4X, <420
X, X, X, 20
. Solution: Rewrite the constraint into a i i ; S.andS,..
The standard form of LPpP becomes, - cuitionby “ddine Shd(’ Va"?bl“ TR
walmize, Z=3X +2x, + 5X, +0S, + 05, + 0S,
Subject, to.X, + 2x, +X, + S, =430
3X, 42X, + 5, =460
X +ax, +8, =420
' IYI’ ’\’z’ “’)' Sp Sz, SJ 20

Slfhe”
Mo
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The initial basic feasible solution is,
§, =430, 5, =460, S, =420 (X; =X, = X| = 0)

Initial Table

c 3 2 s 0 0 "o
A T S S S ) M;n'_:;_
Reb |
voos B0 2 1 1 0 0 430/1=430
-0 N 4ot 3 o @ o 1 0 460/2=230
0 8, 420 4 0 0 0 1 '
S0 0 0 0 0 0
z-C -3 -2 -5t o0 0 0

Since some of Z- q <0, the current basic feasible solution is not optimum,
Since Z, — C, =-S5 is the most negative, the variable X, enters the basis. To find the
variable leaving the basis, find

\ 430 460
Min(%,X,, > O) = Mm(T =430, T: 230)

a3

~. The vaniable S, leaves the basis.
First Iteration : i

Max'lmizc,Xo"-' cx
Subject to, AX = b, X 2 0; Where b > 0.

Solution: To get a starting identity matrix, we add artificial variables X, X g .
on: The consequent values for the. artificial variables can be Af for
problem (where M js adequately large). This constant M will check arti
that will arise with positive values in the fina] optimal solutions. Now the
MaxZ=Cx- M, X,
Subject to, AX + 1 X, =b,

X20

maximization
ficial variableg
LPP becomes,

Where X = X, D, ST »X,)" and 1 is the vector of all ones. Here, X=0 and

X, =bis the feasible starting basic feasible solution, For solving AX+ I X =b, which
is a solution to AX'= b we have to drive and take X =0,

Examble 2.9: Using the linear programming, solve the following LPP:
Maximize, X=X + X,

Subject to, 2, +X,> 4

o X+ 2X,=6

X, X;20

Solution: Add surplus variable.

X, and artificial variables X, and X, and then rewrite
v ... the equation as given below: : ) .
G 3 2 s 0. 0 o * 5 . =
X : ‘ 2X| +Xa ;-JYJ + X¢ =4
O T T S Moy Iz X+ +X,=6
<0 s, 2012 (O o 17 12 0 2002=100 I “hEMX M =0 7
5 X, 230 31 0 1 0 12 0 The colu.mn.s corresponding to X, and X, form an identity matrix. This can be
S 420 1 4 0 0 0 1 420/4=105 «" represented in tableau form as, o -
3 ) i s X
2 . . —
Z 150152 0 0 0 s2 o l . X X X X X | s
Z-C... .92 =2t . o . [ 77} 0. - * B S L S UL S R 4
Since Z, - C,=-2 iénégative, the current basic feasible solution is not optimum. . A5 . P’ ; 1 . 2 0 0 . 1 6
Therefore, the variable X, enters the basis and the variable S, leaves the basis. ;T}:”.g"g X -1 -1 0 M M 0
2.6.5 M Method

In simplex algorithm, the M Method is used to deal with the situation where an
infeasible starting basic solution is given. The simplex method starts from one basic
feasible solution (BFS) or the intense point of the feasible region of a linear
programming problem (LPP) presented in tableau form and extends to another BFS
for constantly raising or reducing the value of the objective task till optimality is
reached. Sometimes the starting basic solution may be infeasible, then M method is

| used to find the starting basic feasible solution each time it exists, -

Example 2.8; Find a starting basic feasible solution each time it exists for the following
LPP where there is no starling identity matrix using M method.

N
",
[1}

]
'

.. In the above table the row X, has the
-, X and X, whichare not zero. First el

- tableau, : :
L X, X, X X, X, 3
X 2 1 -l 1 0 4
X, ] 2 0 0 1 6
¢ “(143M)  -(1+3M) M- 0 o 10 M

0By
Wy
P ¥

reduced cost coefficient for basic variables
iminate these nonzero entries to have the initial

The artificial variable becomes non-b

asic ‘and can be dropped in subsequent
calculations; Now thé tableau becomes: ‘ ‘ '

Linear Program:.
Duality and Sensi,
. Ana

NOTES

Self-Instructional
' Mayerial -



Linear Programming,
Duality.and Sensitivity

Analysis

NOTES

9. When is an_
objective function
minimized? When
s it maximized?

-10. What is meant by a
feasible solution?

11. What is a feasible

. region?

12. What is an optimal _
" ‘sohition?” o

*-|13. What are nop-

degenerate and

degenerate type
basic feasible

Cbeck Your Progress | [

N XN X b
. 12 -112 0 2
3R 12 1 4 '
-(1L+3M0NP (1 + M2 0 2-4M
Eliminating artificial variables we get,
X, X3 X b
Xy 1 0 -2/3 2/3
Xz 0 1 173 8/3
X, .0 0 13 10/3

Now all the artificial variables ‘are eliminated and X = [2/3, 8/3, 0]7 is an initial basic -
feasible solution. Iterating again we get we following final optimal tableau:

X X, X b
X 1 "0 6
X 0 3 1 3
Xo 0 1 _ 0 6

vHencc, the optimal solution is X = (6, 0, 8)" with X, =6. ,

\

2.7 DUALITY

For every given linear programming problem, there is another intimately related linear
programming problem referred to as its dual. The duality theorem states that *for
every maximization (or minimization} problem in linear programming, there is a unique
similar problem of minimization (or. maximization) involving the same date which
describes the original problem’. The original problem is referred to as the ‘primal”.
The ‘dual’ of a dual problem is the primal. Thus the primal and dual problems are

_function equals to the minimum feasible value of the dual objective function. This
means that the solutions of the primal and the dual problems are refated which infact

| yields several advantages. - ' '

The transformation of a given primal problem into a dual problem involves the following

considerations:.

solutions?

14. Explain the
simplex method.

15. How is a feaving
element converted
1o unity in a
simplex algorithm?

16. What is the role of
the slack variable?

17. When is M method
used? )

(1) If the objective of the primal is maximization, the objective of the dual is
minimization.

(2) The primal has m-constraints while its dual has m-unknowns,

(3) The primal has n-unknowns while its dual has n-constraints.

(4) The n-coefTicients of the objective function of primal (C)) become the n-constant

terms (b)) of its dual. :
(5) The m-constant terms of the primal (b,) become the m-constant terms of the

objective function (C) of its dual.

" Self-Instructional
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 replicas of each other. Further, the maximum feasible value of the primal objective |. -

—
77y

et ais of the variables of the primal are transformed in their PGsitigy
(6) This mcans that the first column of the coefTicients in (e Pfimali

in the dual.
becomes the first row m the dual, the second column becomes the secqngy tow

and so on.
(7) The n-

its dual. Thi

function.

s change affects the system of restrictions as well as the objectiy,

(8) The sign of the incqualities in the set of restrictions of the primal (<) js reverseq |

variables (X)) of the primal are replaced by the m new variables (Yo |

|

in the set of restrictions in its dual (>). In other words, if the inequalities inthe |

primal are of the type <, then, they are of > type in the dual.

()] The sign of the inequalities restricting the variable (ZA;) to non-negative vy, |

in the primal is equal to the inequality sign of the new variable (> Y)ofits du)
(10)
the given minimization problem, the constraint inequalities should be of the
> type. We can see the application of these considerations with the help o

given examples.

*. Example 2.10: Write the dual of the following primal LP problem.

Maximize,
Z=2X,+3X,
Subject to,
2X,+X, <20
and X, +2X, <20
' X, X, 20

Solution: The dual of the primal problem will be as under:
Minimize,
Z, =20Y, + 207,
Subject to,

_ 2, +Y,22
and Y, +2Y,23 i
¥,20, 7,20
Example 2.11: Obtain the‘dual of the following LP problem.
Maximize, A

. Z, = 20X, +30X, + 10X,
Subject to, :
X —X, <4
12X|+8X1 <15

X;'FX;"‘!",ES
X, +3X,-x, =10
X 20,X%,>0;x, 20

For writing the dual of the given maximization problem, we should first ensyy, |
that all the constraint inequalities are of the < type and for writing the dua| o7
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Solution: The ‘dual of this problem will be as under:
Mimimize,
Z =4Y, +15Y, - 8¥,+ 10Y,- 10V,
Subject to, -
Y, +12Y,~ ¥, +4Y,-4Y, 220
0¥, « 8¥,- ¥, = 3¥,~3¥,2 30
~1Y, +0Y, =Y, =Y +Y <10
and YooY, Y, Y. Y20
Since the above torm of dual contains 3 variables in the objective function which are
only four constraints in the given primal problem. This situation can be tackled if we
tuke Y as the dillerence between two non-negative variables Y, and be Y (e, Y=Y,
- Y,). Accordingly, the above dual can be written as under: '
Minimize,
Z, =4Y, +15Y,-8Y, + 107,
Subject to,
Y +12Y,- Y+ 4Y, 220
8Y,-Y,+3Y,>30
-Y,-Y,-Y, 210

Y
[
‘

Y,Y, Y, 20 and Y, unrestricted in sign. - \

Note: Whenever a consuajx;t in the given problem has an equality sign its corresponding flual
varizble shall be unrestricted in sign. Similarly if there is unrestricted variable on the given
prima! problem its corresponding constraint shall have the = sign.

Example 2.12: Write the dual of the following LP problem.
Maximize,

and

Z =5X, +7X,+9X,
Subject to, . 4 . :
225K <12
6X—2X, +4X, 215
and X, X, > 0 and X, unrestrictt_:d in sign.
Solution: The dual of the given problem will be written as under:

Minimize,
Z,=12Y,- 15Y,
Subject to, 2Y,-6Y, 25
' C2v+21,27
5Y, -4Y,=9
and Y,20;,%,20

®=

3
0 )

A -

o

- . following LPP:

R L e

Since, in the given primal problem, X, is unrestricted in sign, we have taken X, =
(X, - X,) and then using it the dual has been developed as above. It is instructive to
note that the simplex method automatically identifies the dual basic solution. The
" optimal value of the ob jective function remains same as in the primal problem. Given
an optimal solution of the primal problem, the #th dual variable acquires the éocﬂ'nciem
~of the th slack variable in the optimal objective function equation as its optimal value.
Thus, it i possible to identify the dual solution from the primal solution.

2.8 SENSITIVITY ANALYSIS

The optimal solution of a linear programming problem is formulated using various
methods. You have learned the use and importance of dual variables to solve an LPP.
Here, you will learn how sens itivity analysis helps to solve repeatedly the real problem
inalittle different form. Generally, these scenarios ¢rop up as an end result of parameter
.changes due to the involvement of new advanced technologies and the accessibility of
well-organized latest information for key (input) parameters or the “what-if” qQuestions,
Thus, sensitivity analysis helps to produce optimal sohation of simple perturbations

Af for the key parameters. For optimal solutions, consider the simplex algorithm as a

‘black box’ which accepts the input key parameters to solve LPP as shown below:

Simplex *
Algorithun
Linear
) g

Example 2.13: Illustrate sensitivity analysis using simplex method to solve the

.- Maximize Z = 20x, +10x,

‘Subjectto, * x;+x, <3 -

Pt I +x,<7
%% And x,x,20
ik " Solution: Sensitivity analysis is done after making the initial and final tableau using

the simplex method. Add slack variables to convert it into equation form.
Maximize Z = 20x, + 10x, + 0S, + 08,
Subject to, x, +x, +8, +08,+=3
I +x,+05,+8, =7
Where X,%,20 ' .
To find basic feasible solution we put X, =0andx, = 0. This gives Z= 0, S, =3

. and §,=7.The 'milial_tablg will be as ﬂ_)llows:
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Initial table

G 20 10 0 0
Cr Bl xn |lxn | s | s | Mefe
i
0 s, 3 1 1 1 0 3 =3
«0 S: T ® | 0 1 | 73=233
Lz 0 0 0 o | o0’ ‘
Z-G -20T | -10 0 0

. X,
I:' ind 7: for each row and also find minimum for the' second row. Here,
ZI - C/ 1s maximum negative (-20). Hence, x, enters the basis and 5, leaves the basis.
It is shown with the help of arrows. ' '

Key el‘cmcnt is3, key row is second row and key columnis x,. Now convert the
key element into entering key by dividing each element of the key row by key element
using the folowing formula: - L :

New element = Old element

[ Product of elements in the key row and key column .
- Key element - '

t

The followi'ng is the first iteration table: . i

G 20 0 -0 .0

G | B | % x| xls|s

«0 | 5 | 23 0 @ | -3 ‘3/3=1
313

20 R ”m 1 13 0 1 7,1,
: 373

z |1403| 20 [ 203 { o | 20

e Zm G| =) 0w |otomt| 0 |20

Since Z ~ C has one value less than zero, }.e., negative value hence this is not
yet the optima solution. Value ~10/3 is negative hence x, enters the basis and 5, leaves

the basis. Key row is upper row. )

G 20 10 0 0 .
Cp B X | X X, | S 52
10 X, 1 0 1 32 | -12
20 | x |3 | 1 0 ks
z |[nos3| 20 10 0| 25
2-G ’ 0 - 0 0 25

i€t

B

4

Z - q > 0 for all, hence optimal solution is reached, where x; =3 x, =1,
80 110 -
=3 +10= 3

2.9 SUMMARY

« Linear Programming (LP) is a major innovation since World War IT .in the field
of business decision-making, particularly under conditions of certainty.

¢ The word ‘Linear’ means that the relationships are represented by straight
lines, i.e., the relationships are of the form y = a + bx and the word
‘Programming’ means taking decisions systematically.

LP is generally used in solving maximization (sales or profit maximization) or
minimization (cost minimization) problems subject to certain assumptions.

LP is extensively used in solving resource allocation problems.

The term linearity implies straight line or proportional relationships among the
relevant varijables. ) ' .

Process means the combination of particular inputs to produce a particular
output. .

Criterion function is also known as objective function which states the
determinants of the.quantity either to be maximized or to be minimized.
Feasible solutions are all ..t-hose possible solutions which can be worked upon
under given constraints. The region comprising ofall feasible solutions is referred
as feasible region. - :

Optimum solutidn'is the best of the feasible solutions. Z denotes the optimal
value of the objective function for a given system. -

e LP model is based on the-assumptions of proportionality, additivity, certainty,
continuity and finite choices.

‘e

_The appli{:gt_ipns_ of linear programming problems are based on linear
programming matrix coefficients and data transmission prior to solving the

simplex algorithm.

The pgrtfolio ogtimization template calculates the optimal capital of investments
that gives the highest return for the least risk.

The objective function, the set of constraints and the non-negative constraints
* together form a linear programming problem. A

Simple linear prpgmmming problem with two decision variables can be easily
solved by graphical method.

A set of values X, Xp
its solution. -

g X, which satisfies the constraints of the LPP is called

* G;:;elr:_u §yst§m of m li"‘?m' equations with » variables (m < n), any solution
Wwhich s obtained by solving m variables keeping the remaining  — m variables




agramming. zero is called a basic solution. Such m variables are called basic variables and * Optimal solution: Any feasible solution which optimizes (minimizes or Dll-‘in{arl’mzran
alle Y * A ., . . . ality and Sen.
et S sitiviny the remaining variables are called non-basic variables. maximizes) the objective function of the LPP . A
» A basic feasible sclution is a basic solution which also satisfics all basic variables * Proportionality: An a_ssumpt'ion made in the objective function and constraint '
OTES which are non-negative. T incquTlities. In econom?c tcr'mmology this means that there are constant returns NOTES
| « Ifthe value of the objective function Z can be increased or decreased indefinitely, 0 scale L. . ) ) fici .
such solutions are called unbounded solutions. . e Certainty: Assurx')pnon that mcl.udes prior knowlefige of all the coefficients in
. . . . . . the objective function, the coefficients of the constraints and the resource values.
v .\"hn‘[,jlcx method is an iterative procedure for solving LPP in a finite number of LP model operates only under conditions of certainty
SIPS. ‘ . . Addiﬂvify: An assumption which means that the total of all the activities is
. 1:0,-. m;- so}l;uon lof any LPP by simplex algorithun, the existence of an initial given by the sum total of each activity conducted separately A
basic feasible su\ ution is always assumed. * Continuity: An assumption which means that the decision variables- are
© L simplex algorithm, the Af Method is used to deal with the situation where an | continuous '
infeasible starting basic solution is given. * Finite choices: An assumption that implies that finite numbers of choices are
* For every given linear programming problem there is another intimately related y available to a decision-maker and the decision variables do not assume negative
linear programming problem referred to as its dual . B values ) ‘ ,
* The duality theorem states that ‘for every maximization (or minimization) | * Solution: A set of values |, X, ..., X, which satisfies the constraints of the
problem in linear programming there is a unique similar problem of minimization ‘ LPP :
(or maximization) involving the same date which describes the original % * Basic solution: In a given system of m linear equations with » variables
problem’. The original problem is referred to as the ‘primal’. The ‘dual’ of a (m < n), any solution which is obtained by solving m variables keeping the
dual problem is the primal. Thus the primal and dual problems are replicas of | Temaining » — m variables zero is called a basic solution .
each other. ) ' ¢ Basic feasible solution: A basic solution which also satisfies the condition in
* The optimal solution of a linear programming problem is formulated using  fii- which all basic variables are non-negative ,
various methods. ) - . ‘s Canonical form: It is irrespective of the objective function. All the constraints
« Sensitivity analysis helps to produce optimal solution of simple perturbations ,. : are.e;(lpressgd as equnt{ons and right hand side qf each constraint and all
for the key parameters. ‘ : vapa eg are non-negative
* Slack variables: If the constraints of a general LPP be given as Ia X
Sh(=12 .,mj=1,2 ., n), then the non-negative vanables S; is
2.10 KEY TERMS introduced to convert the inequalities ‘<’ to the equalities are called slack variables
* Linear programming: A decision-makin g technique under a set of given [ * S.urp lus varial*fl&'es: If the constraints of a gegeral L.PP . z‘f’i X 2 b,
constraints and is based on the assumption that the relationships amongst the 3 (=1, 2_’ e ML) = l.’ .2’ ','Q’.n)' then non-negative variables ; introduced
variabies representing different phenomena are linear N 8 to convert the inequalitics ‘x” to the cqualitics are called swplus variableg™ 7t o e
* Decision variables: Variables that form objective function and on which the | { ; : . A .
cost or profit depends | + 2.11 ANSWERS TO ‘CHECK YOUR PROGRESS’
* Linearity: It is the line straight or proportional relationships among the relevant S .
variables, Linearity in economic theory is known as constant return 1. Linear programming is a dccisi_.on«makhg technique under a set of given
¢ Process: The combination of one or more inputs to produce a particular output. constraints and is based on the assumption that the relationships amongst the
¢ Criterion function: An objective function which states the determinants of variables representing different phenomcnn haka lincar.
the quantity to be either maximized or minimized i 2. Criterion function is objective function which states the determinants of the
» Constraints: Limitations under which planning is decided. Restrictions imposed Quantity, to be either maximized or minimized. ‘
on decision variables 3. Linear .programming finds application in agricultural and various industrial
* Feasible solution: Any solution to a LPP which satisfies the non-negativity problems. , ‘
rCS_tn.chonS of the LPP ' N 4. Constraints are limitations under which planning is decided, these are restrictions
* Feasible region: The region comprising all feasible solutions Imposed on decision variables, C o
nstrucliongl : : -
fu . N % . . ‘ . Self-l
.,’1"' ‘
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S. So\utm\"\ of a linear programming is a sct of values X, X, ..., X, satisfying the

constraints of the LPP, D

6. h“ ?gi\_'c.n system of m linear equations with n variables (m < n), any solution
Which is abtained by solving m variables keeping the remaining 1 — m variables
zero is called & basic solution. i

7. In a given system of m linear equations with » variables (m < n), where m
variables are sc_slved keeping remaining n — m variables zero, m variablcs are
called basic variables and the remaining variablcs are called non-basic variables.

8. Basic f_‘eas&)le solution is a basic solution which satisfies the condition in which
all basic variables are non-negative. : .

9. An objective function is maximized when it is a profit function. It is minimized
when it is a cost function. .

10. Feasible solution of a LPP is a solution that satisfies tﬁc non-negativity
restrictions of the LPP. R '

11. Feasible region is the region comprising all feasible solutions. )

12. Optimal solution of a LPP is a feasible solution which optimizes (minimizes or
maximizes) the objectjve function of the LPP. o A

. 13. Non-degenerate and degenerate solutions are ;he’ba_sic feasible solutions. Ina
problem which has exactly m positive variables, X (i=1, 2, ..., m), i.e:, none
of the basic variables is zero, then it is called non-degenerate type and if one or
more basic variables are zero then such basic feasible solution is said to be:
degenerate type. : o .o ,

14. Simplex method is an iterative procedure for solving LPP in 4 finite number of
steps. This method provides an algorithm which consists of moving from one
vertex of the region of feasible solution to another in such a manner that the
value of the objective function at the succeeding vertex is less or more as the
case may be that at the previous vertex. )

15. The leaving element is converted to unity by dividing the key equation by the
key element and all other elements in its column to zero by using the formula:
New element o _

o _ . . .| Product of elements in key row and key column] -

= Old elemeiit — Key element .
16. By intx:'oducing slack variable, the problem is converted into standard form.’

17. M method is used to find the starting basic feasible solution each time it exists
when an infeasible starting basic solution is given. .

18. For every given linear programming problem there is another inu'niately related
linear programming problem referred to as its dual. The duality theorem states
that ‘for every maximization (or minimization) problem in linear programming
there is a unique similar problem of minimization (or maximization) involving
the same date which describes the original problem’. ‘ :

19. The original problem is referred to as the ‘primal’. The ‘dual’ of a dual problem [ °

is the primal. Thus the primal and dual problems are replicas of each other.
20 Sensiii;'ity analysis helps to produce optimal solution of simple perturbations

for the key parameters.
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2.12 QUESTIONS AND EXERCISES

Short-Answer Questions

What is meant by proporti;mality in linear programming?

What do you undcrstanfi by certainty in linear programming?
What is meant by continuity in lincar programming?

What are finite choices in the context of lincar programming?

. What are the basic constituents of an LP model?

. What is the canonical form of a LPP?

What are characteristics of the canonical form?

. What are slack variables? Where are they used? Explain in brief.
. What do you understand by surplus variables?

. What is the simplex méthod?
11: Does every LPP solution have an optimal solution? Explain.

NI - N L

—
—_— O

. What is the importance of the M method?

. What is dual?
. How will you transform a given primal problem into a dual problem?

'15.

Long-Answer Questions

L
S WL N

What is the sigpificance of sensitivity analysis?

1. A company manufactures 3 products 4, B and C. The profits are: T 3,32 and
- ¥ 4 respectively. The company has two machines and given below is the required
processing time in minutes for each machine on each product.

. Products
‘| Machines A B Cc
_ -1 | 4 - 3 S
I 2 2 | 34 |

Machines I and Il have 2000 and 2500 minutes respectively. The compary
must manufacturers 100 A’s 200 B’s and 50 C’s but no more than 150 45 'r

Find the number of units of each product to be manufactured by the compiry
to maximize the profit. Formulate the above as a LP Model.

2. Acompany produces two types of leather belts A and B. 4 is 0 ’
and B is of inferior quality. The respective profits are T 10 and T 5 per belt. The ‘
supply of raw material is sufficient for making 850 belts per day. For beltd, 3 |
special type of buckle is required and 500 are available per day. There arc 70,{
buckles available for belt B per day. Belt A needs twice as much time 2 ‘E”

“required for belt B and the company can produce 500 belts if all of them were
of the type 4. Formulate a LP Model for the given problem.

£ superior qualiy !

|
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. The standard weight of a special purpose brick is 5 kg and it contains two

ingredients B, and B,, where B, costs X S per kg and B, costs T 8 per kg.
Strength considerations dictate that the brick contains not more than 4 kg of B,
and a mininum of 2 kg of B, since the demand for the product is likely to be
related to the price of the brick. Formulate the given problem as a LP Model.

4. Epg cuntains 6 units of vitamin A per gram and 7 units of vitamin B per gram

wnd 12 units of vitamin 8 per gram and costs 20 paise per gram. The daily
ininimur requircinent of vitamin 4 and vitamin B are 100 units and 120 units
respectively. Find the eptimal product mix.

5. A company desires to devote the excess capacity of the three machines lathe,

shuping machine and milling machine to make three products 4, B and C. The
sveilable toe per month in these machinery are tabulated below:

Machine Lathe Shaping ‘Milling
Available
Time/Month 200 hrs 100 hrs 180 hrs

The time taken to produce each unit of the products 4, B and C on the machines
is displayed in the table below. ' )

Lathe Shaping Milling
Product 4 hrs 6 2 -4
Product B hrs 2 ‘ 2 N -
Product C hrs 3 o .3
The profit per product would be ¥ 20, ¥ 16 and ¥ 12 respectively on product 4, *

Band C. )
Formulate a LPP 10 find the optimum product-mix.

6. Solve the following by graphical method:

() MaxZ=X, -3X,
Subjectto, X, +.X,<300
X, -2X,5.200.
2X, + X, <100
X,<200
X, %20
(i) Max Z=5X +8Y"
Subjectto, 3X+2Y<36
' X+2Y<20
3X+4Y<42
X, Y20
(iif) Max Z=X-3Y
Subjectto, X +Y<300
X-2Y<200
X +Y<100
Y2200
and X, Yz 0

RSP wE T
ek 5 e
e

\"5".‘ o

L

7. Solve graphically the following LPP:
Max Z = 20X, + 10X,
Subject to, X, + 2X, < 40
3X, + X, 230 -
4X, +3X, 260 ’
and X, X, 20 ] .
8. Using simplex method, find non-negative values of X,, X, and X, when
() Max Z=X, +4X, + 5X,
Subject to the constraints,
3X, + 6X, +3X,<22
X, +2X, +3X,< 14 and
X +2x,<14
(i) Max Z=X, +X,+3X, ,
. Subjectto, 3X +2X +X,<2
X2
X, X, X, 20
(iii) Max Z= 10X, + 6X,
Subjectto, X, +X,<2
X, +X,<4
- 3X +8X <12
o X X520
(v) Max Z=30X, + 23X, +29X,
* Subject to the constraints, .
6X, +5X,+3X,< 52
6X, +2X, +5X,< 14
» Mava=)(l+2X2+XJ '
Subject to, 22X, + X, - X, 2 -2
2X, +X,-5X,< 6
4X, + X, +tX,S6
L XX X,20
9. Solve the féllowing LPP applying M method: . -
Maximize, Z= 3X +4X,
Subject to, 2X,+ X, < 600
X *+X,5225
SX,+4X,< 1000
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X +2X,> 150
LN AL A, 20
10. Write the dual of the following LP problem:
Maximize, Z=5 X+ 6]
Subject to, A2, = §
=X +5X, 23
( 4X, +7X, <8
and X unrestricted in sign
X2 0
11. Write the primal of the followmg dual:
Minimize, ZY=10Y, + 8y,
Subject to, Y +2Y, 25
2Y-Y, 22
Y + 3Y,24
and ¥20;>7, unrestnctcdmsngn
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UNIT 3 1 RANSPORTATION PROBLEM
sgructlm\\_

3.0 Introduction '
» 3.1 Unit Objectives
"'3.2 Basics of Transportation Problem
3.2.I' Transportation Algorithm
3.3 Applications of Transportation Problem
3.3.1 The Travelling Salesman Problem
3.3.2. Mathematical Formulation
3.4 Solutions of Transportation Problem
3.4.1 North West Corner Rule
3.4.2 Least Cost or Matrix Minima Method

3.4.3 Vogel's Approximation Method (VAM)
3.5 MODI Method

3.6 Special Cases’ .
3.6.1, Maximization Case in Transportation Problem
362 Transhipment Problem - .
. 3.6.3 Transhipment Model
3.7 Summary -
3.8 Key Terms
3.9 Answers to ‘Check Your Progress’
" -3.10 Questions and Exercises
3.11 Further Reading

3.0 'INTRODUCTION

various origins, to different destinations, in a way that keeps transportation cost at a
,minimum, . : :
. ..You will learn_about applications. of the transportation problem and solution
and rules to solve such problems. The solution ofany transportation problem is obtained
in two stages, initial solution and optimal solution. There are three methods of obtaining
an initial solution. These are: North West Corner Rule, Least Cost Method and Vogel's

¢*" Approximation Method (VAM). VAM is preferred since the solution obtained this

3.1 UNIT OBJECTIVES

After going th.rough.thiﬁ unit, you will be able to:
* Know about the transportation problem
* Explain the three methods of finding an initial solution

Transportatior
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* Use the MOD] method for finding optimal sohation
* Understand special cases in transportation
* Explain restricted transportation pmble

3.2 BASICS OF TRANSPORTATION PROBLEM

The transportation problem is one of the subclasses of LPP (Linear Programming
Problem) in which the objective is to transport various quantities of a single
howogmwus commadity that are initially stored at various origins to different
dtfﬁn?tions in such a way that the transportation cost is minimum. To achjeve this
objective we must know the amount and location of available supplies and the quantities

| by,

demanded. In addition we must know the costs that result from transporting one unit
of commodity from various origins to various destinations. o

Elementary Transportation Problem

Consider a transportation problem with m origins (rows) and » destinaﬁons‘(columns).
Let C, be the cost of transporting one unit of the product from the ith origin to jth
destination, g, the quantity of commodity available at origin 1, b, the quantity of
commodity needed at destination /. X, is the quantity transported from ith origin to jth
ds@tiom This transportation’ problem can be stated in the follow‘ing tabular form.

Destinations
L | I 2 13 n Capacity]
-1 C, C,r’_ Co | .- Cia CLoay
LZ ! "C. Xe | Xa Lo In .
21 | &N ](__'n G T,
L ] 21 Xn PN X
2 LJ [ Cu Sn Co ] [Ge 4
>3 Xy X i X,
3 ! C., Cos C., €] a,
m KXot P, - Xt Xew
Demand b, b, b, b,
. 1o 2
. IZ% =20
R T I N

The linear programming model fepresenﬁhg the franspor'tation problem is given

Minimize Z = 3°3°C, X,
Subject to ihe constraints, e
iX,/ =aq, i=)2,.., l'1 (Row Sum)
J=l .
i,t’” =b, J/=1,2,..,n (Column Sum)
9=l .

X,,Zd Poralliénd/

32,1

The given transportation problem is said to be balanced if,

by ) m "
o S WIEDN )
. I=) J=1
l.c., the total supply is equal to the total demand.

:‘f Definitlons

‘" Feasible Solution: Any sct of non-ncgélivc allocations (X7 0) which Satisfies
2k row and column sum (rim requirecment) is called a feasible solution.

' V" Basic Feasible Solution: A feasible solution is called a basic feasible solution if,

4" contains m + n — 1 occupied cells and each allocation is in independent positions,
" The allocations are said to be in independent positions if it is

A

The allocations in the following tables are not in independent Dpositions.

v . . . * .
» . ) id
L] -
* L {

) - :
\,“ Degenerate Basic Feasible Solution: 1f a basic feasible solution contains less
PoMmtn—| non-negative allocations it is said to be degenerate.

’I‘ransportation Algorithm

.fqual'to sum of demands at D destinations. If it is not so, then this problem!

. L g h
', number of non-ncgative allocations is equal to m + n — |, where ™ 1s the numbe, ,c: '
0 ,‘ir' ows and 7 the number of columns in a transportation table, b
ALY ‘
e . . . fon: 1
ﬁ‘fi}.& Non-Degenerate Basic Feasible Solution: Any feasible solution to a tion

:\‘,-‘“'problcm containing m origins and » destinations is said to be non-degenerate, if ;

impossible 1,

" form a closed path. Closed path means by allowing horizontal and vertica| lines ang

‘v when all the'corner cells are occupied.
rA,

T ; 0
et rh'§ algorithm can be used for minimizing the transportation cost for goods ﬁo:
S8 °ff8!ns to D destinations and there may be O*D number of direct routes froes "

¢ Origins to D destinations. Problem is balanced when sum of supplies at O SOUr¢

[
|
|
|

hq

|
|

|
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balanced. There may be two such situations. Supply may be lesser than demand and
in that case it is balanced by adding dummy supply node. If demand is lesser than
supply then dummy demand node is added 1o make it a balanced problem. Thus,
before starting to usc this algorithm, problem should be made balanced, if it is not
baluiced. The algoritum for balanced problem is being described below.

Data 1s presented in tabular form. As a convention, origins are put on left side
o1 the table with quantity to be supphed listed towards right side and demands are put
un tep with quantity of demand towards the bottom side. Unit cost of transportation is
put t the top of every cell within a small box. Zero unit cost shows unshipped unit
column in case supply is in excess of the demand. Similarly, a unit cost either penalty
or zero shows shortage row in supplies that are lesser that demand.

The algorithm has two phases. In phase I this makes allocation for supplies on
Jdenwads by making utilizing an approach of minimum unit cost for generating a
Ieasible soltion. This feasible solution may not be optimal. Optimization is done in
second phase and in this phase checking is done for optimality conditions and
improvement is done for reducing the cost if optimality conditions are not satisfied.
This second phase adopts iterative steps and stops only when optimality conditions
are satisfied. Once done, no further steps are required.

Basic and Non-Basic Cells

Basic cells are those that indicate positive values and non-basic cells have zero value
{or flow. According to transportation problem number of basic cells will be exactlym
+n—1.

Algorithm follows as below:
Step 0

Initialization: Before starting to solve the problem, it should be balanced. Ifnot then
make it balanced by ‘unshipped supply’ column in case demand is less than supply or
by adding ‘shortage’ row in case supply is less than the supply. Put zero for unit costs
in the column for unshipped supply. Put either penalty costs or zero in a row that
shows shoxtage

Phase I: To Fmd Inmal ‘Feasxble Solutlon - , o _ .. ' S

Step 1: Locate cell with minimum cost having positive supply as well as demand,
then make allocation in that cell having residuals as minimum.

Step 2: Reduce residual supply/demand as per allocations made above (step 1). Do

this till all demands are met and then procced to Phase II. Ifall demands are not met -

gotostep 1.

Phase II: Optimal Solution

Carry out check for Optimality.

Step 3: For rows and columns find dual values, », for rows and v, for columns. For
this, set u, (first dual value) to O followed by solunou of triangular dual equations one
by one. Thesc dual equations are to be applied for basic cells only as below as,

=y +
Cy U+,

i

Where, Cu denotes unit cost, as given for that cell and either v,oru, is already
known. Here, v denotes dual value of column j and u,denotes that for row i. These are
taken as alrendy known. Other dual value is computed from equation,

-+
CU Ut v,

Thus, dual values of every cell can be computed by setting the first to zero and

\

: appropriate order is used for dual equations for basic cells.

s Slep 4: Optimality conditions are expressed as reduced costs in case of all non-basic
cells as given below:

4,=C,- -(u,+v)

| & Reduced cost (A) in case of non-basic cells represent net cbange in unit cost

o resulnng due to movement of cell i to solve and adjusting around a cycle that has

“ been created in this way for basic cells to find current solution. This is shown in step
~ 5. Hence ifone 'Ay is positive, then by use of this cell total transportation will increase,
i{ but when A is negative for a cell, this will cause reduction in total transportation. If
,Q . all reduced costs (4, are positive, ie,A,>0, optimality conditions are satisfied and
=2 no further improvement is possible and algomhm terminates at this point. But if at
i least one A, is negative, optimality conditions are not satisfied and there is possibility
f re‘duction in costs. If optimality conditions are not satisfied algorithm coatinues as
given in Step 5.

' "':rAdjustment for Reducing Cost

Slcp 5: Select a cell ij* that is most negative for A,- This becomes entering vanable
¢ Put (+) sign for 1dentxfymg it. To maintain constnunts of balance in supply and demand,
"~ locate basic cells for ith row as well as jth column that compensates for increase in
Lﬁ value in cell ¢ ij*. Putncgative (-) sign in these cells. This process should be continuad

%, fo get one cycle in which (+) and (-) are marked. Such a cycle will unique and if
e

‘*dead ends’ are encountered in such.a process, make a back track and one amongst
e other alternatives are tried. A cycle has rows/column having non-basic cells for bolding
; ompensating (+) or (-) sign. This may reqmre trial and error for to finding it.

.;?yv 6: After detenmnmg every basic cell within this cycle, adjustment is obtained as
{Buumum valué in basic cells that are negative. This is known as adjustment amount

> i; rand let it be called ‘aa’. Add this to every cell value that i Is positive and marked with

P') sign, and subsequently deduct this from cells having negative (-) sign and then
# diop those from the basis that becomes zero. In case two.or more cells become zero

3 ~-Irom such adjustment, drop only one of these that have greatest C, value. This is

\nccessary for maintaining basic cells having m +n -1 number for computmg dual
Lidlues Reduction in cost that is associated with such a change is found as product of-

¢educed cost A, for incoming cell multiplicd by cell value previously held by outgoing
.gcell.

' ) A After finding this new solution, move to the third step 3 for checking conditions
;Of optimality. If optimality condition is satisfied, algorithm terminates.
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3.3 APPLICATIONS OF TRANS
. PROBLEM

PORTATION

3.3.1 The Travelling Salesman Problem

-Assume that a salesman has to visit » cities: He wishes to start from a particular city, .
visits each city once and then returns to his starting point. His objective is to sclect the
sequence in which the cities are visited in such a way that his total travelling time is

7
minimized.

To visit 2 cities A and B, there is no choice. To visit 3 cities we have 2! possible
routes. For 4 cities wi

we have 3! possible routes. In general to visit n cities there are (7 —
1)! possible routes. . .

Let C, be the distance or time or cost of going from city i to city j. The decision
variableXy be 1 if the salesman travels from city i to city j and otherwise 0.

The objective is to minimize the travelling time.

z-35cx,
imt/=1
Subject to the constraints,

22Xy =1,i=2,..n
J=1

‘Z,Xy =1,j=2,..n

Subject to the additional constraint that X, is so chosen that no city is visited twice
before all the cities are completely visited. - ’ ) 8
 In particular, going directly from i to { is not permitted. Which means C, = w, |:
when i=. : . ' ) : 3
I ﬁavéﬂiﬂﬁ‘éalﬁmam‘pmblc’m we cannot chiodsé the elementalong the diagonal =
and this can be avoided by filling the diagonal with infinitely large clements. B e

The travelling salesman problem is very similar to the assignment problem [
except that in the former case, there is an ‘additional restriction th

at X
that no city is visited twice before the tour of all the cities is c'or'npleth.

Treat the problem as an assignment problem and solve it using the same § .
procedures. If the optimal solution of the assignment problem satisfics the additional f&:
constraint, then it is also an optimal solution of the given travelling salesman problem.
If the solution to the assignment problem does not satisfy the additional restriction’

then after solving the problem by assignment technique we use the method of %,
enumeration. :

is so chosen

. . ) . . . . 3 N
Example 3.1: A travelling salesman has to visit 5 cities, He wishes to start from o b
particular city, visit each city once and then retumn to his starting point. Cost of going’ S
from one city to another is shown below. You are required to find the least cost route.

.

3.3.2 Mathematical Formulation CR &

To City
ABCD E
4o 410 14 3
2liz » 6 10 4
oo Ccli614 o 8 14
From City 7100 8 12 o 10
EL2 6 4 16 =

Solution: Firsf we solve this problem as an assignment problem,

-Subtract the minimum ‘elcment in each row from all the elements in jts row,

A B C D E
Al = 2 8 12 O
Bl 8 « 2 6 0
C| 8 6 » 0 6
D16 0 4 = 2
ELO 4 2 14 o«

Subtract the minimum element in each column from all the clements in iy
column.

A B C D E |
Al 2 812 0o
Bl 8w 2 6 0
clg8 6o« 0 6
D|16 0 4 = 2
ELO 4 2 14 =
We have the first modified matrix. Draw minimum number of lines to cover al| ,
Z€ros. : ‘i
A B CD E *
A 2 81
B o 2
C 6 =
D
E 4 2 1

Here N=4<pn=5. Subtract the

smallest uncovered clemient from all the
uncovered elements and add t

_ o the element which is in the point of infersection of
lincs. Hence, we get the second modified matrix. ' ‘
: ; .,,‘AA_B, C IS t_,E- san .. - |
A —0— 61D 0 ‘
B| 8——b—6- 0o
Cl 8 8 « 0 6
D18 4 4
ELo—2—0—t4—o
=5=n=5=Order of matrix. We make assignment.
4 B C D g
41 o X 6 12 A—>E
Bl s ® s x B—-C
Cl 8 4 ® 6| cop
}3 \& @ 4 = 4 D—B
ASE-A
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- v mew UL SHULIL U LTI A 10 £ and then come back 10 A without covering
B, C, D which is contradicting the fact that no city is visited twice before all the citics
are visiticd.

Hence, we obtain the next best solution by bringing the next minimum non-
zero element namely 4.

A3 CDnop
il @ 6 12 o
18 =« @ o X
Ciry ¢ =« @® 6
Dy X 4 o @
ElL@ 2 x 14 o

ADIBESCC2D2 98 54
Since all the eities have been visited and no city is visited twice before completing
the tour of all the cities, we have an optimal solution to the travelling salesman.
The least cost route is 4 B> CoOD>E 4
Total Cost=4 + 6+ 8 + 10 + 2= T30, '
Example 3.2: A machine operator processes five types of items on his machine each

week and must choose a sequence for them. The set-up cost per change depends on

the items presently on the machine and the set-up to be made according to the following
table. .

To Item .

- A B C D E E

Ao 4 7 3 4 i
Bl 4 o 6 3 4
Fromltem €| 7 6 @ 7 5
D3 3 7 o 7
-El 4 4 5 7 ©

If'he processes each type of itern once and only once in each weck, how should -
he scquence the items on his machine in order to minimize the total set-up cost?

Solution: Reduce the cost matrix and make assignments in rows and columns having .
single row.

) Modify the matrix by subtracting the least element from all the elements in its
row and also in jts column, - . .

A B C D E
A[—uol401
Bl 1l « 3 0 )
Cl2 1 w 2 0
DIO0 0 4 = 4
ELO 0 | 3 o

A B8 C D E
Alw 1 4 ¢
Brlml)
Cl 21 w 2
D) 0—6—d4—d
Ll 6—o—1

Here, N=4<n=5ie,N<n.

N 3

RO £
¢

1 Subtract the smallest uncovered element from all the uncovered elements and
add 1o the element which is at the point of intersection of lines and get the reduced
sccond modified matrix.,

A B C D E -

5 A} or—0—3 9
B O—~m—2—0—1i
¢ +———3—0

A Dl 6—6—4—=—a

1. ELo—0—t—4

Here, N=5 = n = 5 = Order of matrix. We make the assignment.

1.; Assignment

"L We make a solution by considering the next smallest non-zero element by
b - considering 1.
», 4

B A B CDE

: 4 Ao X 3 ¥ A—>E
Bla o 2 @ 1|B>D
Cl 1 Qo 1| BlicsB
B DI@® & 4 o 5(|(pya
i ElLX X @O 4 oJg_,¢

 A>EE-SCCoBBD,D>A

< . We get the solution 4 — E =2C—>B—>D-A _

; i This schedule provides the required selution in which each item is not processed
-+ once in'a week. »

3 ie,ASE>CH>B>Do 4.

” The total set-up cost comes to T21.

IR

Py

Ay

b

SOLUTIONS OF TRANSPORTATION

. 3.4
. PROBLEM

Qpﬁmd soldtipn,js_a feasible solution (not necessérily basic) which minimizes the

total cost. ’
4% . The solution of a transportation problem (TP) can be obtained in two stages,
g??’hamely initial solution and optimum solution. . » '
Initia] solution can be obtained by using any one of the three methods, viz.
(f) North West Cormer Rule (NWCR)
4 _(ii) Least Cost Method or Matrix Minima Method
(i) Vogel's Approximation Method (VAM)
i VAM is preferred over the other two methods, since the initial basic feasible

1%, solution obtained by this method is either optimal or very close to the optimal solution.
i
e

y

The cells in the transportation table can be classified as occupied cells and

unoccupied cells. The allocated cells in the Aransportation table is called occupied
. Cells and empty cells in a transportation table is called ungccupied cells.,
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The improved solution of the initial basic feasible sohution is called op"imal
solution which is the second stage of solution, that can be obtained by MODI (Modified,
Distribution Methad)

3.4.1 North West Corner Rule

| Srep I: Starting with the cell at the upper left comer (North West) of the transportation
| matrix we allocate as much as possible so that cither the capacity of the ﬁrslquw is
| exbausted or the destination requirement of the first column is satisfied,
| ie X, =Min(a, ). :

;' Step 2: 1If & >a,, we move down vertically to the second row and make the second
| allocation of magnitude X, = Min(a, & — X)) in the cell (2, 1). .

If & <a,, move right horizontally to the second column and make the second
allocation of magnitude X, = Min (a, X|,— b)) in the cell (1, 2). )

| If &, =a,, there is a tie for the second allocation. We make the sccond allocations
| of magnitude,

X,: =Min (a, —a,,4) = 0in the cell (1,2)
or, X;, =Min (a;, b —b,) =0 in the cell (2,1)

2

Step 3: Repeat steps | and 2 moving down towards the lower right comer of the
transportation table until all the rim requirements are satisfied. ’

Example 3.3: Obtain the initia] basic feasible solution of a transportation problem
| whose cost and rim requirement table is as follows: o

{ .

] |Origin\Destination | D, D, D, Supply .

; [ 0, 2 7 2 5

“ 0, 3 -3 1 8

| O, 5 4 7. 7

f (o) 1 6 2 14
Demand [ 7 9 18 34

Solution: Since Za, = 34 = £, there exists a feasible solution to the transportation
| o e, .
| problem. We obtain initial feasible solution as follows.

The first allocation is made in the cell (1, 1) the magnitude being,
X, =Min(5,7)=5 .- ... . o : .
The second allocation is made in the cell (2, 1) and the magnitude of the allocation

is given by X, =Min (8,7 - 5)= 2. )
1 Di D} D! s.llp[)l)
2 7 E}
0, I @L—‘ L—~ L-* -5 0
~ y Y g Y
0, r Q— @L;_-f , [- 1 A% 0
[5— [4 v 717
0, ] Q-— @ " 74 0
B ll a [6 T 2 ) T
o s B S O N P A N
Demand | =~ # P 34
Z & P2
0 0 - ~p .*J

The third allocation is made in the cell (2, 2) the magnitude X, = Min (8 - 2, 9) = 6,

|2
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"X, = Min (7,9 -6) =3

>
2 oy
i

1 nitude of the fourth allocation is made in the cell (3, 2) given by
The mag

[he fifth allocation is made in the cell (3, 3) with magnitude X, =Min (7 -3, 149)
The h f

=4 cell (4, 3) with magnitude X, = M,

The final allocation is made in the

14, 18 — 4) = 4. ‘ ‘ .
( Hence, we get the initial basic feasible solution
=3, X,=4X,=14

6+3x4+4x7+2;l4

to the given TP and is given by,

X, = 5; Xy =2 X = 6 X5
Total Cost=2x5+3 x2+3

10+ 6+18+12+28+28=T102 |
Determine an initial basic feasible solution to the t'ollowing \
g North West Comer Rule.

Example 3.4:

i blem usmn
transportation pro! P 5 5] 5 - j‘
0O, 6 4 i ] E 3 E] ]
0, . 8 9 2 ! / L |
0O, 4 3 6 | 2 ’ 3- |
equired | 6 10 15 | 4 1 35 ,

Solution: The problem is a balanced TP as the total supply is equal to the fotal demand. |
Using the steps we find the initial basic feasible soluticn as given m the following able |

D, D, D, D, Suppty

6 [ESE LL 3 i

O. @ ® /A /3‘ U

. Bl D &l . 6 & o
O, @ b i
‘4 3 6 ] 12 ¥
o, [— () @ | ¥
Demand I uy %3 & 33

2 0 A O

The solution is given by,

X;l=;6;Xu=8;‘Xn=2;Xu=14;X,,=1;Xk=4 |
. Total Cost=6x6+4x 8+2x9+2x 14+6x | +2 x4

=36+32+18+28+6+8=3%128. .

3.42 Least Cost or Matrix Minima Method

Step 1: Determine the smallest cost in the cost matrix of the transportation table. Let

it be Cu" Allocate Xu = Min (@, b) in the cell (i),
Step 2: le” = @, cross off the ith row of the transportation table and decrease
b/ by a,. Then go to step 3.

If X, = b cross off the jth col ; d decrease
a,by b, Go to step 3. Jth column of the transportation table an

IfX,=q = b; cross off either the ith row or the jth column but not both.

Step 3: Repeat Steps | and 2 for the resulting reduced transportation table untilall the

nm requi S is ’
arbit ,e‘hl“_cm'cn(s are satisfied. Whenever the minimum cost is not unique, make A7
rary choice among the minumna,
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Example 3.5: Obtain an initia] feas

ible solution to the following TP using Matrix
Minima Method.

DEEE;)T‘F'?_‘,—E'"' TR

Sebtiion: Since Yo, - 2B = 24, there eaists a fo
steps in the least cost method, the first allocatj
being X, = 4. This satisfies the deman
column from the table as jt js exhausted.

C 5>,

r
|
f
|
|

o,
Deurand [

&
24 |-

@]) J ®
4 & £ £
0 0 20 0

The second allocation is made in the cel] (2, 4) with magnitude X,, = Min (6, 8)
= 6. Since it satisfies the demand at the destination D,, it is deleted from the table,
From the reduced table, the third allocation is made in
13 =Min (8, 6) = 6. The next allocation is made in the cell (2, 3) with miagnitude

of Min (2, 2)_ = 2. Finally, the allocation is made in the cell (1, 2) with magnitude X,
=Min (6, 6) =6. Now, all the requirements have been satisfied and hence, the initial

The solution is given by,

A= 6%,=2,X,=6,X,=4X,=6 ~
Since the total number of occupied cells =5 <m+p - |
We get a degenerate solution.

Total Cost=6x2+2%246x044x0+6x7
=12+4+12=7328.

Example 3.6: Determine an initial basic feasible solution for the following TP, using
the Least Cost Method.

Supply
14
[3_1

5
- 35

T D D,
4 | I
) 2
3 6
0 15

v
-«

Q

:
o\ &) oo |
FNEN R N Y

Demand

Solution; Since Za,=Zb, there exists a basic feasible solution. Using the steps in

Ay =Min (14, 15) = 14 (as it is the ccll having the least cost),

This allocation exhaust the first row supply. Hence, the first row is deleted. .
From the reduced table, the next allocation is made in the next lcast cost cell (2,3)

the cell (3, 3) with magnitude

least cost method we make the first allocation to the cell (1, 3) with magnitude

made with magnitude Min (4, 5) = 4. This exhausts

which is chosen arbitrarily with magnitude X,, = Min (1, 16)

arbi = 1. This exhausts the
3rd column destination,

From the reduced table the next least cost cell is

ocation is given

., tothecell (2,1) with magnitude X,,=Min (6, 15) = 6. This exhausts the first column
. 1equirement. Hence, it is deleted from the table.

Finally, the allocation is made to the cell (2, 2) with magnitude X,, = Min
(5, 9) = 9 which satisfies the rim requirement. These allocation are shown in the

; transportation table as follows:

Supply

D, [D,[ U, D,
LI W T TR ]
L “1';".1)‘ D, D.| D, D5
Lﬁ_ul‘z—.u ). :J;IA"PPIY
e R : L P E
o, |- ! 16 2 -3 5 1
A [1'5:6‘1_2 . e L1 15
o | B e
4 N - >
Demand | 6 [10 ,;lw . Deinand | € 10713
(I Allocation) q Allocation)
D, D, (D, :S“/’P’J‘ : D, D, |Supply
B L)
0. | LS 0, . 15
B [EX K I AR i ED ] g
0, e 0, 2] 0
Demund [ 6 |10 |4 0. Demand . 6 09
(1l Allocation) (IV Allocation)
D, | D, | Supply
X
0, [T &1 1s
Demand | 6 9 )
e ar (A% “Lllocation)

The following iaBlé gives the initial basic feasible solution.

D |D, D, 1D, [Supply
LRicHjUmicm
0, .
S IO 112 117
o |8 5]
4 1137116 112
o, . | . l@‘L® s
Demand | 6 |1 1574

The solution is given by,

K= X,=6, X,,= 9, X,= 1, X =
Transportation Cost,
SX]I+6x8+9x0+1x2+3x]1+4x2
=14 +48 +81+2+3+§ =156

LX, =4

Transportation ,

NOTES

Self-Instructioral
Maierial -



Transportation Problem 3.4.3 Yo

gel’s Approximation Method (VAM) - ‘ ‘ 111 Allocation IV Allocation
. The steps involved in this method for finding the initial solution arc as follows. . D, .| Dy, | D, Supply| Py Ds | Ds |Supply | P
: Step I: Find the penalty cost, namely the difference between the smallest and next | ) 18 | [14[[10] 360] 4 0,- |l @[I“O sl
NOTES smallest costs in each row and column, el ' @ | zs ‘ s

. : ’ . o . 3

Step 2: Among the penalties s found in Step (1) choose the maximuri penalty. Ifthis 1y [~ [24 | [13 ] [10] 400 3 0, [113] Lol 400 |3

maximum penalty is more than one (i.e., if there is a tie) choose any one arbitrarily. - ;" Dem:m 4 u,g— 275 | 250 Demand|275 | 250

-~ ' - S B '

Step 3: Inthe selected row or column as by Step (2) find out the cell having the least |7 - o 0 125

cost. Allocate to this cell as much as possible depending on the capacity and ~ [#7- ' 0 ' Pr ! :

requirements. : S w61 |

Step 4: Delete the row or column which is fully exhausted. Again, compute the

column and row penalties for the reduced transportation table and then go to Step (2). V Allocation V1 Allocation
Repeat the procedure until all the rim requirements are satisfied. - . : D D, |Supply| P, | D Supply| P
§ - * e \4 N 4 ']
Note: If the column 1s exhausted, then there is a change in row penalty and vice s ) L;‘L [ ‘10 400 | 3 o, 10 | 125 T;)I
versa. : T ' 0 3 '
7. Fi . : - 125 @) o “—
Example 3.7: Find the initial basic feasible solution for the following transportation . - 7 @2?5 125 Demand A2s
problem using VAM. ' R : : pe”-"” : 0
Deslinn;ion —
: 0 - P,
v 5 D T DTS P, | 137 | 1 i 10 _
= g, 1T T3 T7 T3 250
= 0. .| 16 18 . 14 10 300 e Finally, we arrive at the initial basic feasible solution which is shown in the
oS 0, 21 29 13 10 400 following table '
Demand | 200 | 223 275 [ 250 | 950 g o
A' - - . - . : 'l - ’ ) '
Solution: Since Za,= Zb/= 950, the problem is balanced and there exists a feasible R D, D, D, D, | Suppiy
solution to the problem. ' I . o o @%— @Lu— W
e £ - . . - y . - ] 250
_ First, we find the row and column penalty P, as the difference between the least 0 9] E;o
and the next least cost. The maximum penalty is 5. Choose the first column arbitrarily. 9 1 @ e . 200
In this column, choose the cell having the least cost name (1, 1). Allocate to this cell |- : o, 20 Rt @L (é)m— 00
with minimum magnitude (i.e., Min (250,200) = 200.) This exhausts the first column, 3»\,{ Demand 200 pas] 375 330
Delete this column. Since a column is deleted, then there is a change in row penalty i i

There are 6 positive independent allocations which equals to m + n -1 =

P, and column penalty P, remains the same. Continuing in this manner, we get the
: 4~ 1. This cnsures that the solution is a non-degenerate basic feasible solution.

. Temaining allocations as given in the following table below.

1 Allocation : " IAlocation - » <. Transportation Cost,
[ P ; o e X
- f’;'l’ 33_ [1’;“7‘4 S"’S'g’ L "; Dy "; Supply | Py Jik  =HX200413550+18x 1754+ 10 x 125+ 13 x 275 + 10 x 125=%12,075.
. 13 117/(1 : LR . s 3
1 0 H 250 ' 0, ] [@ u7]l4] 5o @ | Li;yhl?.xample 3.8: Find the initial solution to the following TP using VAM.
o [ L’-"} L‘ij o |l o e iallie] 300 |4 | Destination
N 30( 0, 24 13([10] 400 |3 e D, D, D, D, Supply
o, 1 [24 ( 75[250 —— W 3 ; 3 3 I T00
400 | 3 Drm(ml}l’s 275/25 o Ed § T 5 - 3
175 : LK N : - J 23
200|225 | 275(250 v s : 3 T S 3 z 75
Demnn11 }?gj Jl j 1 | 7 q%® 0 v E‘h Demand ™ | 39— 00 [ 73 735 300
0 i
[7 [st[s5 @]e] ] Gi3
. ' _ AN
* Self-Insnuctional ' ) ’ ) ‘,
84 . Marerial Coe ' n,.‘i,'




\prorigion frobiem

e

seck Your Progress

. What is 4
transporiation
problem?

. What must ane
kpow 1o achieve the
abjecives of o
transponation
problem?

 How are
transportation
problems
presented?

i Give the
Mmathcmatical
Presentation of a
transportation

. problem.

» Define feasible,
basic non- -
degencrate
selutions of a
transportation

| problem.

R e SRS

_—

o Self-Instructional
A Mawriaf

Ut

{

Cwaliebo o 2o e

Solution: Since Ta,= b the problem is a balance TP. Hence, there exists a feasible
solution.
D[ D | Dy | 2y [ Nupply | APy | Py | Py | PPy
3 E‘Li {0 I AR B B U | I B B IR
F, & A0 | @] oo “- -
[ R B 2 I A I A
F & @ 128 - -
TR T T
PR RN (o) SRR WU AU S~ S SO NS U G A
Ceaded }_‘12_0_ 0§ ™
A B R I
| 7 RN &
N ) )
34 | ~‘

D, - D, Dy D, Supply
3 ‘3-- K [
£ éﬁ é@_ <£§‘ 100
4 L2l 4 2
Al @ d] s
L X B W 2
Fy | . , V75
Demand 120 BO 75 25

There are 6 independent non-negative allocations equal to
m+n-1=3+4-1=6.

This ensures that 51«: solution is non-degenerate basic feasible.
‘. Transportation Cost, '
—3x45+4x30+1x25+2x80+4x45+1+75
=135+ 120+25+ 160 + 180 +75

= 7605. I A

3.5 MODI METHOD

Optimality Test

Once the initial basic feasible solution has been computcd the next step in the problem i

is to determine whether the solution obtained is optimum or not.

Optimality test can be conducted to any initial basic feasible solution of a TP :

provided such allocations has exactly m + n - 1 non-negative allocations, where m is

the number of origins and n is the nunber of destinations. Also, these allocations
must be in independent positions. .

To perform this opumalxty test, we shall discuss thc Modified Distribution
Method (MODI). The various steps involved in the MODI method for pcrformmg
optimality test are as follows

: ';’» occupied.”Assign sign ‘+’ and ‘-’ altemnately and find the minimum allocation from

' «;‘ Example 3.9: Solve the followmg tramportahon problem.

.. MODI Method

".' Step 1: Find the initial basic fcas:blc solution of a TP by using any one of the three
' imethods.

. -Step 2: Find out a set of numbers «, and v, for each’ row and column satisfying
u,+v,= C, for each occupned cell. To start wnl{, we assign a number ‘0’ to any row or
column havmg maximum number of allocations. If this maxxmum number of allocations
":is more than one, choose any one arbitrarily,

'}.‘ Step 3: For each empty (unoccupled) cell, we find the sum and v, written in thc
¥ bottom left corner of that cell.

3. Step 4: Find out for each empty cell the net evaluation value A = C —(u +v) and

! which is written at the bottom right corner of that cell. This step g'xves wa optimality
i “conclusion,

() Ifall 4,>0 (i.e., all the net cvaluahon value) the solution i is optimum and
a umque solution exists.

(i) If A, 2 0 then'the solution is ‘optimum, but an alternate solution exists.
(iip) If at least one A” <0, the solution is not optimum. In this case, we go to
5 < : the next step, to improve the total transportanon cost.

}QS'Iep 5:-Select the.empty cell having the most negative value of A From this cell we
i draw a closed path by drawing horizontal and vertical lines with the corner cells

% the cell havmg negative sign. This allocation should be added to the allocation having
ol posmve sign and subt.racted from the allocanon havmg ncgauve sign.

allocanons, repeat from the Step (2) till an optimum basic feasible solution is obtained.

J‘-'
'—}( ) ‘ ~_Destination
X : : P Q. R K Sapply
o 3 A 21 16 35 | 13 11
?; 5 B 17 18 14 23 13
9 3 § 33 17 18 31 E]
. Demand | 6 | 10 12 15 43
Origh\Dest | P | @ | R | S | Supply | P, P, |P,|Py |P|P,
. ETN Y 5 B R :
NG|y rgs e B T e S
‘ 7 8] R3] 13 3[4 (44 [<-<=
] © l—® @)L ' «
bz [Tz | lis [T | s
(o @ |@® 1 L 1 Ll
Demand. 6 (10 |12 | 1S 43
P . 411 [4 [roT
. Py 151 [4 [18T
P 15T [4 |-
Py - 4 -
P, - |17 st -
2k Py - [t ==

Y§ .Solution;

We first find the initial basic feasible solution by using VAM. Since

‘L.‘ Ya= Ebj the given TP isa balam,ed one. Therefore, there exists a feasible solutxon

Transporiation

NOTE!

Self-Instructiencl
Marerial



From this table, we see t
iS6=m+tn-1=3 +4-1.

. W
Transportation Probl . . e . ' Vg (. i 3 :
o Finally, we have the initial basic feasible solution as given in the following table. 2%-'4 ‘ The Minimum Transportation Cost,' ] '
Desiant 43 =11 x13+17%x6+3x14+4x23+10x17+9x18=37]],
. P | ) B ; ' ' ‘ :
LT e e ] 7 Example 3.10; Solve the following transportation problem starting with he iy,
NOTES : » 4 D | . /|4 solution obtained by VAM. :
g 8 | ® Bl S A k] 0%
5 |8 | HOMIRON N D D D, D, Supply
[ eI T L M
0

hat the number of non-negative independent allocations

e P P e
; (6

_ 17 [ 8

Hence, the solution is non-degenerate basic feasible. o, o ' (D[_ OLJ ) ' L 3
- The Initial Transportation Cost : : Demand . 4 R i
=11x13+3x14+4 X23+6x17+17x 10+ 18 x9=3711.

i Solution: Since Za, = Zb, the problem is a balanced TP. Therefore, there exists 3

To Find the Optimal Solution: We apply the MODI method in order to determine %7 f£oosible solution.

the optimum solution. We determine a set of numbers u, and v, for each row and _

column, with uitv,= C, for each occupied cell. To start with we give u, =0 as the i D | D) D| D |Supply| P |P |P, [P, |P]P
second row has the maximum number of allocation, ' g g ] ] s =1 -1-1-T-
e . . 0, @ -
- Now, we find the sum #,and v, for each empty cell and énter at the bottom lcﬁ po] 3] ] B O T O I S I
corner of that cell, . : i . ' 0, ) & 7 L
. ' 6| 6] & 00| o0f[o]ols
Cn=u2+vl=17=0+vl=l7=>vl_=l7 o, QLL~-‘ g—lcp_ 5 =
.C.= =14= =145y =1 ! Demand | 4 | 3| 4| 4 15
Ch=u,+v,=14 0+y,=14=5y =14 o o i"’” Gl S R )
Ci‘_=’u2+v‘=23=0+v.=23=>v‘,=.23 L : ' 45 Py 3| 2] 1] aT
Cumu+v,=13=1,+23=13 4 =10 e = s
= = = = = a - sT 6 -
Chy=u;+v=18=u +14=18>u =4 : g“L_ — 1.

and enter at the bottom right corner of that cell.

Next, we find the net evaluations 4, ==4‘Cv - (u,+ v) for each unoccupied cell

Finally, the initial basic feasible solution is given as folldws:

Initial Table ‘
(_‘) 4 3 o 0 -M 0 i D, D, . D, D, Snupply
C, B Xy W, W, S |S [A] s (M ¢ 2 2 12 T
0 s, ] | ) tfo}o 0 1 o5 o, Qll—o— L_4 L LJ 3
: 1. _ I8 3 ‘ERE
= o | s 1 -1 0°lo o 1 T A7 6 6 8
2 oy o. |-M [0 [M |-M[ o o, \O) QL @L I— 5
g Demand q k) 3 E} 15
zl...cl -4 ~M=3|0 | M |O 0 i
x ”
1 Min =4 . . 5 .
P m"f & Since the number of occupied cells = 6 = m + n - 1 and are also independent,
0| m (@ o | °‘ ' ':n | iz there exists & non-degenerate basic feasible solution.
il B I B IR ; N The Initial Transportation Cost,
3| w, 1 -2 1 0 - .
) ddm-3d 3 (o | M |-m|imean a""x2+3"5"'4"4"'7><I+6><3-0-6>tl=?‘68
—M =32 M~ i . . . F
7 ? ZM 3 To find the optimal solution, applying the MODI method, we determine a set Odf
Y ' \
z-c a0 fo |m o |4 X numbgrs u,and v, for each row and column, such that u,+v = C, for each occupi€
1 cell. Since the third

oW has maximum number of allocations we give number %
umbers can be obtained as follows.
C,|=u,+v|=7=0+vl =7 =y, =7

Clznu]+v2=6=0+vz=6=°v1=6

. . % . S . ionis ‘B O The remaining n
i tion is optimal and unique. The optimum solutjon is g
Since all Aa > 0, the solu p ' .

given by, , _ o
: =6; =3 X =4;X =10, X,=9
Self-Instructional i XM =11 X;, 6; Xz) 3 X% 1 33
55 Material .




- Cy=uy+y,=6=0+y=6=v,=6 Solution: Since La,= Zb, the problem is a balanced TP. Hence, there exists

Transportation
Coomu,tv.=5=u +6=5=y =] a feasible solution. We find the injtial solution by North West Comer rule as
n-LTY 2 ) : ~given here,
(~._:,,z+‘~4_=4=-1+|"=4:.‘\'.‘=5 =
s Coomu+v=2=u+72 >y =5 Fe / 2 3 | Capacity ©  NOTES
We find the sum u and v, tor cach empty cell and enter at the bottom left comer '{‘,‘ & Lz_ 3 ’
of the cell. Next, we find the net evaluation A, given by A, =C,=(u,+ v) for each ‘c:‘ l 10 .
empty cell and enter at the bottom right comer of the cell, NIT _ Li [1_ 7
2 | @9 ® s
Initial Table 3 (_' & r
o
’ D, D, D, D, u, ’ZA 3 @ 40 —
' 5 . 5 ’ R Demnand | 20 15 30
| [2] 2 (2] L] 55 _ 4 , ' - :
Yoo @ i ] 1 I 0 . I |u=-5 & Since, the number of occupied cells = § = m+n—1, and all the allocations are
i — [0 ] (8_ s IL <. independent, we get an initial basic feasible solution.
‘ The Initial Transportation Cost, .
‘21 6 4 S 3 Q (0] == L8 . .
; N & Ii_ [8_ =10x2+4><10+5xl+10><3+1XBO=20+40+5+30+30,=?125.
‘ 0. l@® ® o s 3| wso : To Find the Optimal Solution (MODI Method): We use the previous table to apply
—— — ;- the MODI method: We find out a set of numbers u,and v for which u,+ v,=C,, only
[ wm=7 v =6 . %»=6 Ve =5 fit for occupied cell. To start with, as the maximum number of allocations i 2 in mare

than one row-and column, we choose arbitrarily column 1, and assign a number 0 to
5 this column, i.e., v, =0. The remaining numbers can be obtained as follows.

'Cl,=".+?,=2="if°=2="..=2
szs'”z+"1,=4=>”z'=,4‘0=4
Cu=uz+v,=l=v,=l—'u1=1-4=_<3

Since all 4, >0 the solution js optimum and unique. The solution is given by, .

K= 3 X, =X =4 X, =X, =3;%, =1 ‘

The Total Transportation Cost, ' ' '

S2X3+ 3X544%4+ Tx1+6 x3+6x] =368,
Degeneracy in Transportation Problem Cp=u+v,=3= uy=3-v,=3_(3)=¢ .
In a TP, if the number of non-negative independent allocations is less thanm + n - |1,
where m is the number of origins (rows) and » is the number of destinations (columns)

there exists a degeneracy. This may occur either at the initial stage or at the subsequent
iteration. ) :

! 2 ClJ=.u;+vl=l_=v3=l>_"3=1‘6=—5
4% Initial Table

To resolve this degeneracy, we adopt the followiﬁg steps.. o g
Step 1: Among the emipty celi, we choose an empty cell having the least cost whichis
of an independent position. If this cell is more’ than one, choose any one arbitrarily.

l 2 [3 . )
_l . 3-” -3 . - 6 _2=u s - .V - -—-—
(2] A
3
I

EX
T
Fr
_o_

Q@+ ';1'-

Step 2: To the cell as chosen in step (1) we allocate a small positive quantity > 0,

4= Uy
The cells containing ‘€ * are treated like other occupied cells and degeneracy is 3 6 + @ _ l
removed by adding one (more{accordingly. For this modified solution, we adopt the ] " ‘ 3 1 6=u,
steps involved in MODI] method till an optimum solution is obtained, i 1 Vy=- . y=-5

Example 3.11: Solve the transportation problem for minimization. We find the sum of Y, Hndv:i for each empty cell and Write at the bottom lef

Destinations 3.; corner of that cell. Find the net e uations A, = Cp—(u+ v) for each empty cell and
: > 3 [ Capaciiy - Cnter at the bottom right corner of the cell. . :
g ] 2 lz ; 1”5) : ‘ The solution. is not optimum as the cell (3, 1) has a negative A , value, We
.§_ § -: 3 ' & g1 mprove the allocation by making this cell namely (3, 1) as an allocated cell. We draw
3 T ] 0 e @+ & closed path from this cell and assign sign ‘+' and ‘-* altermately. From the cell

N ving ‘~* sign we find the minir_num allocation given by Min (10, 10) = 10. Hence,
£ We get two occupied cells. - T ' '

clional

Self-Instructional =
A{ann’al
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Transportation Problem

" NOTES

(2, 1) (3, 2) becomes empty and the cell (3, 1) is occupied and resulting in a
degenerate solution. (Degenéracy in subsequent jteration).

Number of allocated cells =4 <m+n—1=5. .

We get degeneracy. To resolve we add the empty cell (1, 2) and allocate €>0.
This cell namely (1, 2) is added as it satisfics the two steps for resolving the degencracy.
We assign a number 0 to the first row, namely &, =0 we get the remaining pumbers as
follows.

C, =u+v, =2 =2~y =2-0=2

Co=w+v =23 v, =2—u =2-0=2

Cu=wytv=1Duy=1-v, =21-2=-1
Cu=utvy=Ivy=l-y=1-(-)=2
Co=mtvyy =1 u =l-v, =1-2=-]

corner of that cell and also the net evaluation A, = Cr (u‘-F v) for each empty cell and
enter at the bottom right comer of the cell. . :

Iteration Table

L

L

[N

[

3 ]® | (D) -t

v 2 2 - 2

The modified solution is given in the following table. This solution is also optimal
and unique as it satisfies the optimality condition that a]l 4,>.0. ‘ .

. ~ 2 5 3 t Capacity
I : @‘:_ @% . 10 |
2 L—‘ @lﬁ 1_2_ 15
3 | lou‘ 2 30.[ 40
|Demand - ¢0) 15 €l)) 65|

S;I/—Imlr;uclional
Material .

X, = IO:Xn= 15, X,=30,X,,= e; X, = 10
Total Cost=10%x2+2 x e+ 15x1+10x ] + 30

x]
=75+2e€=T75. o

Next, we find the sum of u and v, for the empty cell and enter at the bottom left

9
(“) gxample 3.12: Solve the following transportation problem whose cost matrix js
l“,':_. given below.
- ""',J- — Destinations
"'. A B cC | D | Capaciry
/R 1 I 5 3 3T 3
ch 5 2 3 2 I 2 13
H 2 3 0 ) T —
s S 4 2 7 2 | 4 5
| "E—g ' Demand 21 25 [ 17 1 7 i 20
3 .

‘Solution: Since Za,= Zb, the problem is a balanced transportation problem. Hence,

%ﬁ‘i there exists a feasible solution. We find the initial solution by North West Comner Rule
b:“r ' Desfinations . . .
; ' ] C T Capacin )
||_ 5 B ] ]'_3_\ JT‘“\
O S y
3 ] 3 s
. 2 2 (BIES) ,l_l >o|
= ) 2 . B =
S 3 5 @ — 0|
2 1 - 12 (£ g ‘
4 £ (z)‘_. © 0]
entand | 2¥° 2 P> 1> 30 1
0 32 3 0 :
: P ‘|

x z,#;ar_e independent, the solution is a non-degenerate sohution. -
B iEaE . v . . -
PTEA

%ﬁf{ " Total Transportation Cost,
ha =IX21+5%13+3x12+3x1+12x2+2x2+17x4

43 =3221.

% "To Find the Optimal Solution (MODI Method): We determine a set of nurmbers ¥,
H

nd v, for each row and each column with u, + v, = C, for each occupied cell. To st
with we give 0 to the third column as it has the maximum number of allocation

v

S K O
1 1

-0 2] 4 )

vj ~2= V. 2= ‘.: 0'—""3
-

:"”;"’V,‘_‘l:uz==l—-0=1

C;,“";+V;=2=>u,=2-v,=2—0=2

=

We get the total number of allocated cells =7 = 4 + 4 — 1. As all the allocations
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= =2 = =2 2
Co=u +v 2=u=2-0=2
= = > =
C“—u‘+v‘—4:v‘=4-¢ 2

Co=uytv=3=v,=3-pu=(3-1)=2

We find the sum ¥ and v for each empty cell und enter at the bottom left comer
-t cell We find the net evaluation & =C —(u+ v,) for each empty cell and enter
at the botom right camer of that cell, The solution is not optimum as some of A<0.
We choose the maost negative A " i.e., =2. There is a tie between the cell (1,4) am{ (@3,
2) but we chouse the cell (3, 2) as it has the least cost. From this cell, we draw a
ciosed path and assign *+’ und - sigas alternately and find the minimum allocation
from the cell having ‘- sign.

Thus, we get, Min (12, 12) =12, Hence, one emptygell (3, 2) becomes occupied
and two occupied cells (2, 2) (3, 3) becomes empty resulting in degeneracy
(Degeneracy in subsequent iteration). By adding and subtracting this minimum
allocation we get the modified allocation as given in the following table. For this
modified allocations, we repeat the steps in the MODI method.

First Iteration Table

1 4 3

@

2

K

D

: EX

3 @ e
2 | ) L4
The number of allocations = 6 <m +n— 1 =7. We add the cell (3, 3) as it is the

least cost empty cell which is of independent position. Give a small quantity €>0. |
This removes degeneracy. .. ... :

" The modified allocation is given in the following table.

§ [ [ F

4 |

A B Cc . D | u
) ] L5 ] [3] B
1 - . +e 5
@ @ 5 -2 7 —4
5] O] [ ] 2]
3 1
i 36 | 2| @ 3 -1
— [o] L] - T[] [3
3 ' 2
2 2| @ ©) 4 1
3 [7 2_| l_'lq
& e 2
) 2 4| 2 5| O @ |
v | 4 3 9 :

(1, 4).

The solution is not optimum. The next negative value of 4, =4 (the cell

The minimum allocation is Min (13, e, 17) = <. Proceeding in the same manner
we have the second iteration table given as follows.

Second Iteration Table

A v [+

i e e e
Ptz TR
1 AN .3rf’_.~§ %-‘ b’ f 0y

[I__ ~ LL G D }l‘ LA
1 - + a
@ G [ 7 )
EN B N FE [N 2]
2 + o
. 1 2 L ® 3 -1
, . o] 2] [z [EN ,
5 2 2 |Qre) 2 4o 3
(2] JENE Bl £
4 5 !
’ 206 1 |Gro ()
1 s 1 3

~ As the solution is not optimum, we improve the solution
involved in the MODI method. The most ne
allocation is Min (13 - €, 15,17- €)= 13 — €.

by using the steps

gative value of 4, = - 2. Minimum

- Third Iteration Table
. - A B C D -
.. I Ls] G G
i v 0
% : @ 3 2| x|l @
I B [3] N 2
ri"%\f 2 o . + [
£ L | @ @ T -
g8 ' ) T p L8
I N I 1L -
24 0 ol@x® | o 2 2 1
2 7 2 3
i L R R g
;"3‘ 2 . o)l 4 3 | @ 0) .
1 . R SE R e —5 T

L Improve the solution by adding and subtracting the new allocation given by
P57 Min @ + ¢, 4) = 2 +e). , ,

J¥" Fourth Iteration Table

e A B T D Py
5 L O BN ) R 3
‘4{ \ X 3
LG 1@ ‘ 1 1 1l @
s A ¥ R 1 R U Bt
i o i@ | o @ )
A , .lL jta [ ] '
' -1 [ D) -\ 3 | 2
[ 0] T &R .
4
1 0] s | 0x0. | o
v, -2 | -1 0
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o Since all A 2 0 the solution is optimum (altemate solution exists). The solution
is given by,

X =20 Xy =13, Xy, =13-€=13; Xy =2+ €=2

X2 =124 €=12 Ny =17+ e=17, Xy =2-€=2

Total Trapsportation Cost,

S2IN14+3x1343(13-€)+2Q2+e)+2(12+e)+2(17+e)+4(2~€)
=169 — € = T169.

Example 3.13: A company has three plants 4, B and C; 3 warehouses X, Y, Z. The
number of units available at the plants is 60, 70, 80 and the demand at X, Y, Z are 50,
80, 80 respectively. The unit cost of the transportation is given in the table.

X Y | Z
A 8 7 3.
B 3 8 9
. C 11 K] 5

Find the allocation so that the total transportation cost is minimum.
Solution: '

Warchouses o .
X Y | Z 7 | \Capdclly™
8 7 3 j
3 A = l—* L V60
= 3 li 9 \
B l— . L v 70
. 1] 13 5.
. '.[— MLJ _,l_ . w
Demand 50 80 80 210

Since Za, = 3b, = 210, the proBlcm is a balanced one. 'I'fencé, there exists a
feasible solution. Let us find the initial solution by least cost method. :

X | Y Z | Supply
A 8 7 31 60
3 s 9 70
B G o
c.- .1 o3 n__‘5*__§9__’_1
""|Demand 50 .80 .| 80 210 )

Here, the least cost'cell js not unique, i.c., the cells (2, 1) (1, 3) and (3, 2) have
the least value 3. So, choose the cell arbitrarily. Let us choose the cell (2, 1) and

allocate with magnitude Min (70, 50) = 50. This exhausts the first column. Now,.

delete this column. The reduced transportation table is given by,

y 1 Z Supply
A | €@ 60
12
B ] @ 120
G By -
c © 80
Demand | 80 | 80 [

i

i &40

{ 1 ; mthe following table.

Continuing in this manner, we finally arrive at the initial solution which is showy

— X Y V4 | Capacity -
alid "/—4 [ED 7] 3
'5,'-“’:' A L @ N
O S B E2 N L QR 3
W 8 GY @9 70
- ;: : —— [ =N ES
4 bnth c @ . 80
(F Demand 50 40 50
 F - ' .
; The number of allocated cells is 4 <m + n = 1 =3, resulting in degenerac,

B e i
. o s

i ’.{-Hence, we have the initia
tde i

d’ . X Y Z Capaciry
A = - @& 60
- ®L3_. L8] @ll o
- [ 13_ , @L’_ w©
Demand 50 80 30

¥ 'é'(lnjtial stage). To remove this degeneracy we add an enfpty cell (3, 3) whose cost is
" minimum-and is of independent position. Allocate to this cell a2 small quantity e>q
1 solution given in the following table:

A” The total number of occupied cells = 5=m + n - 1 = 5. These are also of
&: indcpendent position. This solution is non-degenerate.
: The solution is given by,
X,, = 60; X;, = 50; X, =20; X,,=80; X,,= €

The Total Transportation Cost,

=3x60+3x50+9x20+3x80+5 x¢€

=750+ 5 e = X750.

L
11.To Find the Optimal Solution: We apply the steps involved in the MODI methed to
%‘HC previous.table. We find a set of numbers u and v for whichu +v =C,is satisfied .| -
: ‘;‘}:?r each of the occupied cell. To start with we assign a number 0 to the third column
#;(ie., v, =0) as it has the maximum number of allocations. The remaining numbers

]

3

X » ¥ Z

8

A -3 1u] 1 6

SR ] 8
B ® 7 LF
L1

12
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The Civen TP s said 10 be unbalaneed if¥a = b ie

since, all 4, > 0 we have obtained an optimum solution,

The solution is given by,

Ap=60; X, =50; Xy =20, X, = 80; A, =€

Total Transportation Cost = 3 » 60 + IXS0+9Xx20+3x80+5x e

=730+ 8 e = 1750,

Urbalanedd Transportation
- if the total supply is not equal

0 the wtal demand.

There are two passible coyes.

CLL\'C (?) Zai \'Tu
=1 J=1

Case (ii): Z"i > ij

=1 J=1

unbalanced TP can be converted into a balanced TP by add
(column) with zero cost. Th
dummy destination.

Example 3.14: Solve the transportation problem when the unit tra
demands and supplies are as given below:

Desrination
. D, D, D, D, Supply
£ 0, g i 3 3 70
g 0, 11 s 2 8 S5
0, 10 12 | 4 7 7
- = i~ Demand | - 85 - 35 50 EH BN

Solution: Since the total demand £b =
Za,=195, the problem is an unbalanced TP,

We convert this into a balanced TP by introducing a dummy origin O, with cost

zero and giving supply equal to 215-195=20 units. Hence, we have the converted
problem as follows:

. Destinutipn
' D, D, D, D, Supply
| K1 I B )
‘ 0, n 70
[ ﬂTS’ T ~—E "

| 2 0 & i C s

S N B L3 3 B € e £
| -
E g 0O, -1 B 70
P
l Dvm:mll (31 il E LI B (/R B oy s N5

ing a dummy destination
€ excess supply is entered as a rim requirement for the -

Therefore, the total supply is greater than the total demand! In this case, the | ¢

F

nsportation costs, -§35«

N s

\'f: Using VAM we get the initial solution,
B
§
3 . D, |D, |, |D, (Supply Flt|P, P, | P, Py lPy
e o o
] o |® [® 0 (222 |-|-|- -
; ar 511z
3 0, G0 |2 55 130313 (3 6/|-| -
43 “
D - URERC
it o, Lé‘@_‘:g"m 3033333 a
‘. -
o fTof o] To]
i o, 6D 20 jol|-|-|-]_-]_-]_
;f Demand | 85 | 35 | 50| as
?3\. P |6t 1 |2 |3
;g({ P, 4T |4 (2 |3
%?“ Py |- 4t |2 [4
e Py . |- 1T |2 |1
"5!;;;."
%” .2, - |- 12 |1
‘{;g: : Py |- |- |4 [
il P |- |- |o]-
The initial solution to the problem is given by,
D, D, D, . D,
LY | =S L 4]
o, | ®
1 [RU U] 3 ]
0, ® D) -
9 L 4] U
o, ® ®
Lg R u< 0 )
0, ®

;the solution.is anon-degenerate.ons.
. The Total Transportation Cost,
=6x65+5x%x1+5 X.3Q+2 X25+4 x25+7 x45+20 x0

As this problem is balanced, there exists a feasible solution to this problem.

There are 7 independent non-negative allocations equal to m + n - 1. Hence,

=X1010.

o g’-‘,’ 10'Find the Optimal Solution: We apply the steps in the MODI method to the previous.
-} able,

* D, D, D, D, "
g b le. ® .o ;
b 0 1 ® - RO 0 3 9 o
g T |71 e R TR
}f 0, 10 .| ) 1 @7 s 3

o 110 12 | R )
x'v o, | 12 3 ) ®d @ i

B %, R R U] B T') B B e I
ELl 0, | @ ~S -4 3 $

% vy | e L | 1

!

o

%éiz ;

RS -

vy
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Since all A_ > 0 the solution is not optimum and to solve we introduce the c':ell
. V- . . ion by adding
(3,1) as this cell has the most negative value of 4. We modify the solution by .
and subtracting the minimum allocation given by Min (65, 30, 25). While doing this,
tl?e occupied cell (3, 3) becomes empty. '
First iteration table ’

L D, D, D, 4 l D, i,
) )

o | @ 18] ® ] . 3 lT s 4
§] 5 2 8

0, 10 IT @ L- . @ 2 7 Lﬂ 0
: 10 12 Al 7

0 | ® . ] L7 [2— @ . 10
LO] o (0] (0]

o | @ . -5 T ;7 0
v -0 =5 8. =3

optimality. _ : .-
Since, all A, 0, the solution is optimal and an alternate solution exists as
A,, = 0. Therefore, the optimum allocation is given by, . '
X, =40; X, =30, X, =5; X, = 50, X, = 25; X,,= 45; X, = 20
The Optimum Transportation Cost , ‘ '
=6x40+1x30+5x5+2x50+10x25+7 x 45+ 0 %20
=3960. e ) o

o e

3

=

Example 3.15: A product is produced by 4 factories F,, F,, F, and F,. Their unit -
production cost are X2, 3, 1 and 5 respectively. Production capacity of the factories ¢

s

are 50, 70, 40 and 50 units respectively. The product is supplied to 4 stores S, 5,5, :
and S,, the requirements of which are 25, 35, 105 and 20 respectively. ;

cost is minimum. Unit costs of transportation are given as follow:

Stores

- .o S| S, S s oL
S [ F 2 | 4 6 1
g oA 10 8 7 5]
a T, 3 3 9 P
F, 3 6 |8 [ 3

Solution: We form the transportation table which consists of bot
transportation costs.

S, 15 T35
F, 4 6 8
oA 31 T0 i
/N R - 0 ;
F, 1 =,
Demand 25 35 105

‘As the number of independent allocations are equal to m+n-1, we check the

# B5S

Find the transportation plan such that the total production and transportation - i

h production and {}&¢

Total capacity = 200 units-
. . Total demand = 185 units
f Therefore, Za, > Zb, 1lence, the prob'lem is unbalanced, e o
ey palanced onc by adding a dummy store S, with cost 0 and the excesg Ny

SRS |
.3

it iy

£ ) IVic o:
:V;- as the rim requirement to this, store, namely (200-185) units. PYis givey
el - —

3 5 S, S, S, Sy [ Suppip]
il - T34 3 . g K —
F, @ © 50

——— ]

70

LJ
0
[14 2 [10] e
_ g
®

F, 30

N - | EEE—
b e
Demmand 5] 33 105 | %

50

15‘1‘2\007

A The initial basic feasible solution is obtained by least cost method. We got
_solution containing 8 non-negative independent allocations equal to m + nol
'So the solution is a non-degenerate solution.

The Total Transportation Cost,
=4x25+6x5+8x20+10x50+8 x20+4 x30+13 x 3540 x |3
=T1525.

;Tu Find the Optimal Solution: We apply MODI method to the previous table as it
5, has“m + n — | independent non-negative allocations.,

S| A S, S, S, i,
JEl L6] L8] 13] Lo}
f | D ® ) 6 7| =5 5| 0
(2 Lt l ER [0
lse ol s sl@ @ 5 s b
X 25 AU 1) Bt )
f | 2 E 6 4| 4 9| -7 1] 2
] 13 EX [0
R .
=% 11 o ® -| u 3 G s
\j». . 4 6 3 3 3
The solut

ion is not optimum as the cell (4, 4) is havi epative net evaluatiod
] _ ,4) is having a neg :

3 _So\lcea,t‘l.e., a,, = 3. We draw a closed path from this cell and have a mod!ged

et 2 2dding and subtracting the allocation Min (35, 20) = 20. This modif




tional

T s ] S s N s T
[ J d_{ 06 | 8] [3 [0
e e @ Yoo s s o
I L N R (] e 13 ) B
2 A & O a3 2
| e 4] o m T
N B LY I (T T B
AR 2 B ]‘ f)m BT o
ot ol o ol (s 20
SRR E N
v j 6 8 3 3
Since all

the values of 4, 20 the solution is optimum, but an altemate solution exists.

The optimum solution or the transportation plan is given by,

X, =25 units; X, = 30 units
X,=S5units; X =15 units
X ;=20 units; X, = 20 units

X,,; =70 units; X =15 units

This is the surplus capacity that are not transported which are manufactured in
factory F,. The Optimum Production with Transportation Cost is as follows:

=4 x25+6x5+8 x20+10 x70+4 x30+8 x 20 + 13 X"15+,0><15

=3X1465.

3.6 SPECIAL CASES

3.6.1 Maximization Case'in Transportation Problem

In this, the objective is to maximize the total profit for which the profit matrix is
given. For this, first we have to convert the maximization problem into minimization

by subtracting ail the elements from the highest element 1n the given fransportation”

table. This modified minimization problem can be solved in the usual manner,

Example 3.16: There are three factories A

» B and C which supply goods to four - :

dealers D, D,, D, and D,. The production capacities of these factories are 1000, 700
and 900 units per month respectively. The requirements from the dealers are 900,
800, 500 and 400 units per month respectively. The per unit retumn (excluding

ransportation cost) are T8, 7 and Y9 at the three factorics. The following table gives

the unit transportation costs from the factories to the dealers.

D, D, D, D,
1 2 | 2 2 4
B 3 | s 3 2
C 4 S R .

Detesrmine the optimum solution to maximize the total returns.
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Solutlon: Profit/Return—Transportation cost. With this we form a transportation table

with profit.

Profit Matrix

This profit matrix is converted into its equivalent loss matrix by subtracting all
the elements from the highest element, namely 8. Hence, we have the ‘following loss

D, - D, D, D,
A 8-2=6 “B—2=6 31=6 =3
B | 7-3=4 7-5=2 |  7-3=4 7-2=5
¢ | 94=5 9-3=6 | 927 [ 9-1=8
D, D, | D, D, | Copacity

- 6 6 6 4 1000

8 . 4 2 4 s | 700

C s 6 7 3 900

Reguirement) 900 800 500 400 i 2600

matrix.
D, D, D, | D, | Capacity
A ~ 2 2 2 | 4 1000
B8 4 6 4 3 .| 7
C 3 2 1 Qe | 900"
Requirement 900 800 500 400 | 2600
.- We use VAM to get the initial basic feasible solution.
D, D, D, |D, |Capacity| P, Py | Py P, P,
A 2] 2] 2} 4] 200 o0 0] 0] 272
® | @ 1000
B Bl 8 BB P T T o3
Tl @] 700 e
T G B 'Oy [T T ===
| | @ -
Demand| 900 | - 800 | 500 | 400| 2600
P, 1 ] 1| a3t
P 1|0 L -
Pu 2 | 4T - -
P, 2 - =1 -
‘|, 2T - - -

Transportatic
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The initial solution is given in the following table;

- D, D, D, D, Capacity|
' A 2] L T [4 1000
5T ®4 2 1 700
T A E a1
| Qoo
< I R q
. Goo | @O 900
Demand 900 800 500 400

Since the number of allocated cell = 5 < m + n—1 =6, the solution is degenerate,

To resolve this degeneracy we add an empty cell (1, 3) by allocating a non-negative
qQuantity €.

~ Thiscell is the least cost cell and is of independent position. The initial basic
feasible solution is given as follows: ’

Initial Table

D, D, D, D,
4 2] 2 [2] 4
(€) e .

‘ | 6w

~ Number of allocations = 6=m+n—1 and the 6 allocations are in independenf
position. Hence, we can perform the optimality test using MODI method. )

Since all the net evaluation A \, > 0 are non-négative the initial solution is optimum,
The optimum distribution is,
A — D, =200 units

A — D, = 800 units
A — D, = € units
B — D, = 700 units
C—-D,= 500 units
A — D, =400 units

2

D, D, D, D, T
2 2 2 4
@ He® | EH T
. RN . Ls ]
S IV s —— . 2% SR
@M, H, EH Tk o
[ ER [2] L] Lo
¢ 1 2|1 1 - N
D) 2 2 2 A

SNz

AN

RS
Blates

-

R

zn
Ty

R
:

-

. return,
Total profit or the Max. r
Ozoopx 6+6x 800+4x700.+7 % 500 + 8 x 400

=715,500. ' ]
Example 3.17¢ Solve the following transportation problem to Maximize |he prof
Destination
A B | c
3 : %5 6
I~ Demand 23 31 16

S oluﬁt; n: Since the given problem is to maximize the profit, we conver this iny
matrix and minimize it. For converting it into minimization type, we subra

ctaf i
elements from the highest element 90. Hence, we have the following loss man'n_“
Destination o
A B C D Sllpply
g i 75 39 48 | 57 3
S 2 10 48 64 9 34 *
3 0 50 24 .30 33 }
Demand 23 31 16 30 o |

Since Za, = b, there exists a feasible sohution and is obtained by VAM,

A B [ C [ D] Supph| P, [ P; | PulPuTFiT P
L2s| (39] lagf b2] - 23 [ 9 |18 | 18| 18] 39|
1 @@
07 @8] &2 9] & [ 1 I T3 ;1_8 p
12 ® ® Qo
0 B30 23] Bo] 13 A 130 - | -] -1-
3 @ ® < |
iDemand 23 | 31 16 30
P 10 9 (24T | 21
P 10] 9 - |21
P, 65T| 9 - | 48
P - 9= (a8
- P, b= 9 b -
P - [39T | - -
The initial basic feasible solution is given in the following table.
. —_
A B C D | Capacity]
[z3 B9 -~ as] L
! D
W
2 ® |® (D)
O B =
3@ @
Demand 3 EY) 16

ion s 10
As the number of independent allocated cells = 6 = m +n— | the sol

“degenerate solutjon,



onal

A B C F‘“F““T

(23] (39 ER) [57
Fl osel @ 232y 3q
-'"-‘r—“@““‘“ia“““”‘@“““{z‘*‘*
2 f@ ® 4 50 Go 0
T D B e
3 ;@ R ®) -3 10
A B : S I I R

Y= B2, =60, =30 x, =
The Optimum Profit = 23 X51+6x80+42 x8+81 x
=37005.
3.6.2 Transhipment Problem

30+90%17+66x 16

In 2 transportation problem, where shipr_ncnm are allowed only between source-sink
pairs, there i I

possibility of existing pomts via which units of a goods/merchandise
may be transhipped from a source to a sink It is a strong assumption that shipments
may be allowed between sources and between sinks, and also, inter—linldng source-
sink Transportation models which have these additiona} features are called
problems. Often, we seea gradual shift towards conversion from a transhi

From — Leeds Kent London Dallas New York
Leeds £0 —_ £9 £14 £29
Keme —_ £0 £16 £13 £26

London —_ — £0 £7 £18
" Dallas — - £7 £0 £17
New York — -

£0

S

—
Now, to minimize the total incurred cost of daily shipments of the cereals to its

consumers, we first need to understand terminologies, such as source and sink, Source.
is a city that can send products, however cannot recewve any product from any other' -

city. Whereas, sink is a city that can receive products but cannot send to any other city,

: 4 : - . i3 .
: fé% % problem (costs) to ensure maximization of profits,

}‘;} 3.6.3 Transhipment Model
' Ff“&*

» and finally, London and New York are sinks (each with
%L adaily requirement of 140 packets of cereals),

A So, we see a niismatch in demand and supply with tota] supply equals to 156
e g
.| and the total demand equals to 122,
BL) :
f{; Now, to solve this imbalance we need to create a dummy sink, with a demand

Aty Therefore, we should perform a reformulation and use the tmnshxpmcm points as
’,é.'i an optimal solution for imbalanced demand-sup

r} In a transhipment model, the objects are supplied from v.

arious specific sources to
5 various specific destinations. It i also economic if the ship
* 0 § - -

3 %{;‘_nodés’ which are in between the
&

o

"[5Ff: 38 transient nodes of a simple transhipm

ment passes via the transient
Sources and the destinations. It is different from
transportation problem where the shipments are directly sent from a specific source
L. to a specific destination, whereas in the transhipment problem the main goal is to
4. reduce the total cost of shipments.

i3+ intermediary nodes before it reaches its desired s

are two methods of evaluating transhipment problems as discussed below-

e The following is the schematic illustra

)
ki

i

tion of the sources and destinations acting
ent problem.

Fig. 3.1 Schematic Diagram of Simple han:hipmenl M;)del :

Transportaiio,

NOTE

Check Your Prog

6. Give reasons wh
the LPP solution
technique is nog
used for solving
transporntation
problem.

7. List the approach
used withy
transportation
problems for
determining the
starting solution,

8. Define the optima
solution 1o a
transportation
problem.

9. State the necessary
and sufficicat
conditions for the
existence of a
feasible solution 10
a transponation
problem.

10. What is the purpase

of the MODI
method? .
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The figure shows the shipment of objects from source S, to (.lcsllnnllf’"nlﬁ)g
Shipment from source S, can pass via §, and D, before it reaches the des%rcd dcsmc\me“t
D,. Because the shipment passes via the particulat transient nodes, this f""‘“'? er’
is named as transhipment modcl The goal of the transhipment problem is to discoy
the optimal shipping model so that the total transportation cost is reduced.

Figure 3.2 shows a different approach where the number of first starting node:;
and also the number of last ending nodes is the sum of the total number of sou1:ccs'ﬂﬂ
‘destinations of the original problem. Let B be the buffer which should be maintained
at every transient source and transient destination. Considering it as a b_ﬂhﬂced problem,
buffer B at the least may be cqual to the sum of total supplies or the sum of total
demands. Therefore, a constant B is further added to all the starting nodes and the
ending nodes as shown below: '

. S B
s ol
a+B [5 B
mz ‘. b,+§

B @ : b+ 8

B [D] .bs*‘f’

B b+B -

B by+ B

Sources Destinations

..--Fig..3.2 Modified Version _of Simple Zr_’an.sjhigmer_n f’rbf)lem

‘- ——. -

Here in the modified version of simple transhipment model, the destinations -} ;

D,D,D,..,D,..,D,are incorporated as added starting nodes which basically acts ]
as the transient nodes. Hence, these do not have the original supplies and at least the « ;7'

supply of every transient node must be equal to B. Therefore, every transient node is
assigned B units of supply value. Also, the sources S, 5, S,,..., 5., S,, are incorporated
as added ending nodes which basically act as the transient nodes. These nodes too do
not have the original demands but every transient node is assigned B units of demand
value. To make it a balanced problem, B is further added to every starting node and to
the ending nodes. Hence, the problem resembles a usual transportation problem and
can be solved to obtain the optimum shipping plan.

Example 3.18: The following is the transhipment problem with 4 sources and
2 destinations. The supply values of the sources §,, S, S, and S, are 100, 200,
150 and 350 units respectively. The demand values of destinations D, and D, are’

i '+ tothe off-diagona

B transshipment problem will be 4 + 2 = 6. We also have,

o

350 and 450 units respectively. Transportation cost per ypj, betwe,
defined sources and destinations are given m the following table. Solve the ll‘a:;}:lvariqui
I

problem. 3

!

et

Destination
. S 5 5y S.—;T[_D\,t
5 10 0 6 10 Tz\o
Source | 5 15 20 0 8 T\7
S, 20 25 10 o | TIJ
Dy 20 18 60 1s 0 | 0 |
D, 10 25 30 2 4—_'\0;

Solution: In the above table the rumber of sources is 4 and the number

. . of destinatu:;:
is 2. Therefore, the total number of starting nodes and the endin )

g nodes of s

B=3a = be

i=l J=l

The following is the detailed format of the transshipment problem after inclci

transient nodes for the sources and destinations. Here, the value of 3 is added 0
the rows and columns. :

Destination 1 Supsly
S| &| &S, Dy D I
S| o 4af2|:s 25 L
S|11wfo]e]mo 5 I i
—]
' Source TS 1542040 |8 45 T | o)
Se 20| 25|10, o 30 6 350+500=1150
D |2 (1860 |15 0 10 pl
D, | 10|25 |30 | 23 4 o "
2| 10 — |
800 | 800 800 | 800 |350+800=1150 45%8%
. . . on I8
The optimal solution and the corresponding total cost of transporeiC:

. . oced, T
the main diagonal cells are ign°™

i , ated
resentation of the optimal shipping pattern of the shipments ree
I cells is shown in Figure 3.3: :

3:5,600. The allocations defined in
1agrammatic rep



e S —

R

* The dual values of every cell can be computed by setting the first to zero and Transportation

N . .
' appropriate order is uscd for dual equations for basic cells.

e K 300 ’\ ' ] .+ eln travelling salesman problem we cannot choose the element along the diagonal
: - . (o and this can be avoided by filling the diagonal with infinitely large elements. NOTES
- 150 ' 30 i The travelling salesman problem is very similar to the assignment problem
Di" T i\. " except that in the former case, there is an additional restriction that X,l is so
: ’\’[D} ‘ chosen that no city is visited twice before the tour of all the cities is completed.
350 : : ;

[

Ly 3.3 Opiimeld Shipping Pottern

» Optimal solution is a feasible solution (not necessarily basic) which minimizes
the total cost.

e The solution of a Transportation Problem (TP) can be obtained in two stages,
namely initial solution and optimum solution. ,

* Initial solution can be obtained by using any one of the three methods, viz.

(/) North West Comer Rule (NWCR)
(i) Least Cost Method or Matrix Minima Method
(i) Vogel’s Approximation Method_ (VAM)

. VAM is preferred over the other two methods, since the initia] basic feasible
solution obtained by this method is either optimal or very close to the optimal
solution. ‘ : '

* The cells in the transportation table can be classified as occupied cells and
unoccupied cells. The allocated cells in the transportation table are called
occupied cells and empty cells in a transportation table are called unoccupied

o ocells. T i ’

- The improved solution of the initial basic feasible solution is called optimal
*+ solution which is the second stage of solution that can be obtained by MODI
(Modified Distribution Method). . :

* Once the initial basic feasible solution has been computed, the next step in the

problem is to determine whether the solution obtained s optimum or not.

* Optimality test can be conducted to any initia} basic feasible solution of a TP

3.7 SUMDMIARY

* The transportation problem is one ofthe subclasses of LPP (Linear Programming
Problem) in which the objective is to transport various quantities of a single
homogeneous commodity that are initially stored at various origins to different
destinations in such a way that the transportation cost is minimum,

Any set of non-negative allocations (XV>O) which satisfies the row and column
sum (rim requirerneat) is called a feasible solution, '

¢ A feasible solution is called a basic feasible solution if the number of non-’
negative allocations is equalto m + n— |, where m is the num!?cr of rows and
7 the number of columns in a transportation table,

!
Any feasible solution to a transportation problem Containing m origins and n
destinations is said to be non-degenerate, if it contains m + n— | occupied cells
and each allocation is in independent positions. :

* The allocations are said to be in independent positions if it is fmpossible to
form a closed path. Closed path means by allowing horizontal and vertical
lines and when all the comer cells are occupied.

Ifa basic feasible solution contains less than 7 + »7 - | non-negative allocations
it is said to be degenerate, ] . n .

» If demand is lesser than supply then dummy demand node is ‘addeg tomakeit ' f e

a balanced problem. C !

* Data is presented in tabular form.As a convention, origins are Pput on left side eIn a TP, if the number of non-negative independent allocations is less than

of the table with quantity to be supplied listed towards right side and demands m+ n'= 1, where m is the number of origins (rows) and » is the nunsher of
are put on top with quantity of demand towards the bottom side, : destinations (columns) there exist degeneracy, This may oceur either at the
* Unit cost of transportation is put at the top of every cell within a small box, i initial stage or at the subsequent iteration, - )
Zero unit cost shows unshipped unit column in case supply is in excess of the X ' . ‘ . .
. . ) * The TP to al le, i s i
demand. Similarly, a unit cost either penalty or zero shows shortage row in pEt ' said to be unbalanced IE,= Ey» i, if the total supply is not equal
: : o, to the total demand, '
supplies that are lesser that demand. B . .
. - \ FLEy * If the total supply is less than the t / i
* Basic cells are those that indicate positive values and non-basic cells have zero : ,‘Y;‘ included in t.h ep E:;‘ matrix willh > emoz)lsf ct;\:n:fce: dginm) ds?ur“ (x:iw) s
value for flow; According to transportation problem number of basic cells will A "‘ : rim requirement for this dummy source' (orig.in) SH£:n thl: ?::;:lan:i;
be exactly m +n - |, g’,’,;f-‘ transportation problem can be converted into a balanced TP, .
R
al e W - . i
i . Self-Instrucrional
Material -
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.39 ANSWERS TO ‘CHECK YQUR PROGRESS’ . .

r— R e i N O B et 1 Dl o gt

* Ina transportation problem, where shipments are allowed only between source. , ;
sink pairs, there is a possibility of cxisting points via which units of a goods/ i
merchandise may be transhipped from a source to a sink. It is a strong

and also, inter-linking source-sink.

2
¢ Inatranshipment model, the objects are supplicd from various specific sources., k<3
to various specific destinations. It is also economic if the shipment passes via -
the transient nodes which‘are in between the sources and the destinations.

* Transhipment model is different from frahsportation problem where 'thé::_ ;
shipments are directly sent from a specific source to a specific destination, '

assumption that shipments may be allowed between sources and between sinks, 4

whereas in the transhipment problem the main goalis to reduce the total cost of - f &7

shipments. » 1558

3.8 KEY TERMS

»

 Transportation problem: A probleni for &ansportatidn of various quantities -

ofa single homogeneous commodity, initially stored at various origins to different ~ %;-\

destinations at the minimum cost ) ;
* Feasible solution: A set of non-negative allocations where some quantity is ; [£&
transferred from an origin i to a destination J, (X, > 0) ‘and satisfies the row and
column sumn is a feasible solution |

e Basic feasible solution: A feasible solution where numb"qr of non-negative Me
allocations is equal to 7, + 1 — 1, where m is the number of rows and 7 is the ;: [
number of columns in a transportation table '

* Non-degenerate basic feasible solution: Any feasible solution to a;
transportation problem containing m origins and » destinations is known as k
non-degenerate, if it contains m + 7 — | occupied cells and each allocation is in :
independent positions . ' ]

* Degenerate basic feasible solution: A basic feasible solution that contains -
less than m +n— 1 non-negative allocations

=
Lo edh

o

% 2.3
A

“«

i

1. Transportation problem deals with transportation of various quantities ofa single ;%
g

4. If there are m origins and » destinations and C, be the cos . i
; ' . t of transpo :
unit of product from ith origin to,jth destination oy porting one 1y

d.X, be the quantity transported

v
iy

L

homogeneous commodity initjally stored at various origins to different i}t

destinations at the minimum cost, 2 ”::f:}{
2. One must know: () Amount and location of available supplies, (ii) Quantity : ‘E"s
demanded at destination and (iif) Costs of transporting one unit of commodity . }{f : .
from various origins to various destinations. 8!t
3. Transportation problems are presented in tabular form with rows (as origins) - T 3
and n co.lumns (as destinations). Every cell of this table has costas C, of | s 'i"
transporting one unit of product from ith origin to jth destination and X which :ﬁ
is the quantity transported from ith origin to jth destination, v i “‘E

i S ks

et S

A

57 s

| | t
- . | S
is the t given as: n
igin to jlh dcstina(ion, and Z 15 e CoSs 1
from ith origl o N h
n Z C X, where 1<= j<=nandl -—_j <=m | | )
ible s o Yy ative allocations (X"-;0) which sz isfies :
ible. on: Any sel of non-neg ) ol Shl“h“ '

5. Feasible soluti
the row and co
Basic feasible solu
the number of non-
pumber of rows 71 the ber
Non-degenerate basic feaf;Ple Zz
B ot Cflhtaiﬂ:—n %lm ?nc;scﬁpied cells and ea
if it contains 7 -1 i ;

positions.
6. Astherearem+n— 1 equ
n destinations, by adding a

iables are involved. - + n— 1 equations
Of(v;lrll? the problem has m sources and 7 destinations and m + n— l eq
1

be formed. Hence, computation may exceed.the capacity of the
e So LPP solution is not made use for solving a TP. .
C°mP““’;: :ent X in the constraints are all in unity. For such a technique,
& ;Ha\;: o:rt:t:ilon technique is easier than simplex method_. od
(iii) ';‘P i: minimization of_objective function, whereas, simplex me is
suitable for maximization problem.

7. The following approaches are used: ’I
(/) North West Comer Rule - ‘

i irement) is ca

sum (rim rcquir . . e .

o A feasible solution is called a basic feasible sclution if
tion:

- cmi
negative allocations is equal to m + 1 — 1, where i is the

number of columns in a transponat.lon table. |
lution: Any feasible solution to a transportation
d n destinations is said to bc' m-Dn-.ngenerate,
ch allocation is in independent

ations in a transportation problem with m origins and
n artificial variable to each equation, a large number

(ii) Least Cost Method (.Mart\rjlb&nl:doiinima)

ii ’s Approximation Me o
8. '!(';':2 b\a/soiief{casilflz solution to a transportation problem is said to be optimal ifit
minimizes the total transportation cost. . .
9. The necessary and sufficient condition for the existence of a feasible solutions
" a solution that satisfies all conditions of supply and demand. o

10. The purpose of MODI method is to get the optimal solution of é transportal

~ -.problem.

- 3.10 QUESTIONS AND EXERCISES

bl B

Short-Answer Questions

1. What is an unbalanced transportation problem?

: : into a balanced
2. How will you convert an unbalanced transportation problem into a b
one?

3. List the merits and limitations of the North West Corner rule. i

P . jcal initial
4. Vogel’s Approximation Method results in the most economical int ;
feasible solution. How? '

imal
. e . i optim™ ||
5. How will you identify if a transportation problem has an aiternate P | 9

enhItiAr A s



nal

8. While dealing with North West Co v
" cell nonext column? rRer rule, when does one move 12 fhe next

G h. coctlic e Y 1 .
¥ What s the cocllicient of A, of constrints in y (ransportation problem?

T What kind of solution would v
_ N You get when net change sof CUD;
cells is Aoinegative? s dnge i value of all unoccupied

¢1.What 13 an 1aitial basje feasible solution?
12, When does degeneracy oceur in anm X n transportation problem?
Long-Answer Questicns

I. What do you understang by transportation model?
2. Define feasible solution, basic solution, no i
e f , non-degenerat i
solution in a Transportation problem. senere CVSOIUUOD, pimal
3. Explain the following briefly with examples:
(9 North West Corner Rule

(&) Least Cost Method ; A

(iii) Vogel’s Approximation Method .
4. 'E.xplai.n degeneracy in a transportation problem. Describe a method to resolve
it. . -

. ) ! ‘
3. What do you mean by an uabalanced transportation problem? Explain the - |

process of converting an unbalanced transportation problem info a balanced . .
one. .

6. Give the mathematical formulation of a transportation problem,

7. Write an algorithm to solve a transportation problem.

8. Obtain the initial solution for the following transportation problem using
(7) North West Comer Rule (i7) Least Cost Method (iij) VAM

Destination .
[ A | B Cc Supply
= L 1 ._[ -~ -2 I = 7 g R
g/ 2 ,I 3 3 . ; ;;
S 3 5 ‘
° [L 4 | 1 6 2 14
| Demand | 7 | 9 18 | 34

[Aps, .
(i) X,=5,X,=2,X,=6,X,=3,X, =4,X, = 14 and the transportation cost ¥. 102,

=7, X,= 7 and transportation cost ¥, 83,

(II) X“‘ 2, /Yuﬁ 3; Xz;'g Bn A’,za 7'A,4l
(i) X,=5,X,=8,X,=17,X,=2,X,=2,X,=10 and transportation cost ¥, 80.]
1] ’

Solve the following transportation problem where the cell entries denote the

unit transportation costs.

e | .

Transportation Pr,

Destination
e A W—CT D iSupplyi
I 4 5141260 20 |
. t — )
Origin /] 8 /3517 | 30 § NOTES
R 51914 | 6 J 50 |
Demand |10 [40 20 [30 | 106 . |
[Ans, X,= lO.Xu- lO,Xn=30,Xn=10,XD= 10, X,,=30. The optimum ransportation
cost is 2. 420.]
20 10. Solve the following transportation problem.
Destination
1|2 [ 3 Capacity |
1 2/2[3[ 10 ]|
" Source| .2 4112 15
3 11311 40
Demand | 20 |15 | 30
BE [Ansx,=10,x,= 15, X, =20, X,,= 15, X,,= 5. The transportation cost is 7. 100.]
/& 11. Find the minimum transportation cost.
: . Warehouse
D, | D, b) D, S“PP[)"
F|[19[30[s0]10] 7 |
Factory|  F, 70130 [40[60] 5 |
' F, 4| 8[70 (30| 18
Demand | 5 | 8 | 7 |14 ’
[Ans. X, =5, X, =2,X,=2, X, =7, X, = 6,.X,= 12
A and the minimum transportation cost = ¥, 743.)
i r12 Solve the following transportation problem using Vogel’s Approximation
% Method., o .. - . o o N
Warehouse
A| B |C|D|E|F | Available
1 912191619110 5
2 (3 (7[7)s5]|5 6
Factory 3 6(s[ojuj3n| 2
4 6 (8 |11]2]2/10 9
Requirement | 4 | 4 | 6 |2 |42
(Ans. X, =35, X, =4, X,=2, X, =1, X, =¢ A= LX =3, X,=2,X,=4
' and the min. wansportation cost is ¥, 112,]
. Self-Instructional
Matgrial ’
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13. Solve the following transportation problem. : ;

- . 'Pv !
Destination N ‘.’Ir

- K
A|B|C|D]Supply 5o

1 1| 2(3[a] 6 iy

. Sowrce| 2 413[21o0 8 &

3 |olz|z2[1| 10 {ig

Demand |4 |6 |86 e

T

[Ans.X|=6,X—2,X 6X——4X eX—-6"
The min. tmnsporlauon cost is ? 28)

. 14, Solve the following tmnsponanon problem.

=
Y
BN

e

Destination 2
A| B | C | DJSupply e
1 12078 50 L

- Source| 2 .|21]16 20|12 40
3 81289 70
Demand |30 | 25| 35| 40

MODULE IV

[Ans. X, =35,X=1'S,X-10 X‘ =30, X,;=30, X,,= 25, X, = 15 ;| 5+7

min. transportauon cost=? 1 160] f(,

15. Solve the follawmg transportation problem to maximize the profit. : £ '?
.‘\’l-"
Destination . \ s

A[B[C D] Supply| . i
1 40 [25[22(33[ 100 | -
Source 2 44 |135(30|30| 30 - < el

3 38 (382830 70
Demand-| 40 | 20 | 60 | 30

[Ans. X, =20, X,,= 30, X,,= 50, X, = 20, X, = 10, X,= 20, X,,=
: and the opumum proﬁt is . 5 13
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UNIT 4 ASSIGNMENT PROBLEM

Structure

4.0 Introdyction
4.1 Unit Objectives
¥ 4.2 Basics of Assignment Problem
p 1 4.2.1 Mathematical Formulation of the Assignment Problem
4.3 Applications and Solutions by Hungarian Method
4 ‘4,3.1 Hungarian Method Procedure
re 4.3.2 Maximization in Assignment Problem
) 4.4 Job Sequence Problem
4.4.1 Unbalanced Assignment Problem

4.5 Variations of the Assignment Problem
4.6 Summary -
... 4.7 Key Terms :

-5’? 4.8 Answers to ‘Check Your Progress’
: 4.9 Questions and Exercises
4.10 Further Reading

v

" 4.0 INTRODUCTION

" “This unit will cover the basic concepts of an assignment problem, which can be
: ‘ presented in the form of 7 X n cost matrix of real numbers. For solving an assignment
l;;".' problem, the Hungarian method is used. You will also learn about maximization in
A¢ ' assignment problems. '
- “;;l. . . . i N . -
o You will also learn about the job sequence problem. To solve a job sequence
‘= “problem, the assignment problem has to be balanced. An assignment problem is
v :‘5 balanced if the cost matrix is a square matrix, otherwise it is termed as unbalanced.
3 w To make an unbalanced assignment problem balanced, dummy rows or dummy
;% columns are added with all entries as zeroes.

; :'-T.;'.'&i.l UNIT OBJECILIVES
B

'f’-,_ After going through this unit, you will be able to:

¢ Define assignment problem

* Solve an assignment problem using the Hungarian method
* Understand how to maximize an assignment problem

: 5",; * Solve a job sequence problem

’ 51;'1:\‘ )

iy

5{@ 4.2 BASICS OF ASSIGNMENT PROBLEM

ey |

' ' The assignment problem is one of the fundamental combinatorial optimization problems.
", Whelps to find a maximum weight identical in nature in a weighted bipartite graph. The
“‘assignment problem is also termed as a special case of ransportation problem.

14
.

N
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Suppose there are # jobs to be performed and # persons arc available for doing

o

: ,-‘_il : Step 1: Prepare a cost matrix. If the cost matrix is not a square matrix then agq

: “a dummy row (column) with zero cost element.
A Step 2: Subtract the minirnum element in each row from all the elemen;s of the

Step 3: Further modify the resulting matrix by subtracting the minimum elemen,

%' of each column from all the elements of the respective columns. Thus, obtain the

Assignment Problem
- these jobs. Assume that each peison can do each job at a time, though with varying
y degrees of efficiency. Let C, be the cost if the ith person i3 assigned to the jth job. The e ive rows
NOT ES solution to the problem is to find an assignment (which job should be assigned to [ respec ’ ‘
: Wwhich person on one-one basis) so that the total cost of performing all jobs is minimum. '

Problems of this kind are known as assignment problems.

n:’al numbers as given in the following table:

. Jobs
1 2 3. j. n.
. , G G G G C.n"
21Cy Cp Gy Gy G,
3(Cy Gy Gy G G,

Persons
i|C, G, Cyse-e’ C”... C,

nlCi Cy Cy Gy C.|

4.2.1 Mathematical Formu]ation of the Assignment Problem

: Mathemau'_cal}y, the assignment problem can be stated as follows:

Minimize Z= 33 C,x, i=12,..,n

taljal

. Jj=L2,...n
Subject to the restrictions:
1if the ith person is assigned jth job

0if not

Xy =

n
LTy = 1 {otre job is Couz Uy i dili gt

~

and ny =1 (only one person should be assigned the jth job) -
I=]-

Where x, denotes that the jth job is to be assigned to the ith person.

The assignment problem can be stated in the form of # X 7 cost matrix [C',I'] of “far

iy © :
> modified matrix. .
A £ Step 4: Then, draw mix'n'mum numb.er' of horizontal and .vertical lines to cover
: %{ all zeroes in the resulting matrix. Let the minimum number of lines be N. Now, there
“F% are two possible cases.
_. Case (i) N = n, where n is the order of matrix, then an optimal assignment

Case (ii) If N < n, then proceed to step 4.
Step 5: Determine the smallest uncovered element in the matrix (element not
covered by N lines). Subtract this minimum element from all uncovered elements and

second modified matrix is obtained.

Step 6: Repeat Steps (3) and (4) until we get the Case (i) of Step 4.

; g" Step 7: (To make zero assignment) Examine the rows successively until a row
; ,‘ .with exactly single zero is found. Circle (O) this zero to make the assignment. Then
! "‘v*'/,:mark across (%) over all zeroes if lying in the column of the circled zero showing that

Case (i) If no unmarked zero is left, then the process ends.

. H;Pi:c)::;s;‘;x;;:b; sost:e ma;::(:::;lzz z;ro u: &;]ch row ana eacn colunn ot
' ma Jnes S assignm NEIE fo these '

&, Vill give the optimal assignment. y PSS crelcdiceroes

‘2 Example 4.1: Using the following cost matri i

5 Exs rix and dete ] i j
assignment, and (i) The cost of assignments. rine. (1) Optimal job

4.3 APPLICATIONS AND SOLUTIONS BY
HUNGARIAN METHOD

4.3.1 Hungérian Method Procedure

The solution of an assignment problem can be arrived at by using the Hungarian

method. The steps involved inthis method are as follows:

Self-Instructional
120 Material

J .‘ Jobs
1 2 3 4 5
4/10 3 3 2 g
B9 7 8 2 =
Mechanics ¢| 7 5 6 2 4
D3 5 8 2 4
E[9 10 9 6 10

Step 8: Repeat thelstep 6 successivelyuntil one of the following situation arises:.

Self-h
Adaier



'OTES

onaf

| zeroes (horizontal and vertical).
|

|
|

I
|
|
f

|
!
|
{
,’
|
/
!
|
|
|
[

TTemtve DLIvLLWE Smallest element in each row and subtract this smallest element
from all the other elements in its row,

12 3 4 5
A8 1 1 ¢ 6 -
8|7 56 ¢ s
Cls 3 4 0 2
Dl 3 6 9 2
£(3 4 3 0 4

Subirer e mntdmun clement from euch column and subtract this element
ton. all the elements in its column, With this we get the first modified matrix,

' 23 4 5

Nwvwwme

0 4
0 3
0 0
00
0 2

oA W

7 Q
6 4
4 2
0 2
E|2 3

In this modified matrix, we draw the minimum number of lines to cover all

123 45

A
B
c
D

LI SR NN

s
3
5
E 2
Number of lines drawn to cover all zeroes is N =4,

The order of matrix is n = 5.
"Hence, ¥ < n; less than order ot matrix, =~~~ = © -

Now, we get the second modified matrix by subtracting the smallest uncovered -

element from the remaining uncovered elements and adding it to the clement at the :

point of intersection of lines.

1 2 3 4 5
A[9
B|6
C|4
D|@®-H—
E|2

Number of lines drawn to cover all zeroesis N = §

R e v

, The order of matrix is n = §
(4 . . . - -
p Hence, N = n, i.e,; order of matrix. Now, we determine the optimum assignment.

" Assignment :

u 123 4.5
A[9 @K 2 6
3 Bl6 2 3 @3
Cla B 1 A

DIOH 3 A X
& El2 1 QK 2

? The first row contains more than one zero. So, proceed to the second row. It
/" hag exactly one zero. The corresponding cell is (B, 4). Circle this zero thus, making
'_an assignment. Mark (x) for all other zeroes in its column to show that they cannot be
i used for making other assignments. Now, row 5 has

a single zero in the cell

_ ééf(E, 3). Make an assignment in this cell ard cross the 2nd zero in the 3rd column.

‘Now, row 1 has a single zero in the column 2, i.c., in the cell (4, 2).

‘ This leads to a single zero in the column 1 of the cell (D, 1). Make an assignment in

5. this céll and cross the other zeroes in the 4th row. Finally, we have a single zero left in
the 3rd row.making an assignment in the cell (C, 5). Thus, we have the following

' = assignment.
3&: Table: Optimal Assignment and Optimum Cost bf Assignment
o Job Mechanic Cost
= 1 D -3
. })" 2 A 3
P, 3 E -9
Lg C -
g~ 4 B 2
g 5 e 4.
<4 Rs 21 ‘

Koot ‘f’rd?’:ﬁ}*}ufv_‘ﬁ"
R =7

> e o
i

2 -Assign the jobs for different machines so as to minimize the total cost.

2 [ Machines

. [Jobs [a B c D E

Ris | 1 13 R 16 18 19

£ 2 9 15 24 9 12

a3 12 9 4 4 4

2! 4 6 12 10 8 13

g% [ s 15 17 18 12 20
A \."\‘::’.v — . .

.-;: -

e e

‘
7

ki
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Solution: We form the first modified matrix by subtracting the minimum element
from all the elements in the respective rows and same with respective columns.

of matnx whichisp=35.

of intersection of lines.

Assignment

All the five jobs have been assigned to 5 different machlnes.

WV W N -

A BCDE
1fs 0 8 10 11
20 6 15 0 3
38 5 0 0 0
4o 6 4 2 7
535 6 0 8

A B CDE

115
2|0
318
410
5(3

A

[V - NV - S~

8

—
w

A & O

10

o N O O

11

00 NN O W

The number of lmes drawn to cover zeroes is N =4, which is less than the order.

We find the second modxﬁed matrix by subtracting the smallest uncovered,
element from all the uncovered elements and add to the element which is at the poml

E

l.

N

Gt 0O

P

W w»no >
nwoowoo@W

AW N -
—
e -@F v o

©
3

W

f

The number of lines drawn to cover all zeroes is N =5=pn=35, whichi |s thc% 4
order of matrix. Hence, we can form an assignment.

W N

>}

U-hM@oom

10

X
3
2
)

Since each column has the minimum element 0. We have the first modified *
matrix. Now we draw the minimum number of lines to cover all zeroes.

Here, the optimal assignment is as follows:

Job Machine
1 B
2 E
3 C
4 A
5 D

Minimum (Total cost) = 8+12+4+6+12 = Rs 42,
Example 4.3: Four different jobs can be done on four different machines and down
; time ccsts are prohibitively high for change overs. The following matrix gives the
cost in 1 rupees of producmg job i on machine j:

Machine
Jobs M, L M. 2 M. 5] M 4
A 5 7 11 6
Jy ’ 8 5 9 6
Jy 4 7 10 7
J4 10 4 8 3

How should the jobs be assigned to the various machines so that the total cost
is minimized? -

+Since the third column has no zero ele
element 4 from all the elements.

.5-.}-.5

Ji

K S S

S N &S5

M, M, M, M,
02 6 1°
30 4 1
03 6 3
71 5 o

LA A3 TS
02 2-1
30 0 1
03 2 3
71 1 0 |
M, M, M, M,

2 02
—o—o—

3 2 3
F——t+—0 |

Solution: First we form a modified matrix by subtracting the least element in the
respecnve row and respective column.

ment, we subtract the smallest




T The number of | TS Lover all zeroes, [ 1
¢ number of lines drawny to cowv : ; o
order of matrix is y = 4. over all zeroes js v = 3, which is less than the a Alternate Solution 7 M, M, M, M,
. — » @8 8 @
POTES e 0\\2:3:5&‘:‘;(?::. l!'xl: u:cuond wodified matriy, by subtracting the smallest B L5 @ &8 2 . -
W X @l the uncovered eleme . )
is at e point of intersection of lines. e elements and adding to the element which : ALl8 1 @ 2
l MM M, M, 7 Ji8 &8 8@
Ao 1 A .
; % 2 - o Ml M s My,
| g2 1 3 [ Minimum (Total cost) 5+5+10+3 = Rs 23.
' I_ —o—0—¢ ] *3 Example 4.4: Solve the following assignment problem in order to minimize the total
! - rcost. The followig cost matrix given below gives the assignment cost when different
| a=3a=g < operators are assigned to various machines.
' l M, M, M, M, i g{%‘* Operators
: /[ 6——p—p {4 o o mwvy
f J,| 5—6——s v A[30 25 33 35 36]
,f ' | 8 B|23 29 38 23 2
f 4 ——p—s g
’ , 4 Machines c[30 27 22 22 2
! S &0 . Df25 31 29 27 32
t 2
;’ N'=4=n=4=Order of matix. : \ ST .30 4 2
f M M, M, M, 1Solution: We form the first modified matrix by subtracting the least element from all
f} J, E® &8 @ 1= the elements in the respective rows and then in the respective columns
{ 4s ©® 85 2 . I u ar w v
L®1 8 2 AlS 0 8 10 11
Bl0 6 15 0 3
/L8 B O 8 ’ Ci|8 50 0 »
Hence, we can make an assignment. " Di0 6 4 2 7 I
Since no rows and iio coiluiius Have singié Zero, we have different assignment . fw. = " " "E[3 s 60 8]
(Multiple solution). o Since each column has the minimum element 0, the first modified matrix is
Optimal Assignment .' obtained. We draw the minimum number of lines to cover all zeroes.
[ Jobs | Machines | § ‘f: I mumwyr
J, M, '-; g A 11]
4 M & 5
/ M, 3 c
Z M, AL P
: u‘?. s K | SJ
Minimum (Total cost) ah
6+5+4+8 =T 23. L i The number of lines drawn to cover all zeroes is N'= 4 < The order of matrix
] /il = 4. Hence, we form the second modified matrix by subtracting the smallest
;H;ucllanal . :’;\‘ } . . .
a h\‘q |
) i L[\j‘f\.j R,

As
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uncovered.element from the remaining uncovered elements and add to the elemen
which is at the point of intersection of lines.

I ur vy

{\r
12
3

MO wa
oo D

N=35, i.e, the number of lines drawn to cover all zeroes = The order of matrix.

Hence, we can make the assignment.
Here N= 5= n=15 = Order of matrix.

vl , Jobs
o 4 B C D E
g E 1[62 78 50 101 82
; 2|71 84 61 73 59

Mechanics 1197 64 111 71 81

4|48 64 87 77 80

) will result in a maximum profit. Which job should be declined ?

e all the elements 0.

Find using the assignment method the assignment of mechanics to the job th

Solution: The given profit matrix is not a square matrix as the number of jobs is not
. équal to tbe number of mechanics. Hence, we introduce a dummy mechanic 5 with

Jobs
A B C D E
1/62 78 50 101 82
2/71 8 61 73 59
Mechanics 3|87 92 111 71 81
4/48 64 87 77 80

sto 0 0 o o

Now, we convert this profit matrix into loss matrix by subtracting all the elements

|

Scyiln.ﬂmcllqnal
128  Material

1 mmwv
A[5 @ 5 10 8]
B[R 6 12 B @
cli1 8@ 3 &
D® 6 1 2 4
E[3 5 3 @ 5]
The optimum assignment is, '
‘ Operators Machines
I D
o A
m C
v E
v | s

The opnmum cost is gnven by,
25+25+22+24+26 Rs 122.

4.3.2 Maximization in Assngnment Problem

In this, the objective is to maximize the profit. To solve this, we first convert the gnvcn
profit matrix into the loss matrix by subtracting all the elements from the highest '
element of the given profit matrix. For this converted loss matrix we apply the steps
in Hungarian method to get the optimum assignment.
Example 4.5: The owner of a small machine shop has four mechanics available to 7}
assign jobs for the day. Five jobs are offered with expected profit for each mechanic  fig>

on each job which are as follows:

. from the highest element 111.

Loss Matrix
4 B C p g
1/49 33 61 10 29
2(40 27 50 33 5o
3124 19 0 40 3p
4{53 47 24 34 3
S[111 111 111 1] mj

l

We sublract the smallest element from a)) the elements in th
€ respective row.

4 B C p g
1139 23 51 o o
2113 0 23 11 25
3124 19 0 40 30
439 23 0 10 7
50 0 0 0 o

Since each column has minimum elo

' ment as zero, we draw Min;
_of lines to cover all zeroes. Nmum number

leic

sl
M




Ctiony|

{I0Ie, Ba

“

Lons 12 remaining uncovered element and

: ntersection of lines.
1
|
|
!
|
i
|

Here, N=5=p=35§ = Order of matrix.
We make the assignment.

The optimum assignment is,

4 8 C p 5§ ' ’(.!
1139 -§- 99 e
2113 U VIPTE | i
32 ) 0 W ¥
U B9 0 4 I ¢
SLo— —O——0- P:'
WO of Line Jruwen o cover al) ZCroes is ¥ = 4 < Order of matrix. z'g :
Sreanbe secand modifed muuix {

x by sublracting the snullest uncovered element

add to the element which is at the point of

4 8B CD E
139 3f S8 0 19] it
2| 6 23 4 18 4
3| +74p—6—33—23 :
4/ 322863+

sL-e —0—- | ‘

A B CD E
(39 30 58 @ 19]
6 @ 23 4 18
J1.® 3]
32223 B 3°Q
@ 7 7 B H]

1
2
23
4
5

Mechanics

a S
mNoOw §_

5
2
3
l

4

job is declined.

Since the 5th mechanic is a dummy, job A is assigned to the Sth mechanic, this

The maximum profit is given by 84 + 111 + 101 + 80 = Rs 376.

' sales.

Example 4.6: A marketing manager has 5 salesmen and there are S sales districts.
Considering the capabilities of the salesmen and the nature of 12 districts, the estimates

nade by the marketing manager for the sales per month (in 1000 rupees) for each
salesmen in each district would be ag follows.

A B ¢c p k&
132 38 40 28 49
2140 24 28 21 36
3141 27 33 30 37
4(22 38 4] 36 36
5029 33 40 35 39

4

Find the assignment of salesmen to the districts that will result in the maximum

the elements in the respective rows and colums, to get the first modified matrix.
Loss Matrix

4 B C D E
19 3 1 13 1]
2|1 717 13 20 5
30 14 8 11 4
4119 3 0 5 5
12 8 1 6 2 |

4 B C D E
18 2 0 12 0]

v = 2010 16 12 19 4] - -

310 14 8 11 4
4119 3 0 5 5
S 7 0 s ]

4 B C D E
1[8 0 0 7 o
210 14 12 14 4
3[0 12 8 6 4
419 1 0 o s
S s o0 o 1
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We now draw minimum number of lines to cover all zeroes.
A B C D 'E

'
(% N N VS I S

N=4<n=5.

We subtract the smallest uncovered element from the remaining uncovered
elements and add to the elements at the point of intersection of lincs, to get the second

modified matrix.
A'B CD E

TTﬂ—+ﬁkﬁ'
0131214 3

) 11 8 6 3
—o—6—06—4 i
51L—4—9—9,—e; :

H LN -

Again N=4<n=5. Repat the above stcp
A B C D E

1[ 1p——t+—8—9 ]
2l 010 9 11
_ 30 p 8 5.3 ¢
- A A
' 5_14—4—9—9—$_J

N=15=n=15 = Order of matrix. Hence, we make the assignment.

Assignment
AB CD E
> 1f2@ 1 8 A]
20@ 10 9 11 H
3l R 8 5 3 @
412 8 @ B 4
5014 4 B @ ¥ |

w——

i B TGRSR R e

L

Since no row or column has single zero, we get a multiple solution.
() The optimum assignment is:

15B,25A4,3—2E4->C5->5D.

With maximum profit (38 + 40 + 37 + 41 +35) = Rs 191.

(i) The optimum assignment is:

TV

i
3

e
S

iy
;;f,g. 158,25 4,35E4—5D,5>C.
' ;;’f Maximum profit (38 + 40 + 37 + 36 + 40) = Rs 191.
-;"e""

4 4 JOB SEQUENCE PROBLEM

Y Job sequencing is baslcally the planning of the jobs in sequential manner and is an

r essential part of any rwork. Without proper planning and scheduling one can not achicve

: - the desired output and profit. For sequencing a job, generally the two techniques are
“used termed as Priority Rules and Johnson’s Rules. Priority rules give the guidelines
i

" for properly sequencing the job, where as Johnson’s rule is used to minimizc the
' completion time for a set of jobs to be done on two different machines. Using these

_; ‘rules one can assign jobs and maximize product and profit. .

-'f Basic Characteristics of Job Sequericing

1. Only one single job should be scheduled for a machine at a time.
2. Do not stop the process in between before completion.
3. New processing can be started after the completion of the previous processing.
4. Any job is scheduled for processing as pei' the order and due date requirements.
_5. If the jobs are transferred from one machine to another due to some reason,
then the time involved in transferring the jobs is considered negligible.

5. Pnonty Rules: These rules are used to get specific guidelines for job sequencing.
o The rules do not consider job setup cost and time while analysing processing times.
282 In it job processing time and due dates are given importance because the due dates

4 process-focusscd amenities, for example health clinics, print shops and manufacturing
.Industries. Hence, priority rules minimize the time for completing a job, sequences
thc jobs in the orgamzatlon, checks ifany job is late and maximizes resource utilization.

* First Come First Serve (FCFS): The job to be processed first is thé job that
turned up first in the organization.

* Earliest Due Date (EDD): The job to be processed first is the job that has
earliest due date.

* Shortest Processing Time (SPT): The job to be processed first and completed
is the job that is shortest in nature; in other words the job can be processed in
short time. :

¢ Longest Processing Time (LPT): The job to be processed first is the JOb that is
very important or of high priority though it can take longer processmg time.

: '\-: fixed tn give delivery in ime to the customers. The niles are very usafi] for .

— Al




—— i

e

o) » Critical Ratio (CR): The job to be processed first j i ¢
£ critical ratio, which is an index number calculated l;::: lt{;c: 00 ihe basis of " Using the Steps of Johnson's Rule, the job processing sequences are scheduled as Asslgnment
F due date divided by the remaining work time, S femaining until follows:" :
] e e )ae TS . s ‘i s i j i ing time is job A, in work .
Johnson’s Rule: This rule is applied to mumize the completion 1 Step 1: In the given table, the job with the shortest processing time i8]
TES e piction time for a set of . e i
,.bl e jobs that are 1o b» Prqocs_scd on two diflerent machines or at two consecutive work [ oiaton 2 (witha time of 2 hours), S aiihe sccond wiyk stau'on, scheduleA - NOTES
stations. The' main objectives of the rules are, ,; last. '
. T: ;;1:;2:1:: ‘L\b: rir:c;f;u;g time while Sequencing a set of jobs on two different ;j L I [ I I A ]
n v 100s. ot . . ; o
s e 'Bé  Step 2: Next shortest time is of job B (with a time of 3 hours). Because it is at the first
+ To minimize the complete idle time on the Pprocessing machines. ; work station, schedule it at first priority and eliminate it from the list.
» Tominimize the fow time of we job, i.c., from the start of the first job until the ~ Fit ]
f completion of the lust job, ’ : R % L8 7 ' , I A
,'! Necessary Conditions for Johnson’s Rules: The necessary conditions to efficiently - ';—;; Step 3: The next'shonest time is ij(?b C (with a time of 4 hours), but it is at the
| complete the processing of the jobs are as follows: {E ; second work station. Therefore, place it at last before A.
' Aii
f * Knowledge about job time for each job at the specific work station. g F [ B | RO | il c [ A ]
! ¢ Job time must not depend on sequencing of jobs. : ;: Step 4: There is a tie between job D (with a time of 8 hours at work station 2) and job
} e All the jobs to follow the predefined work sequence. M v E (with a time of 8 hours at work station 1) for the shortest remaining job. Because
| * Avoid job priority. ‘B job E is at the first work station, so place it first after job B. Then place job D in the
. . ) 4. last sequencing position. You will get the Jjob sequence schedule as follows: -
| Four Steps Johnson’s Rule: The following are the important four steps in Johnson’s ' ' .
| rule: » : } v LB T ¥ [ [ ¢ T a ]
Step 1: List all the jobs and the processing time of each machine to which these - 2" The final sequential times at both the work stations will be:
Jobs are scheduled, o :
‘ Step 2: Choose the job which has the shortest processing time. If the shortest - * i [W n ét t:,”; 7 f f l"; } g } A
tme has been scheduled on the first machine or work station then the job is selected - £ Wg:k St:t;z: 3 ((?;I:hg) — % s T ;
first for processing. In case the shortest time is scheduled on the second machine or : -
work station then the job is processed at the end. f \ 4.4.1 Unbalanced Assignment Problem
Step 3: After scheduling the job for processing go to Step 4. o 2 An assignment problem is said to be unbalanced if the cost matrix is not a square
Step 4: Repeat Step 2 again to schedule the processing of remaining. JObSaﬂ(j 3 B matrix, i.e., the number of rows and the number. of columns are not equal To.make it -
Liil tae sequence coinmns wwards the centré gil aii the jobs are scheduled: Ui balanced, we add a dummy row or a dummy column with all the entries as zeroes.
The following example will help you to understand how the scquences are g . Example 4.7: There are four Jobs to be assigned to the machines. Only one job could
scheduled. Tf:‘ ' be assigned to one machine. The amount of time in hours required for the jobs in a
For example, there are five jobs to be done at a factory and dc;ilﬁh jobhmust b: { f‘ machine is given in the following matrix, -
' p : i il machine an w- :
processed through two work stations at two different mac:hmesi,cc o .:;s Y : T
lathe machine. Using Johnson's rule we can schedule the sequen Jobs. ; H Jobs y 3 s 5 5
o . iob is given in the following table: | P ] 4 3 6 2 7
The t b for processing each job is given in : o 2
ime (in bours) for p . 2 10 12 11 14 16
Work Station 1 ! Work Station 2 ’ 3 3 2 . s
L Jobs (Drifl) (L"z’"’) 4 8 7 6 9 6
- EE ISR S ¢} ; . i .
3 { 3 6 Find an optimum assignment of jobs to the machines to minimize the total
[~ C | 9 : ‘B - Processing time and also find for which machine no Job is assigned. What is the total
1z fE: Processing time to complete all the Jjobs? :
r D - r 14 | apRe plolo
E , lﬁ \ I\ . Self-Instrucnanal
. Of 4 Ma{rrial
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Solution: Since the cost mattix is not a square matrix, the problem is unbalanced. We
add a dummy job § with corresponding entrics zeroes.

Modified Marrix

A B CDE
1f4 3 6 2 7
2{10 12 11 14 16
3la 3 2 1 5
48 7 6 9 6
50 0 0 0 O

We subtract the smallest clement from all the elements in the respective row.

A B C D E
12 1 4 0
2|0
33
4|2 .
5[0

o Py W

1
1
0

o - NN
w o s

o

00

Since each column has minimum element as zero, we draw minimum number

of lines to cover all zeroes.

A B C D E
113 1 4 Q5]
23»21 6
34 21 Q 4
4|—1—o—3—0
5| 0—0—0—6—0

[l

)

5% one and only one machine. The following is the cost of each job on each machine.
4-*“Determine the job assignments which will minimize the total cost.

The number of lines 1o caver all zeroes is N =4 < The order of matrix. We- Shagn

form the second modified matrix by subtracting the smallest uncovered element from
the remaining uncovered clements and add to the element at the point of intersection

of lines.

A B CD E
[2—6—3—6—+
“——0—4—5

1 1 H
4 LS v v 7

WL A W N -

—+—6—0—1+—=0-|

Here, the number of lines drawn to cover all zeroes is N= § = n = 5 = Order of

matrix. Therefore, we can make the assignment,

{ to cover all zeroes.

A B CD E
2@ 3 8 4]
200 1 # 4 5
3l3 1 B @ 3
43 1 @ 4 #
sL1 2 ”R 1 ©@J
Jobs Machines
1 B
2 A
3 D
4 C

For machine E no job is assigned.
Optimum (minimum) cost= 4+ 11 +1+6=22.
“‘Example 4.8: A company has 4 machines to do 3 jobs. Each job can be assigned to

Jobs

Subtract the minimum element in each row from all the elements in its row.

Since each column has minimum element we draw minimum number of lines

Machines
w X Y Z
Af18 24 28 32
B8 13 17 18
C|10 15 19 22

w x'r z
ATi8 24 28 527
B8 13 17 18
Ci10 15 19 22
Do 0 0 ©0

w X Y Z
A0 6 10 14
B{O 5 9 10
cjfo s 9 12
D00 0 0

Sl
Mat®
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alance i
Bamen? Loy
Bbe balancedy
V3 the

SBee of o
M3l oplirrg)
lion

blisheq?

45 You conyen
MEXIN izati
BTne |

lﬁn e a
0iZarjoy, one?
¥ill you solye
wﬂkm

@ if profy jg

-

Wex oy oz
A0 6 10 14
B9 5.9 10
Clo s 9 n
O —0—0

©The aambder of lines drawn w0 cov
wialtia We foran a second modified matrix.

f WX v oz
f 4 5 9
| C 4 7
! D

HCTC,N=3<'}=4_

Again, we subtract the smallest uncovered element from all the un
¢lements and add to the element ut the point of intersection.

WX v z
} A 5
, B 1
f c 3
D
Here, N =4 = n =4 = Order of matrix. Hence, Qc make an assignment.
Assignment »
WX Y Z WX Yy Z
A[@l 1 s |da—w  A[@ 1 1 5"’A—>W
Bl @ E 1 |[Dz BRE @ 1 |Dsz

or
ClE B @ 3 |B—x CIR@® 8 3|3—y

D9 4 B ©OQ|c— vy D9 4 B @O|c—x
Since D is a dummy job, machine Z has assigned no job,

Therefore, optimum cost = 18 + 13 + 19 = Rs 50

;‘ Example 4.9: There are four jobs to be assign
" be assigned to one machine. The amount of t

‘1 machine are given in the following matrix.

Machines

B e

er all zeroes is ¥ = 2 « The order of

coveregi

w %

oS 9w

NUONk
©Owosol

= o w b

Unbalanced Assignment Problem

'Flm:, uClinyf
feriy)

add a dummy row or dumnmy column with all the entrics as zero.

4.5 VARIATIONS OF THE ASSIGNMENT PROBLEM R XN

Any assignment problem is said to be unbalanced if the cost matrix is not a squars b
malrix, i.e., the number of rows and columns are nol equal. To make it balanced, we

Find a.n optimum assignment of jobs to the mac
sing time and also find out for which mac
: "i;otal processing time to complete all the jobs?

: "Solutvion: Since the cost matrix is not a Square matrix, the problem is unbalanced. We

ponding entries zero.

e clements in the respective rows.

E
5
6
4
0

of

um c¢lement as zero,

ed to five machines. Only one job can
ime in hours required for the jobs per

hines to minimize the tota)
hincnojobisassigned.Wlntistbc

we draw minimum number of -

SelfInstructional



W XY Z
Assignment Problem ABCDE A{0 6 10 14
1|2 B0 5 9 10
- 2] 0 - clio s 9 12
. 3]3 ' ploo o o
NOTES 43 .. ) 2 % .
o st Since each column has a minimum element 0, we 'draw minimum number of lines to
) . «pile cover all zeros.
Here the number of lines drawn fo cover all zeros = 5 = Order of matrix. Therefore,  fitf’; - wE Y Z
. . 18
we can make the assignment as follows: ; y % 10 14
A B C D E B 5 9 10
1{2 0 3 0 4 £y c 5 9 12
2101 045 2k D
|41 003 > .. The humbcr of lines drawn to cover all zeros =2 < Less than the order of matrix,
: i :) g : g JJ&.  hence we form a second modified matrix.
1 ;
WXy
Optimum Assignment y X p 92
1 B 3 % .
B 4
2 A 10 5 |
3 D 1 ¢ st f
4 c 6 D

For machine £, no job is assigned. o . : : "Here, N=3<n=4=TLess than the order of matrix.

Optimum (minimum) cost= 3 + 10 + 1 + 6 = %20. ) 251 Again we subtract the smallest uncovered element from all the uncovered elements
. : . . L ‘Bl and add to the element at the point of intersection

Example 4.10: A company has 4 machines to do 3 jobs. Each job can be assigned to R . .

o

only one machine. The cost of each job on each machine is given below. Determiné;" 1A% WXVYZ
the job assignments that will minimize the total cost. ; A9 1 1 s
' Machines st
W X Y z b : : :

D q

A[18 24 28 32
Jobs B] 8 13 17 18

} - = B T _,n.—.:t. -.lbv 1% _.1-9 ‘:22']-‘ oL e . . \« ;;- . '--

.Here, N<4=n=4= order of matrix. Hence, we make an assignment.

Soint ) ™ : A'ssi'gl'\m.éntm' h
olution: Smcethccostmamx}snolasqparemamx,weaddadummyrowD“(n!} WXy z W X Y Z
all the elements 0. ] ¥ .
40 1 1 5 A-W AKX V1 5|A-Ww
WX v z BIX o0 X 1| Box BIX X X 18>y
A[18 24 28 32 CIX X 0 3| coy or CIlX X X 3|{cox
Bl 8 13 17 18 Dl9 4 X 0] Doz Dly 4 X X]D>z
cl10 15 19 22

Since D is a dummy job, machine Z is assigned no job.

Do 0 0 o ,
Therefore, optimum cost= 18 + 13 + 19 = Rs 50.

Subtract the minimum element in each row from all the elements in jts row. Maximization in Assi gnment Probl
n rodlem

In this, the objective is to maximize the profit. To solve this, we first convert the given
Profit matrix into the loss matrix by subtracting all the elements from the highest

“Self-Instructtonal
140  Moterial
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. _ (TR Y SPPy wie sieps in nungarian method 1
get the oplimuin assignment. ¢ °
Example 4.11: The owner of a small machine ) as fi
assign jobs for the day. Five jobs are offered with o

on cach jobs, which are as follows:

Jobds

408 ¢
1{62 78 50

D ¢

I 32
8 61 73 59
92 111 71 g
64 87 77 %0

Meckanics 2
3] 87
1148

Ly using the assignment iethed, find the assignment of mechanics to the job
that will result in maximum profit, Which Job should be declined ? .
‘Solution: The given profit matrix is not a Square matrix as the number of jobs is not
-equal to the number of mechanics. Hence, we introduce a dummy mechanic 5 with
all the elements 0.
Jobs

4 B C D E
1/62 78 50 111 82

2(71 8 61 73 59
3(87 92 111 71 81
4148 64 87 77 %0
50 0 0 0 o

Mechanies

Now we convert this profit matrix into loss matrix by subtracting all the elements

from the highest element 111,
’ Loss Matrix

A B C D E
149 33 61 "0 29‘,
..2_[401 27 S0_ 38 52
324 19 0 40 30
4/63 47 24 34 31
S{I1iy 111 1y o111 o111

We subtract the smallest element from all the elements in the respective rows.

C D E
61 0 29

23 11 25
19 0 40 30
23 0 10 .7
0o 0 0 0 O

A B
i3

13 0

W A w N -
N
&~

Since each column has minimum element as zero, we draw minimum number

b j‘ of lines to cover all zeros.
N 1%

A'B C D E
1[49 361F29 -
2| B——23—H—35
3 539
2 . 4|39 23 o 7
. s

i ’.I' Here the number of lines drawn to cover all zeros = N = 4, which is less than

. ﬂg order of matrix.

We form the 2nd mbdiﬁed matrix by subtracting the smallest uncovered element

h :ﬁ'om the remaining uncovered elements and adding to the element that is at the point
“H "»?_f_)f intersection of lines.
i

A B CDE

1149 40 P
2(6+—6—33

3117 19 ¢ B
4|32 23 ¢

5| 60— —

Here, N=5=p = 5.= Order of matrix.
" We make the assignment.

% The optimum assignment is
Coee s oL Jabe

4 5

3 2

C » 3
1

4

AMrckzniy e

D
E

% Since the Sth mechanic is a dummy, job A is assigned to the Sth mechanic, this -

‘ :%:J'ob is declined, .
L The maximum profit is givenby, 84 + 111 + |11 + 80 = Rs 386.

)

‘rz;?'t'g‘alfxple 4.12: A marketing manager has 5 salesmen and there are 3 sales districts.
e Considering the capabilities of the salesmen and the nature of districts, the estimates
| ‘, Made by the marketing manager for

B Salesman in each district would be as

the sales per month

(in 1,000 rupees) for each -
follows. )
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“ We now’draw minimum fumber of lines o cover all zeros. ' -

2 38 40 28 40 _ .
0 24 8 2 36 . 12
27 3 30 ¥ <
22 38 41 36 36

29 33 40 35 39 i ?,

A B C D F T'

‘

DR A
-
—_—

Find the asskgnmcm of salesmen to \he districts that will result in the maximum :

sales. :‘
Solution: We are given the profit matrix. To maximize the profit, first we convertiit | ; 3
into a loss matrix, which can be minimized. To convert it into loss matrix, we subtract *} &
all the elements from the highest element 41. Subtract the smallest element from all

the elements in the mspechve rows and columns, to get the first modificd matrix.

LouMnrlx

4 B CDE

1o 3 1 13 1

21 17 13 20 5

30 14 8 11 4
41193 0 5 5

5112 8 6 2

A B C DE
1[8 2 0 12 0 )
20 16 12 19 4 i
3o 14 8 11 4
4/19 3 0 5 5
511 0 5 1

A B C DE
1[8 0 0 70
2 0 14 12 14 4
3 012 8 6 4
4119 1 0 0 5
511 5 0 0 1

A B CDE

1

2 14 ) 4
3 12 4
4 1 5
spm s |

N=4<p=5

We subtract the smallest uncovered element from the remaining uncovered
elemnents and add 1o the elements at the point of intersection of lines, to get the second - f -
modified matrix. i

D 13 12 4 3
) 11 8 6 3 "
$—6—9—0—4
+H—9—9——e

W a w N -

Again, N =
step.

4 <n =15, which is less than the order of matrix. Repeat the above

A B C D E
1

g
14

N=5=n=35,1ie, it is equal to the order of matrix. Hence, we make the
assignment. .

1
2
3
4
5

' Assignment

A B C D E
tfiz 0o 1 8 X]
2[o 10 9 1 X
3|1 8 5 3 0
4/12 X 0o X 4
_ 5014 4 X o X
Since no row or column has single zero, we get a multiple solution.

(/) The optimum assignment is:
158,254,395 E,45C,5-D.
With maximum profit (38 + 40 + 37 + 41 + 35) = Rs 191
(if) The optimum assignment is:
198,234,335 E4—>D 5—C. =
Maximum profit (38 + 40 + 37 + 36 + 40) = Rs 191

4.6 SUMMARY

e The assignment problem is one of the fundamental combinatorial optimization
problems. It helps to find a maximum weight identical in nature in a weighted

bipartite graph. The assignment problem is also termed as a special case of
transportation problem.

» The solution of an assignment problem can be arrived at by using the Hungarian
method.

« To Solve an assignment problem, prepare a cost matrix. If the cost matrix is
not a square matrix then add a dummy row (column) with zero cost element.

)
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/ an essential part of any worR, Without proper plamning and schcdulh:g one can

7 Taue date divided by the remaining work trme.

47 KEY TERMS

ST S summuum elemeny each row
respective rows.,

from all the clements of the

* Job Sequencing is basically the Planning of the jobs in Sequential manner ang js

not achieve the desired Output and profi;,

’ &' ¢ Cost matrix:

R ——

An assignment problem can be stated in form of » x n matrix
[C”] with i rows and j columns of real numbers, here, C’,I is the cost when ith

person is assigned jth job

e Unbalanced assignment; An assignment is unbalanced if the cost matrix js

not a square matrix

v For .\‘CUUL‘!)Cillg N I‘Ob 59‘“\.‘!’.1'“)’ the tw Ccehnigu i d P
1 s Q¢ ‘hmqu CS are used termed as Priorj
) , 1cd as Prior )4
Rules and JO]LﬂSOﬂ N Rulm. o

. 4.8

ANSWERS TO ‘CHECK YOUR PROGRESS’

¢ Piority rules g.ive e guidelines for Properly S¢quencing the Jjob, where ag
Juhnson's rulc‘ 1S used to minimize the comnpletion time for a set of Jjobs to be
done an two different machines,

* In First Come First Serve (F CFS), the job to be processed first is the job that
turned up first in the organization. _ :

* In Earliest Due Date (EDD), the job to be processed first is the job that has
earliest due date. :

* In Shortest Processing Time (SPT), the job to be processed first and completed
is the job that is shortest in nature; in other words the job can be processed in

short time.
* In Longest Processing Time (LPT), the Job to be processed first is the job that
Is very important or of high priority though it can take longer processing time.
* In Critical Ratio (CR), the Job to be processed first is analysed on the basis of

L.

2.

. The maximization assignment problem can

It is a problem of finding an assignmcnfof Jjobs among persons so that total
cost of performing all jobs is at minimum,.

An assignment problem can be stated in form of n x 1 matrix [C] with i rows.

and j columns of real numbers. Here; C, is the cost when ith person is assigned

Jth job. _
Hungarian method is used to solve assignment problem.
There are nine steps in the method of solution by Hungarian method.

Ifthe cost matrix of the assignment problem s nota Square matrix, thé problem
Is said to be unbalanced. To make jt balanced, extra row(s) or column(s) are

added with zero elements. )
If the final cost matrix contains more than a required number of zeroes at
independent positions, then it indicates the presence of an alternate optimal
solution, : .

be converted into minimization
assignment problem by subtracting all the elements in the given profit matrix
from the highest element in that matrix.

- The given profit matrix can be converted into a loss matrix or minimization

type by subtracting all the elements from the highest element of the given matrix.
For this minimization problem apply steps of the Hungarian method 10 get an

optimal assignment,

1
'

critical ratio, which is an index mimber calculated from time remaining until.

%1 S——

% 4.9 QUESTIONS AND EXERCISES

| . . . Sg
* Johnson’s rule is applied to minimize the completion time for a set ot: Jobs that ;
are to be processed on two different machines or at two consecutive work

- A e e

Stations. : o
* An assignment problem is said to be unbalanced if the cost matrix is not a

€qual. To make it balanced, we add a dummy row or a dummy column with all

the entries as zeroes.

BN

SRt
FN

ot ks

ok
el
W

* Assignment problem: A problem of ﬁnd.ing an assi‘gn'mcnt of jobs among
Persons so that total cost of performing all jobs is at minimum

TN

e
.
-

\
=

T ——- b
»v_\-g’"}{: IS
o

S,h'ort-Answ'er Questions
, L.

ber of columns are not s 2
Square matrix, i.e., the number of rows and the number o s ;

What is a cost matrix? .
How does a cost matrix help solve assignment problems?

Write the first three steps of the Hungarian Procedure for solving an assignment
problem,

- While solving a problem using the Hungarian method, at what stage are you

able to make an assignment? Explain in brief

- While solving a problem using the Hungarian method, what is the condition |

that indicates an unique optimal solution?

- What do you mean by maximization in an assignment problem?

Assignme,

NOTE

. Self-lastructiona)
Material

142



148

7. 1f 4 jobs ere to be assigned

problem?
$. State the mathematical form of an assignment problem.

Long-Answer Questions

1. Explain the assignment problem using 2 suitable example.

2. Explain the significance and applications of an assignment problem.
3. Explain the algorithm for solving an assignment problem.

4

:. How can you maximize an objective function in an assignment problem?

5. Write the steps for finding a solution using the Hungarian method.
6. Sotve the following assignment problems: '

et Srabless
NOTES |
- |
) i
|
'V
i
|
|
®
(iz)
i
i
:x -
Self-Instructional
Materiol

4 B CD
1f1 4 6 3
17! 7 10 9
m(l45117
wig 7 8 5

A

Tasks 11
1|2
n1|s
w3
vl

Jobs C| 13

@ Agb’CD

I[10 25 15 20

Jobsl]lstIS

|35 20 12 24

17 25 24 20
Men
B C D E
3 2 8 8
4 315
6 3 4 6
1 4 2 2
5 6 5 4

(Ans. (D[ > A, 1T — C, Il - B,IV—=D, Min cost = 321,
(nI—> A, II—>C, Il = B,1V—>D, Mm time = 55 hours)
iy A = iy B =2 17, C [, D= I E #1

7. There are five jobs to be assigned, one each to 5 machines. The associated cost
matrix is as follows. -

Machines

1 2 3 4
A1 17 8 16
Blo 7 12 6
16 15 12
24 17 28
10 12 11

5

20
15
16
26
15

D| 2]
E|14

How should the job be assigned to various machines?

[Ans. A — l,B—v4,C—+S,D—+3,E—»2. Min. cost = T60]

to § machines, how will you proceed to solve this

#
é‘ jobs (one machine to one job only). The profits are estimated as follows.
g i ' " Machines
-4 ‘A BCD
iy i3 6 2 6]
i 27 1 4 4
A , 3|3 85 8
;2 Jobs 4l 4 3 1
"?' 55 2 4 3
| A 6ls 7 6 4
4 ’ Solve the problemtomaximize the profit.
.w? 9.-Determine the optimum assignment schedule for the following assignment
/J3.  problem. The cost matrix is given below.
115 Machines
i . - 1 2 3 4 5 6
Jee A[11 17 8 16 20 15

Bt 7 122 6 15 13

Jobsc 13 16 15 12 16 8
Dl21 24 17 28 2 15
El14 10 12 11 15 6

If the job C cannot be assigned to machine 6, will the optirnurﬁ solution change?
[Aps. 4 —>3,B =4, Co1,D>6E—>2 Min. cost = 152]
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'UNIT 5 NETWORK ANALYSIS o

& Structure

’ NOTES
5.0 Introduction
& 5.1 Unit Objectives :
4 5.2 Introduction to Network Concept
N © 5.2.1 Development of Network Analysis - CPM and PERT
5.3 Network Analysis and Rules of Network Construction
5.3.1 Rules of Network Construction
5.3.2 Time Analysis
5.3.3 Network Diagram .
5.4 Critical Path Method (CPM)
5.4.1 Computations for Critical Path
5.4.2 Applications of CPM Analysis '
5.5 Programme Evaluation and Review Technique (PERT)
5.5.1 PERT Procedure ’ -
¢ 5.6 Comparison and Limitations of PERT and CPM
/5.7 Basic Concepts of Crashing :
5.8 Resource Leveling and Resource Smoothing
i 5.9 Summary -
. 5.10 Key Terms
£ " 5.11 Answers to ‘Check Your Progress’
. 5.12 Questions and Exercises
5. 5.13 Further Reading

K o

5.0 INTRODUCTION

T

,g;ln this unit, you will leam about the various aspects of network analysis such as
.- network scheduling, planning and control. Network scheduling is a technique used
b ;Lfl:for planning and scheduling large projects in the field of construction, maintenance,
- /f‘-fabxicaﬂon, etc. It is a tool for minimizing problems in the exccution and controlling
{7 critical factors ina project. Program Evaluation Review Technique (PERT) and Critical
% Path Method (CPM) are two planning and control techniques for keeping a project
A chedyle on track to complete: within the schadyled time. e
i You will learn the basic terms associated with network analysis technique. A
o jetwork is a graphic representation of logically and sequentially connected arrows.
¢ .;lnd‘ nodes, representing the activities and events, respectively of a project. An event

You will learn how to carry out the time analysis of a network model from its
‘f7¢stimated completion time, earliest start time, earliest finishing time, latest start time
M b and latest finishing time. You will learn how to analyse the critical path of a project to
= complete it within scheduled time.

!

5.1 UNIT OBJECTIVES

" Afler going through this unit, you will be able to:
* Know how to do network analysis for large projects
* Understand PERT and CPM for handling projects

Self-Instructional
Moterial 151
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F Significance of Network Analysis

1. Network analysis clearly shows the interdependences between jobs to be
performed in contest of a project and thus enables people to see not' only the
overall plan but the ways in which their own activities depend upon or influence
those of others.

enwork Aralysis « Construct a network of activities and events for analysis
« Understand the importance of CPM and PERT analysis . ~
. Explaix;-tbc PERT procedure
NOTES « Compare PERT and CPM o .
J m"“‘?‘nd ;1 t crashing is 2. By splitting up the project into smaller activities, it assist in the estimation of
"o o 1“r:: iy : ) OUTC thin their durations and thereby leading to more accurate target dates.
" Defmre i 8. i 3. It enables stricter controls to be applied since any deviation from schedule is
quickly noticed.

5.2 INTRODUCTION TO NETWORK CONCEPT

4. Ttallows the total requirements of men, materials, money, machinery and space
resources to be readily calculated and also indicates where the delaying of non-

s o7 critical jobs (i.e., jobs which do not immediately affect the duration of the project)

Network analysis is a method of planning and controlling projects by recording their ‘a “* . may be used for optimal utilisation of resources.

interdependence in a diagrammatic form that enables each fundamental problem I

involved to be tackled separately. The main objectives of network analysis are:

Meaning and Objectives of Network Analysis

5. Its identification of the critical path has two advantages: (i) If the completion
date has to be advanced, attention can be concentrated on spe;ding up the

1. To foster increased orderliness and cohsistcnéy in the planning and evaluating relatively few ‘critical’ jobs, (i) Money is not wasted on speeding up “non

of all areas in the project ’ ) i critical’ jobs.
2. To provide an automatic mechanism for the identification of potential trouble ‘ 6. It allows modifications of policy to be built easily and their impact can also be
spots in all areas which arise as a result of a failure in one. assessed quickly.

"W

. To structure a method to give operational flexibility to thé programme by_

7. It allows schedules to be based on considerations of costs so as to complete
allowing for experimentation in a simulated sense.

projects in a given time at minimum expense.

4. To effect speedy handling and analysis of the integrated data, thus allowing for ,‘ (L 8. It separates the planning of the sequence of jobs from the scheduling of times
expeditious correction of recognised trouble areas in project management. *; % for the jobs and thus it makes planning and scheduling effective.
Network analyses, thus, plays an important role in project management. ’I‘h;ough ‘ iR Limitations of Network Analysis
network analysis, which is a graphic depiction of ‘activities’ and ‘events’ related '
to a project, planning, scheduling and control of project becomes easier and -
effective. ' -

3

;! The only real disadvantage of network analysis as a planning tool is that it is a tedious
;" and exacting task if attempted manually. The calculations are done in terms of the
- - sequence of activities and, if this is all that is required, a project involving several
% . hundred activities may be attempted manually. However, the possibility of error is
’ high, and if the results are to be sorted, the cost of manual operation rapidly becomes
1™ 7 1. They preset in diagratmmatic form, 3 pictusé of sl the jobs (67 aétivities)y tobe Sty unscquaseis. The considerption of various ahtemotive plans also becores impossible,
* accomplished and of their dependence on one another. The way in which this is 7 2 ecause of the large votumes involved.
done is to construct what is known as a *network diagram’ in which each job is o b
represented by an arrow on the diagram. The way in which the arrows are -
linked indicates the dependencies of the jobs on each other. o p

Steps Involved in Network Analysis

" Ty e -

N 3
Network analyses achieve their purpose in three broad steps: : %

: But now we have standard computer programmes for network analysis, which
:' ‘can handle project plans of upto 5000 activities and more, and preduce ‘output’ in
various forms. Even then it must be emphasised, that a computer only assists with the
i calculation and with the printing of pirns of operation sorted into various orders. The
* Project manager is still responsible for the planning and must still make me necessary
' i decisions based upon the information supplied by the computer. The computer ¢an
3. They apply the estimated job time to the network diagram and then analyse the it ?so(‘):;;,(:: ::Z:,}:t;?f ;:: ?;blhty. E‘qutflly amportant i the fa(:.t by ox.upuf
: PR . . : put which is supplied in the first instance by human beings
network. Analysis in this case means the calculation of the total length of time % .

involved in each path through the network. 3.2.1 Development of Network Analysis - CPM and PERT

1

2. They consider the limitations imposed by the availability of resources viz., of 5

()

men, machine, money and material and in view of these estimate the time i f
required to do each job.

Network analysis, as stated above, is a technique related to sequencing problems

Which are concerned with minimizing some measure or performance of the system
Self-Instructional

Matertol




—

. planning, coordinating controlling and making decision. Networ

such as the total completion time of the project

o the overall cost an ;
-~ useful for describing the elements in a comp‘ d so on. The technique

lex situation for the purpose of designing,
K analysis is specially
ch will be conducted
chnique now used in
simply CPM) and the
own as PERT).
Critical Path Method or CPM was developed in 1956 at the E.I du Pont de
Nemours & Co., USA, w aid in the scheduling of routine plant overhnui ;naintcnimce
and construction work. This method differentiates between planning and scheduling
Planning refers to the detenmination of activities that must be accomplished and the:

suited for projects which are not routine or repetitive and whi
only vaee or a few times. Two most Popular fonns of this te
nuaty scheduling situations are the Critical Pay Method (or
Programme Evaluaton and Review Technique (popularly kn

order in which such activities should be performed to achieve the objective of the

project. Scheduling refers to the introduction of time into the plan thereby creating a
time table for the various activities to be performed. CPM uses two time and two cost
estimates for each activity (one time-cost estimate for the normal situation and the
other estimate for the crash situation) but does not incorporate any statistical analysis

in determining such time estimates. CPM operates on the assumption that there isa -

precise known time that each activity in the project will take.

Programme Evaluation and Review Technique or PERT was first developed
in 1958 for use in defence projects specifically in the development of Polaris fleet
vallistic missile programme. But now this technique is very popular in the hands of
project planner and controller. PERT, now assists a business manager;in planning and
controlling a project. It allows a manager to calculate the expected total amount of
time that the entire project will take to complete at the stage of formulation and planning
a project and at the same time highlights the critical or the bottleneck activities in the
project so that a manager may either allocate more resources for them or keep a
careful watch on such activities as the project progresses. In PERT, we usually assume
that the time to perform each activity is uncertain and as such three time estimates
(the optimistic, the pessimistic and the most likely) are used. PERT is often described
as an approach of multiple time estimates to scheduling problems of long-range

research and development projects. PERT incorporates the statistical analysis in:
~determining time estimates and enables the

determination of the probabilities
corcerning the time by which cach activity as W
completed. As such it can be taken as an advancement over

unique as a control device for it assists the

: i 8 in
it has begun, by calling attention as a result of constant review to such delay.

) P ) i te.
activities which might cause a delay in the project's completion date

53 NETWORK ANALYSIS AND RULES OF
NETWORK CONSTRUCTION

g, and scheduling large projects in

Network scheduling is a techniquc used for plannin
the field of construction, maintenance, fabrication, ls
The technique is a method of minimiz.ing the tmum; sgzrdmmh\g various
and interruptions, by determining critical factors and €

overall job.

such as production, delays
parts of the

weil as 'the entire project would be
the CPM. PERT is equally’
management in controlling a project, once .

purchasing compulter system, efc. .

a‘:d

. Controlling: This phase is exercised after the planning and scheduling, which involves

.: . (i) Analysing the status of the project.

% Basic Terms

fv To understand the network techniques one should be familiar with few basxc terms of
. . which both CPM and PERT are special applications.

“’" ;Network: It is the graphic representation of logically and sequentially connected arrows
tC"and nodes representing activities and cvenis of a project. Networks are also called

LV %

A
g" to complete a particular part of the overall project. Thus, each and every activity has

(o It is represented in the network by an arrow,

¥ There are two basic planning and control technique that utilize a network to
%1 complete a predetermined project or schedule. These are Programme Evaluation
4 Review Technique (PERT) and Critical Path Method {CPM).
» .

‘A project is defined as a combination of interrelated activities all of which must
be executed in a certain order for its completion.

‘The work involved in a project can be divided into three phases corrcspc;nding

',‘55‘ to the management functions of planning, scheduling and control
#" Planning: This phase involves setting the objectives of the project and the assumptions

4. to be made. Also it involves the listing of tasks or jobs that must be performed to
.. complete a project under consideration. In this phase, men, machines and materials
= required for the project, in addition to the estimates of costs and duration of the various
4% activities of the project, are also determined. .

Scheduling: This consists of laying the activities according to the precedence order
%, and determining, ’ )

() The start and finish times for each activity.
(#¥) The critical path on which the activities require special attention.
(#if) The slack and float for the non-critical paths. :

the following:
(f) Making periodical progress reports.

(ii) Reviewing the progress.

(iv) Management decisions regarding updating, crashing and resource allocation.

% arrow diagram. .
"‘i‘}lc‘ﬂvio:: An activity.represents some action and is a time consuming effort necessary

a point of time where it begins and a point where it ends.

O—*—
Here, A is called the activity.

W Event: The beginning and end points of an activity are called events or nodes. Event

# is a point in the time and does not consume any resource, It is represented by a

/, umbered circle. The head event called the jth event has always a number higher than
the tail event called the ith event. '




,F
1;/ Common Errors

Activity ' e )
n@—— . Head . i : F ollowing are the threc common errors in a network construction:
]
; . also known as cycling
I ing event of iA Looping (Cycling): In a network diagram looping error is
e b the i, couns o o v i, S0t i ' error. Drawing an endless loop in a network is known as error of looping. A loop can

only one activity but can be the ending event of two or more activities. Such event is
defined as a merge event.

bc formed if an activity were represented as going back in time.

If the event happens to be the beginning everit of two or more acuvmes it is
defined as a burst event.

5 &gg Dangling: To disconnect an activity before the completion of all the activitics in a
. network diagram is known as dangling.

Preceding, Succeeding and Concurrent Activities: Activities, which must be
accomplished before a given event can occur are termed as preceding activities. oL . L :
843 * Redundancy: If a dummy activity is the only activity emanating from an event and

Activities, which cannot be accomplished until an event has occurred are termed A f‘« which can be eliminated is known as redundancy.

as succeeding activities. ; . .
Activities, which can be accomplished concun'ently are known'as concurrent.
activities. v
This classification is relative, which means that one activity can be preceding
| to a certain event, and the same activity can be succeeding to some other event or it -
- may be a concurrent activity with one or more activities.
Dummy Activity: Certain activities, which peither consumes time nor resources but
are used simply to represent a connection or a link between the events are known as
dummies. It is shown in the network by a dotted line. The’ purpose of lntroducmg
- dummy sctivityds 2s-follows: - e e o srmreme— vy
(#) To maintain uniqueness in the numbering system as every activity may bave !

distinct set of events by which the activity can be identified. K5, (ii) Use straight arrows.
(i7) No event can occur until every activity preécding it has been completed.

(i) To maintain a proper logic in the network.
(iv) An event cannot occur twice, i.e., there must be no loops.

(v) Anactivity succeeding an event cannot be started until that event has occurred.

: (vi) Use arrows from left to right. Avoid mixing two directions. Vertical and standing
i3 arrows may be used if necessary.
(vif) Dummies should be introduced if it is extremely necessary.

B (vii) The network has only one entry point called the start event and one point of
emergence called the end or terminal event.

\




?

NOTES

]

numbenng the Events (Fulkerson’s Rule

)
logical sequence, evy ) i
£ ery event is a
The number sequence must reflect the fi : > assigned a number,

ow of the i .
the following rules should be observed: network. In numbering the events

Afler the network is drawn in a

(1) Event numbers should be unique,

(@) Event numbering should be carmied out on a se.
(iif) The initial event which has all
numbered as 1.
(#v) Delete all arrow
lcast one new s

quential basis from left to right,

$ emerging from all the numbered events, This will create at

lart event out of the preceding events.

(v) Number all new sturt events 2
terminal event without any suc
node suitably.

Note: The head of an arrow should alwa
tail of the arrow.

Construction of Network

Example 5.1: Construct a network for the

project whose activities and their precedence
relationships are as given below:

Activities A|B|C|{D|E F G| H| I
Immediate Predecessor | - |A|A | - | D B,CE|F| D |GH

Solution: From the givén constraints, it is clear that 4, D are the starting activity and '~}
I the terminal activity. B, C are starting with the same event and are both the ’

i ¢, Solution: 4, B, Care the concurrent activities as
predecessors of the activity F. Also E has to be the predecessor of both F and H.

Hence, we have to introduce a dummy actjvity.

outgoing arrows with no incoming arrow is

» 3 and 5o on. Repeat this process until all the .
cessor activity is reached. Number the terminal . [

ys bear a number higher than the one assigned to the

D, is the dummy activity.

Finally we have the following network:

16 Example 5.2: Construct a network for each of
. precedence relationships are given below.

the projects whose activities and their

Activity

F

G

H

I

J

’. ¢

Predecessor

1B

Cc

D

E

H,I

F,G

.7t the predecessor of activity E and F. Since the
- [ - activities, dummy may be introduced (if possible),

‘activities

they start simultanef:usly. Bbecomes
J, K have two preceding

Nemvwork +

NOTES
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Example 53: Construct 2 network of the project whose activities are

4<C, D, I B<G, F, D<G, F, F<H,K, G, H<J; 1, J, K<E

given as below.

| Selstion: Given A<C which means that C cannot be started until 4 is completed, ie., 4 f5.
isﬁzprmdhgacﬁvkywc.mmmmbegivminﬁnfolhwingmbk: 81 7

Activity A B C D| E | F | G

H

I

J

K

Predecessor — | - A | A |LLK|BD|BD

F

A

G,H

F

A.Bzre!bcs'mhgaajvny,andEismemmhalacﬁvity.

;' Example 5.4: Construct the network for the project whose activities and precedence
relationship is given below. Show also the dummy activity.

Activities A|B| C |DIE F | G H 1
%= [Immediate Predecessor | - | — |AB|B|B AB FD FD/CG

7 ', i Solution: A, B are concurrent activities as they start simuitaneusiy. / is the terminal
(1% activity. Since the activitics Cand F are coming from both the activities A, 3 we need
.4 1o introduce a dummy activity.

Self!
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Example 5.5: Make a network of the pioject having actiw)ities:and precedence '
relationship as given below: : ‘

A, B, Ccan start sirhultaneously,
A<D, I; B<G, F, D<G, F, C<E; E<H, K; F<H, K; G, H<J
Solution: The above constraints can be fqrmatted into a table.

’

— G |H|I|J|X
IL iy r 42 f i ﬁ BFD B,D |EF|A|GH|EF| “HiOnce the networkofa project is constructed the time analvsis of the network becomes
redecessor Acti v:!,_v" -|- i Ml ot g b e Sl . [& essential for planning various activities of the project. An activity ime is a forecast of

4 the time an activity is expected to take from its starting point to its completion (under

N A D F i nhormal conditions). .

B j' ?We shall use the following notation for basic scheduling computations.

i (1,/) = Activity (i, /) with tail event i and head event J

C C

) , = Estimated completion time of activity (i, )
il (ES), = Earliest starting time of activity (i /)
, (EF), = Earliest finishing time of activity (i, /)
y FF; (LS)u = Latest starting time of activity (i, /)
W

;; (LF)” = Latest finishing time of activity (i, /)

0

[

Y

\

1 A3
€

3
'L.EY

*"The basic scheduling computation can be put under the following three groups.

H




Network Analysis

NOTES

Self-Instructionc!
164  Material

f

Forward Pass Computations (For Earliest Event Time) !
Before starting computations, the occurrence time of the initial network event is fixed ; b3,
The forward pass computation yields the earliest start and the earlicst finish time for |

each sctivity (, /) and indirectly the earliest occurrence time for each event namely E‘. )
This consists of the following three steps: i

Step 1: The computations begin from the start node and move towards the end node, . 5=,

Let rero be the starting time for the project. _ i 5
Step 2: Earliest starting time (ES), = E, is the earliest possible time when an activity |
can begin assuming that all of the predecessors are also started at their earliest starting *-
time. Earliest finish time of activity (i, /) is the, Earliest starting time + Activity time 3

(EF), = (ES), +1, ¥ 58
Step 3: Earliest event time for event is the maximum of the earliest finish time of all ;: 1

the activities ending at that event.
Ej=M‘§x(Ej+t,-j) »
The computed ‘E” values are put over the respective rectangle: representing &
each event. ' 4]
Backward Pass Computations (For Latest Allowable Time)
The latest event time (L) indicates the time by which all activities entering into that - :
event must be completed without delaying the completion of the project. These can /fis:
be calculated by reversing the method of calculations used for the earliest evext time.
This is done in the following steps: ) : : IR
Step 1: For ending event assume E= L. ) ;
Step 2: Latest finish time for activity (i, /) is the target time for completing the projeci

R, =1, '
Ste‘p 3 Ijatest starting time of the activity (i,j) = Latest completion time of (@, j),‘the £
activity time.
(LS),=LF),~1,
=L~

Step 4: Latést event time for event i is the minimum of the aiest starf tiife of ali s
activities originating from the event. .

L =M/in(Lj—ty)

The computed ‘L’ values are put over the respective triangle A representing
each event, b 157
Determination of Floats and Slack Times
Float is defined as the difference between the latest and the earliest activity time.

Slack is defined as the difference betwoen the 1atest and tho oarlicst avent time. ) i

Hence, the basic difference between the slack and the float is that slack is used
for evems only whereas float is used for activities. ‘

There are mainly three kinds of floats as given below:

ST

PP

calculated by the formula,

"\ Total-Float: 1t refers to the amount of time by which the completion of an activity
; i§ . could be delayed beyond the carliest expected completion time without affecting the
J4; overall project duration timc.

Mathematically, the Total Float (TF) of an activity (i, j) is the difference between

- the latest start time and the earliest start time of that activity.

Hence, the total float for an activity (i, /) denoted by (T F),is calculated by the

(TF),= (Latest start — Earliest start) for activity (i, j)

i.C.,(mij = (LS),/ —(ES)’]
o, (TF), =(L; - E;)-15

Where E, Lj are the earliest time and latest time for the tail event i and head

i eventj and ¢, is the normal time for the activity (i, ;). This is thc most important type

of float as it concerns with the overall project duration.
Free Float: The time by which the completion of an activity can be delayed beyond

X the earliest finish time without affecting the earliest start of a subsequent succeeding
A" activity. '

Mathematically, the Free Float for activity (i, j) denoted by (FF), can be

FFy=(E;-E)~1,
FF}; = Total float — Head event s!ack,f

Head event slack =L - E,
This float is concerned with the commencement of subsequent activity.
" The free float can take values from zero up to total float, but it cannot exceed

. total float. This float is very useful for rescheduling the activities with minimum
4%: disruption of earlier plans.

Independent Float: The amount of time oy Wwhich the start“of an activity can oe

- delayed without affecting the earliest start time of any immediately following activities
i assuming that the preceding activity has finished at its latest finish time.

Mathematically, Independent Float of an activity (i, /) denoted by (JF), canbe
calculated by the formula,

Py =(E-t)-5
or
(IF),; = Free float -Tail event slack

* Where tail cvent slack is glven by,

Tail event slack = L - E,




[ SO MNLpLIUCIL LODL IS always take i
prior and sabeen achigite N as zero. This float is concerned with

‘A, < (FR), < (7P,

Notes:

)TES

1. If the total floa TF, tor azy aclivity (i

. ) is ze Aty .
activity, ) : €0, then those actvities are called critical

2. The float can be used 1o reduce aryj i
aroject duration, Whje doing thi
T e . 15, the tloat
that activity but thar of other activities would also change, g einatody

Criticul Activity: An actvity is said (o be critical i
: titical if a dels its i
further delay in the completion of the entire project. ¥ st vill cause a

CrilicaI.Patll: The scquen_cc of critical activities in a network js called the critical
pualh. Isfs the long,tca.'t path 1n t:¢ network from the starting event to the ending event
and defuas the minimum ime required to complele the project, In the network, it is
denoted by doubl(_: l_mc."ﬂus path identifies all the critical activities of the project.
He.nce, for the acuvity (1, /) to lie on the critical path, following conditions must be
satisfied. '
() ES= LF,
@0 ES = LF,
(iii) ES-ES= LF-LF, = 3
£S, ES, are the earliest start and finish time of the event j and _]
LF, Ll':. are the latest start, finish time of the event iand}, :

5.3.3 Network Diagram
Start

- %o ' P JY- U -
=1 Inthe 2bove diagram, cach wrrow represcnis an acnviy and cach circle am event ircle:

18 200Ye

I represents the starting event and circle 7 represents the ending event. The names of -

the activities are generally stated just above the corresponding BITOWS. Thus 4 in dize,
above diagram is the name of the activity represented by the arrow just drawn below it.

* Merge and Burst evenis: It may be pointed out that it is not necessary for'an
event to be the ending event of only one activity but an event can be the ending

event of two or more activities in which case the said event is technically

described as merge event. Similarly, if the event happens to be the beginning

event of two or more e .
current activities: The aclivities can be

: j Con
o Preceding, Succeeding and ‘ e et
classiﬁedgas preceding activities; succeedm'ghazln{)lt;‘cs n;ldgitc:ncg‘r’l::t o
o ‘e 9 e accomplished before
aclivities. Activities which most b iec which cannot be

dCCOIDp 1S vILes

Y i nascon rré'” '_
aﬂd actvi oncurr y concu

activities it is technically called as the ‘burst event'. i} 4 ;

_® Earlier start time or Est: Est for an activity is the earliest possible time an

e Earliest finish time or Eﬂ Eft is the sum of the earliest start time and the

activities. This classification is relative which means that one activity can be
preceding to a certain event and the same activity can be succeeding to some
other event or it may be a concurrent activity with one or more of the activities.

e Dummy aclivities: Some times we use dummy activities in the preparation of
network diagram. Such activities are to designate a precedence relationship
and in the network diagram are shown as broken lines. They are characterized
by their use of zero time and zero resource. Their main function is to help in
assuring that the activities and events in a network diagram are-in proper

scquence, .
* Path and Critical path: A path is continuous chain of activities through a network
which connects the first event to the last event. Critical path consists of the
sequence of thosc events and connected activities that require the maximum
time in the completion of the project. It is that path which takes the longest
time: It is known as critical because it controls the completion date of the project;
The length of this path determines the minimum time in which the project may

be completed. _
e Critical activities or Bottleneck activities: All the activities associated with the
critical path are called as critical or bottleneck activities. Any delay in the
completion of one or more of these activities will cause delay in the completion
date of the project. Hence such activities require special attention of the project

" incharge. .
activity can begin on the assumption that all activities preceding to it started at
the carliest possible times.

estimated time to perform the concerning activity.

® Latest finish time or Z2: Lft for an activity is the latest possible time an activity
can finish without delaying the project beyond its dead line on the assumption
that all the subsequent activities are performed as planned. »

o Latest start time for, Lst): st foranactivity is me,diﬂ‘cmnca_benugeq the latest _| ..

finish time and the estimated time for the activity to be performed.

* Float (Total, Interfering Independent and Free floats): Qﬁite often the term float
(in CPM terminology) is used-in context of network analysis. Float may be
understood as total float, interfering float, free float and independent float. Toral

JSloat is the duration by which an activity can be delayed without delaying the
project and can be worked out as either (Lst-Est) or (LA-EP). Interfering float is
that part of the total float which causes a reduction in the float of the successor
activity or activities. In other words, it is that portion of the activity float which
cannot be consumed without affecting adversely the float of the succeeding activity
or activities. It is worked out as a difference between the Ly? of the activity and
the Est of the following activity or zero Whichever is larger, Interfering float is
also known as the head event slack of an activity. Free float is that portion of the
total float within which an activity can be manipulated without affecting the float

of subsequent activities. It is worked out by subtracting the head event slack
from the total float, The head event slack is its latest event time minus earliest

Nenwork A
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e e

rtion of the total float within

enwork Analysis event time or (L, - E,). Independent float is that po

which an activity can be delayed for started without affecting float of the preceding b
lack from the frce float. — }§

B activities. It is worked out by subtracting the tall event s \
If it obtains a negative value then it is taken as equal to zero. Tail event refers to |
the event where 7an activity say begins and Head event is the gvent where an
activity comes to anend. If we bave events (1) and (2) then (1) is the tail event -
and (2) is the head event of an activity 4.

Float may be positive or negative. Positive float indicates that the activities
concerned have certain amount of spare time.and can be delayed without
effecting the project duration. On the other hand, negative float highlights the
situation in which the activities concerned are short of time and unless their
duration (to the extent of negative float) is reduced, completion of the project
by the target time cannot be assured, Thus, negative float indicates the extent
of criticality of the activities.
« Slack: The term slack is normally associated with events. It indicates the amount
of Jatitude that is available for an event to occur. It is worked out as under:
Slack of an event = (Latest occurence time of the event) — (Earlier occurence
time of the event) or simply slack of event = (L, - E,). Slack can be positive or
negative depending upon whether the targetted date of completion is later or earlier
than the earliest finish time of the task respectively. . .

]
‘When used for activities, the term slack should be used for activity slack (activity

NOTES

will have two slacks which includes the slack of its head event or the head slack and:
the slack of its tail event or the tail slack. o

Preparation of the Network Arrow Diagram
We require the following information for each activity in the project for the preparation
of the network diagram:

(2) The sequencing requirements for an activity must be known, i.c., the set of
activities which must be completed prior to the beginning of each specific .
e eme e e az) o —activity ghould De KOV - e e e i

Pt 2448 4

(b) An estimate of the time each 'activitvaill take should also be known.

Keeping all what has been stated above in view, the network diagram can ]

have to be invariably adhered: .
(i) Each activity is shown by an arrow only once in the network.

various activities.

only indicate the logical precedence.
(iv) Arrow direction shows the general progression in time.

(v) Events in the network are shown by numbers.

Self- fnstructional
g Matertul

S Sl

P

'f)mmplcs 5.6: Prepa

- slack is synonymous to float). Since slack is associated with the events, each activity-

o _before activity D can begin. The arrow from circle 1 to circle 2 indicate that activity a
“must be completed before activity D can begin. Similarly activity B must be completed

easily be prepared. But the following rules of constructing network diagrams will "

. some project:

(i) Network has to be developed on the basis of logical dependencies between !

(iif) The length of arrows representing various activities have no significance; they ‘¥

(vi) Activities are identified by the numbers of their starting and the ending events. i Ay

two events without intervening cvents arc not

(vii) Parallel activities between \
. n dummy activitics may have to be introduced.

permitted. In such a situatio
"(viil) Looping is not permitted in a network. This means that if activity 4 precedes 3
and B precedes C, then C cannot precede 4.

Now construct the network diagrams using the above stated rules.

re a network arrow diagram for the following information,

7 ctivi Name of the Pre-requisite Estimated Time

3 Ay Activity Activity (Weeks)
", Event Event

1 2 A None 3

1 3 B Ncne 5

1 4 C None 4

2 5 D. None 2

3 5 E A 3

4 6 F B 9

5 7 G C 8

3 6 H D 7

6 7 7 E 9

slution: Draw the following network arrow diagram to solve the problem:

The above is the required network digram for the given problem. Activity 4 must be
ompleted before activity D can begin the arrow activities. The immediate preceding
.activity of activity D is activity 4 which means that activity A must be completed

 before activities.E.and/or K 2ar. Cmust he completed before F canbegin: ‘?Gﬁ_‘{ﬁ.iﬁs_.l.{.._ L.
“and F must be completed before / can begn and activitics D and E must be completed
‘before activity G can begin. The estimated time for each activity has been placed just

‘below the arrow representing that activity.

. Example 5.7: Draw a network arrow diagram for the following information concemning

Predecessor Activity or Activities -
None
A
A
8.C
C
D
E
FG

Activity

TOMHUNw X




ress

na

9
?

ity?

1?7

I this diagram, activity 3-4 is the 4
reqaited because activities 8 and C by
precedes uctivity £,

CRITICAL PATH METHOD (CPM)

5.4

and its analysis to indicate the critical Path. It has the potential for scheduling of a task. 18

in mimum time and/or cost in accordance with specified constraints.

After prmg the x_:etwork diagram and indicating 'the times for each activity,we
can now mention the various possible paths, for determining the critical path. The
critical path being the longest path can easily be found out from the possible paths as

‘the one taking the maximum time in the completion of the project. In the network

diagram of Example 5.6 there are in all four patbs viz, '
1 A—D— Grequiring3 +2 +8=13
2.B—> E— Grequiring5+3 +8=16
3.B— H—1] requiring 5+ 7 +9 =21
4. C—> F— I requiring 4 + 9 + 9=22

As the path C — F —» [ takes longest time in the completion of the project, it is
the critical path. The activities C, F and 7 are associated with it and hence they are
critical or bottleneck activitics. All other activities viz., A, B, D, E, G and H are non-
critical activities. Non-critical activities have a certain amount of spare time or float

\
weeks in completion qf the project.
weeks in completion of the project.
weeks in completion of the project.

weeks in completion of the project.

available. These activities can be delayed to the extent of the float available withoyt . .t

affecting the overall completion time of the project o
The critical path is important as its length determines the minimum t{me required
for the completion of the project. The critical path requires greater attention because
of the following reasons: ~ _
(a) The critical path highlights those activitieg which must bf. performed more
rapidly if the total project completion time is to be reduced,;

iti i iti ill produce delay in the
i ivities which are on the critical path will produs ‘
s iein aCtlv;)l:)jcct i.e., will postpone the final completion date of the

c i the . ‘
completion of _critical activities may not actually delay

project on the other hand delays in non
the completion of the project; .
it er

(c) Advance planning and improvement along the critical path may causc' anoth.

path to become qritical.

In brief, the critical path directs management’s attention to important facts,
spots potential botticnecks and avoids unnecessary pressure on other paths that will
8" not result in an earlicr final completion date of the project.

{ 5.4.1 Computations for Critical Path
* The computations to be accomplished for critical path are as follows: The Earliest
. Start Time (or Est) and the Earliest finish time (or Eft) for each activity are to be
4%, obtained first. For this purpose, we set the Est of the first activity equal to zero. Then
%+ add the estimated time to perform the first activity to its Est and the result is the Eft
for the first activity. Now, take any activity for which all of its immediate preceding
4 activities have Est and Eft values. The Est of such an activity is equal to the largest of
the Eft values of its immediate preceding activities. If we proceed this way (i.e., from
left to right), finding the Est and Eft of all activities in the network, we are said to
_ adopt what is known as the Forward Pass. A
_ Similarly, we will have to work out the Latest Start Time (or Lst) and the
4. Latest Finish Time (or LR) for each activity to be performed in the completion of the
< [¥4" project. This can be done as under: : .
A Start at the end of the network diagram and first set the Lt for the last activity
3 °. equal to the Eft for that activity. Then subtract the estimated time to perform the last
. activity from its Lft to obtain its Lst. Now take any activity for which all of its immediate

%" the smallest of the Lst values of its immediate succeeding activities. If we proceed
; this way (i.e., from right to left) finding the Lst and Lt of all activities in the network,

Ji we are said to adopt what is known as the Backward Pass.

“. . Activity Floats: Often the complete date of the project is determined from the

i1t length of the critical path, the float will be positive except along the critical path

i+, Where it will be zero. The float for each activity can be calculated by taking the

ki :7' the definition of critical path since my delay in a critical activity will cause delay in the

i completion date of the project.

‘Slack’ in case of events: In case of events we usually talk of slack and for
:activities we can think of their head events slacks and tail events slac . )

A Slack for evenfs conceming illusiration vne cun be shown as under:

» For Event L, E, Slack (i.e., L-E)
W 1 6 0 0
2 12 3 9
3 6 N 1
i) 4 4 4 0
8 s 14 8 6
6 13 13 0
7 22 22 0

L, = Latest Event Time

.~ . E,.=Earliest Event Time

ead event slack tail event slack relating to an activity can be shown as under:

i succeeding activities have Lst and Lft values. The Lf? of such an activity is equal {o -

NO
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With onc or more of the above stated adjustments, the CPM analysis can result : ,, e

in producing an improved plan for the completion of the project in time and that too in =/ j##'
an economical manner. Besides, when new information comes as the project?
progresses, the plan can be revaluated and revised to incorporate the new developments. i 8

Ifused in this manner, the network analysis proves to be a dynamic device for effecting ~*} £ E

For Activity Head eveni Slack Toil event Slack !

A 9 0 :
B = 1 0
C 0 0
D 6 9
E 6 1
F 0 0
G 0 6
H 0 1

7 0 0

Float or slack whether positive or negative, is generally considered as undesirable
and should be avoided to the extent possible. Positive float simply means that there is
idle time and resources with corresponding simplicit costs burden. When the time to
be allowed for the completion of the project is less than the time which is required as
per the critical path analysis for the completion of the project, we have negative float
which simply represents that project requires more resources -than are normally
available. In such a situation, the project manager can either choose not to meet the

use more resources, i.e., to work on the basis of crash plan and absorb the corresponding
increase in costs in order to complete the project within the stipulated time. Negative

activity, then adjustments can be made for better utilization of resources and time.
Some of the possible adjustments can be as under:

(7) Reduction of time estimates of bottleneck activities.
(i) Eliminations of some activities, if possible.

(iif) Bringing in some more resources.

float.

(v) Restructuring of the network with a view to reduce corﬁplction time of the

ST e e mNIIS GPS DT, L Tum wE tTAYR me et cmemim o en

P

control over the project,

Resource Allocation and Levelling

of resources to various activities in such a manner that the allocation is considered as

importance as the final schedule depends upon the quantity of deployment of resources.
Then the basic question is: How the resources should be allocated? This depends

upon several factors like availability of resources, requ irements, restrictions in regard

compietion date and bear the burden of penalties, if any, that may be imposed or to '

float is a sort of warning that final event will not be completed on schedule with the
existing plan. It thus serves to indicate the extent of criticality of the ?ctivity. Oncewe [
have determined the critical path and have worked out the floats in respect of each -~

(iv) Transfering resources from activities having float to critical activities with zero

Resource Allocation (also known as resource scheduling) implies the task of allocation "}

acceptable under the given situation. The task of allocation of resources is of vital ' [k

letion date, etc. Various types of problems may be encountered in this

to comp ‘
Resource levelling

connection, but we shall consider only two of such proble_ms: )
and (if) Limited resource allocation.

The Problem of Resource Levclling

Resource Levelling (also known as local smoothing) means the resource scheduling
exercise in which the resource demand is evened out or levelled as much as possible.
In other words, resource levelling refers to the scheduling of activitics within the
limits of the available floats in such a way that variations in resource requirements are

" minimized. Though no constraint is put on the availability of resources in context of

resource levelling but the aggregate demand of each of the important resources requires
to be levelled up so as to minimize resource costs.

{# The Problem of Resource Allocation

. Problem arises when the resource/resources are limited. We quite often find that

projects require costly items of plant and equipments for execution of the work of

" which only a limited number are available. Such limited resources must be allocated

with a lot of care so that the total requirement should not exceed the ceiling and the
utilization factor remains high. This necessitates rescheduling of some or all of the

.- activities and may even involve delay in overall completion of the project.

The methodology for resource levelling involves the following steps:

(i) Prepare the list of the resources that would be required for execution of the
various activities.
(if) Prepare the resource profiles for each resource by resource aggregation exercise.
(iii) Identify the periods of peak and low demands.

(iv) Make an attempt to lower down the demand in peak periods to fill up the
troughs, i.c., to make the demand as uniform as possible. This can be donc by
altering the timcs of start and finish of non-critical activities in accordance of
their floats without affecting the overall completion date of the project.

. 5.4.2 Applications of CPM Analysis

The iterative procedure of determining the critical path is as follows.

Step 1: Listall the jobs and then draw arrow (network) diagram. Each job is indicated

* by an arrow with the direction of the arrow showing the sequence of jobs. The length

of ‘the arrows has no significance. The arrows are placed based on the predecessor,
successor, and concurrent relation within the job.

Step 2: Indicate the normal time (1) for each activity (i, j) above the arrow which is
deterministic.

Sre'p J: Calculate the earliest start time and the earliest finish time for each event and
write the earliest time £, for each event i in the (). Also calculate the latest finish
flnd latest start time. From this we calculate the latest time L, for each event, and put
in the A.




\OTES

. TRES assaaangy uow i
the arrow dingram, y hal ume, earhesy time and Jategy time on

Step 5: Determine the tota) float fo

y I cach activi Lol
carliest start and the lagest start iy by taking

e,
Step 6: Identify the critical actjy
the ending event in the netw
criucal path,

lies and connect them with the

; beginning ey
ork diagram by double line amo Whies oot and

Ws. Which gives the

Step 7: Caleulute the tota] project duratioy,

Note: The earliest start, tinisy time of an actjvi

are shown in the table. These are calculated by(y and the latest start, finish time of an activity

using the Pollowing hints,

[
}f is given by the maximum of the earliest finish time for the head
,1 activity.

j - Similarly, to get the Jatest time, we consider the head event of the activity.

D

| ume of the project. The latest start time can be obtained by subtracting the normaj -
time of that activity. The latest finish time for the head event of the next activity is
| given by the minimum of the latest start time for the tail event of the prévious activity.

I Example 5.8: A project schedule has the following characteristics, .

| [ Aciviy [1=211-3 ] 2-4 [ 3-4 [3-5[4-9[5-45=7

; ;Tlme(day.f)] 4 [ l'l l J 1 [6 "5 ! 4 I 8
i [Activiy  [6-817-8[8-10(9-10] | | |
€ 0 2 N N

From the above information, you are required to:

(1) Conpstruct a network diagram.

(if) Compute the earliest event time and latest event time, .

(iif) Determine the critical path and total project duration.

(v) Compute total, free float for each activity. L Lo we st this
Solution: First we construct the network with the given constrainis. Here we g

by just connecting the event pumbers.

the difference between the:

The latest finish time of the head event of the final activity is given by the target

 The following table gives the critical path, total and, free floats calculation.

[Activiy | Normal | Earliess Larest TF FF

L Time [Stars | Finish | Surt | Finish

-2 [ 4 [ o 9 s 9 s 5-5=0
[1-3 1 1 0 1 [ 0
(24 e 4 s 9 10 s 0
4 [ 1 2 9 10 3 3
3-5 7 ] 7 ) 0
) 10 10| 15 5 0
56 4 7 12| 16 5 0
(57 7 5 7 15 @ 0
6- ] 2 6 17| 5 s
7-8 2 15 17 15 7 @ 0
8-10 5 17 b7, 17 2 ? ] 0
9-10 7 10 17 5 2 [ s ] 5

' Forward Pass Calculation: In this we estimate the earliest start ES, and finish time
%: ES, The carliest time for the event i is given by,
E; = Max (£S5, +1,)

ES;=0=E=0
Ey=ES; =ES;+)=0+4=4
E3=ESy=ES +t;3=0+1=1
Eq = ESy = Max (ES, + 134, ES, + 1)

=Max (1+1,4+1)=5
Es= (E3+i35)=1+6=7
Eg= Es+155=7+4=11]
Ey=Es+153=7+8=15
Ey = Max (Eg + 13, Ey +tyg)

= Max (1141, 15+2) =17
Eg= Eq+ly9=5+5=10
Ejg= Max (Ey + 199, Ey + f330)

%

=3

i ol

R s

= Max (10+7, 17+5)=-22

. Baclcwa:d Pas.§ Calculatfo_n: In this, we calculate the latest finish and the latest start
,‘ time. The latest time L for an event i is given by L= Min, (LF-1)
: Where LF, is the latest finish time for the event Jy 1, 18 the normal time of the
1 activity.
Ly=22
Li=Ly-t,=22-7=15
L =he=f,,=22-5=17
Lisli~t,,=17-2=15
LisLi~t,=11-1=16

Ly =Min (L ~tg,, L, —1,)

= Min (16-4,15-8) =7




ARRL
!
k Anolysis L‘:L’,.;“’=\S—5=]0 :‘i‘} N
L, = Min (L~ tyas L3 =) ¢ Solution: g @
. =Min (10-1,7-6)=1 ", ; . )
NOTES Ly=L —t1,=10-1=9 : ;
L =Min (L =t Ly—fy) = =Min (9 4 1-1)=0." <
These calculations are shown in the given table. v
To find the TF (Total Floa)): Considering the activity 1-2, TF of (1-2) = Latest |5
start-Earliest start. '
So, TF=5-0=5
Similarly, TF(2—4) = LS - ES g Farward Pass Calculation: In this we estimate the earliest start and the carliest
So, TF=9-4=5 " finish time ES, given by, )
Free float = 7F - H.cad event slack. ES, =Max (ES, +t,) where ES, is the earliest start time and t, is the nqrmal
Consider the activity 1 —2 . ' ume for the activity G, /)-
FFofl—2=TFofl-2—Slackfortheheadevent2 ES, =0
So, FF=5— (9 — 4) (from the figure for event 2) B ES, = ES, +;;=0+15=15
—~FF=5-5=0 . ES, =Max (ES; + 1y, ES, +13)
FFof2—4=T - q 4 =Max (15+3,0+15)=18
_ o Fof2—-4- Slack or the head event ES.:ES,+I,‘=18+8=26
So, FF=5-(10-5)=5-5= =0" ES, = Max (ES, +15, ES, +:,,)
Like this we calculate the TF and FF for the remammg activities. b =Max (15+5,26+1) =
From the above table we observe that the actmtles 1—3 3-5,5-7,17-8, 8—10 are the ‘ ; ESq Max (ES, 'Hlﬁ' ES, +14, ES; +t56)
critical activities as their total float is 0. : =Max (18+ 12 26+14,27+3)
Hence, we have the following critical path. p =a0
ES, = ES, +1; =40+14 =54
1533557810, with the total project duration of 22 days. .
E le 5.9: A small ‘ et cons ts ¢ the foll b h 1 . Backward pass calculation: In this we calculate the latest finish and latest start time
e & xamp S small main cnance pro;e o ists o owmg Jo y v osc % IF, given by LF= Min(LF-t) where LF. is the latest finish time for the
precedence relauonshlps is given below: ‘R 4 cvéntj . : - S
Job 7-211-3(2-3]2-5]|3-4[3-6[4-5[4-6|5-6]|6-7 LF, =54
Durationtdays)| 15 | 15 | 3 | 5 | 8 |12 ] 1 |14 3 | 14| " HE LF, =LF, —t, =54—-14=40
(i) Draw an arrow diagram representing the project. IF = ;‘f sl =40-3=137
(if) Find the total float for each activity. 4 =in (LSy —tis, LS5 ~tis)
(if) Find the critical path and the total proj t duration =Min (37-1,40-14)=26
ation.
iif) Find the critical path and the total projec urati LF, =Min (LF, - ty, LF, i)
=Min (26-8,40-12)=18
LF, =Min (LF = ty5, LFy —1y)
=Min (37-5,18-3)=15
LF, =Min (LFy -4y, LF; -1,)
Self-Instructional =Min (18-15,15-15)=0

1 Materiol
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The following table gives the calculation for eritical path and total float.

Activig | Normal | Farfies - | Tatese
Time | Starr Finish Start” Finish ] Total Float
£S5, Es LF,  LF, LF~E3, or LF-Es,

—_ —t
1-2 | 15 0 15 0 15 @
1-3 18 | @ 15 3 18 k!
223 3 15 N 15 18 @
25 s s 2 R 3 17

| 34w |18 A 18 26 @

[ 3s ! i2 I 3¢ 28 40 10

| 4-s 1 | 20 Vi 36 37 10

| s ‘ 14 % 2% a0 Q)

| =51 3 23 ) 7 40 W

| &7 ‘ 14 40 X 40 54 @

From the above table we observe that the activities 1 —
the critical activities and the critical path is given by,
The total project completion is given by 54 days.

Example 5.10: Tasks A, B, ... H, I constitute a project. The n
the wask X must be completed before Y is started. With the n

A<D; A<E; B<F, D<F: C<G; C<H; F<I; G<I
Draw a graph 10 represent the sequence of tasks and find the minimum tihw of completion
of the project, when the time (in days) of completion of each task is as, follows:
The above constraints can be given in the following table.
Task A|B|C|D|E|F|G|H]|1
Time(days) | 8 |10 |8 [10|16 [17 |18 [ 14 9

2,2-3,3-4,4-6,6-7 are
1529539545657,

otation,

Solution: The above constraints can be given in the following table.

Activity A|B|C|D|E| F |G|H]| I
Preceding Activity | - | - | - |A|A[BD|C|B F.G

Time C;ulcalallon.' Using forward and backward pass calculation, we first estimate
the earliest and the latest time for each event.

ES, =E, =0

E2=E|+’n=0+8=8

E, =Max (E, +E,, E, +1)
=Max (0+10, 8+10)=18

otation X<Y means that - _

E,=E +4,=048=8
E, =Max (E; +1,, E, +1,)

=Max (18+17, 8+18)=35
Eg =Max (E, 41, E, +1,,, Es +1,)
_ - =Max (8+16, 8+14, 35+49)=44
. ‘The value of the latest time can now be obtained,

e

Lg = E; = 44 (Target completion time for the project)
Li=Lj—t1,4=44-9=35
Ly=Min (L -1,q, L -1,,)

=Min (44-14, 35-18)=17
L=L-1,,=35-17=18
L, =Min (L, -1y, L - 1,3)

=Min (44-16, 18-10) =8
L, =Min L=t L-1,5, L, 1)

=Min (17-8, 18-10, 8—8)=0

T

- 41 To evaluate the critical events, all these calculations are put in the following table.

Task' | Normal Earliest Latest Floar |

Time/Days| Start | Finish| Start | Finish| 7F]  FF F_|
Al-2 8 0 8 0 8 | ®| o0-0=0] owo-0|
BI1-3| 10 0 10 8 | 18 | 8| 80-8 so=g8
ci14 8 0 8 9 | 17 | 9| 99=0| oo=0
D2-3| 10 8 18 8| 18 |®| 0o0=0! o00=0
E 2-6 16 o 24 | -28 44 | 20 {200=2020-0=20
Fi-s| 17 18 35 | 18 | 35 | @] o0w0=0]| o0-0=0
G4s| 18 8 26 | 17 | 35 | 9| 90=9| 9.9=0
Ha46| 14 8 22.| 30 | 44 |22 [220=22{209-13
15-6 9 35 4 | 35 | 4 | @] 00-0| o000

: The sbuve table shows that the oricsal sveats are the @sks 1-2372-3, 3—.’5',“
.- 6 as their total float is zero.
3

|

{4 folal project duration as 44 days. _ | :

vl The critical path is givenby 1 52 =3 55 = 6 orA— D — F — I with the

B
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: RAI ) r’ in objective i i PERT is to find the completion for a
olysis YVIEW A The main objective in the analysis th{ough _
5.5 PROG IME EV'\LUATION AND R-EV“: 1 ; particular event within specified date T, given by P (Z < D) where,
' \ PERT . - i
TEC'HI\lQUE { ) « N Due date — Expected date of completion
OTES The network methods discussed so far may be termed as detenministic, since estimated z .[Project variance
activity times arc assumed to be known with certainty. Llowever, in research project .
or design of gear box of a new machine, various activities are based on judgement. It Where Z stands for standard normal variable.
s difficult to obtain a rcliable time estimate due to the changing tec.hr'lc?logy. Time ';_ ‘551 PERT Procedure
values are subject to chance variations. For such cases where the activitics are non- ¢ |7
deterministic in nature, PERT was devcloped. Hence, PERT is a probabilistic method Step 1: Draw the project network.

where the activity times are represented by a probability distribution. This probability " ‘
distribution of activity times is based upon three different time cstimates made for
‘1 each activity. These are as follows:

i

2

} Step 2: Compute the expected duration of each activity using the formula.
5 ‘ lo+48ty +1,
[e = ——

6

Also calculate the expected variance o2 of each activity.
Ry . (’ P —lo )2

| Optimistic Time Estimate: 1t is the smallest time taken to complete the activity if 8 ie, o= 6 :

| everything goes on well. There is very little chance that activity can be done intime -} .

| jess than the optimistic time. It is denoted by f,ora. o : K5 Step 3: Compute the earliest start, earliest finish, latest start, latest finish and total

float of each activity.

() Optimistic time estimate
(i) Most likely time estimate

(iif) Pessimistic time estimate

l Most Likely Time Estimate: It refers to the estimate of the normal time the activit); :
| would take. This assumes normal delays. Itis the mode of the probability distribution. /
| Itis denoted by 1, or (m). . v {

i Step 4: Find the critical path and identify the critical activites.

¢ Step 5: Compute the project length variance o® which is the sum of the variance of all
F3T the critical activities and hence find the standard deviation of the project
everything goes wrong. It is denoted by £, or b. These three time values are shown in g '

AP A% length c. T T
the following figure.  {A¥ Step 6: Calculate the standard normal variable Z= ——= where 7 is the scheduled
o (o2

. e time to complete the project.

b

| Pessimistic Time Estimate: It is the longest time that an activity would take if “}%

T = Normal expected project length duration.

of 1o [

o = Expected standard deviation of the project length.

-~

_ Using the normal curve, we can estimate the probability of completing the

Time Distribution Cu;ve . e . N
N e e 7 project within a specified time.

4
. From these three time estimates, we have to calculate the expected time ot“‘z.m ¥ ' E i fa o ,
o n th ! » _ : ¢} Example 5.11: The following table shows the ; i irti
activity. It is given by the weighted average of the three time estimates, 'ffi t, 'Testimares ¢ Jobs of a etwork alongwith ther fme
B Akt SR, . .
. - Rogd bt
POV, , y Job 1-21-6[2-3|2-4|3-5|4-5|6-7|5-8|7-8
t, = 0 m_'p EI 5 . {\ a(days) | 1 2 2 2
= 510 7 5 8
S , h m(days)| 7 | S |14 | 5 | 10| 5 8 37
B distribution with weights of 1,4, 1, for £,, 1, and £, estimates respectively. b(days) | 13 | 14 | 26 | 8 | 19 | 17 | 29 32
Variance of the activity is given by, B HX ‘Here. ais optimistic time, 7 is most likely time and & is pessimistic time estimate.
2 o i
e 1, ~l A Draw the project network and find the probability that the project is completed
"T : o %', In 40 days.
. ¥

Tt'le. expected length (duration), denoted by 7, of the ent ire project is the length T
of the critical path, i.e., the sum of the 1.’s of all the activities along the critical path
-if-Instructional
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$ Area under the normal curve for A = 0.3,

Hermork ,

PZ<0.3)
Activity RS OAACAA ol e ( 1, -1, ]’ =0.5+4(0.83) [42)=0.233] (refer Z— table;)] N
N . s - = %1 = L) ''o'd
NOTES _ | ¢ 1 6 : =0.5+0.2331 = 0.7331 = 73.31% NOTES
! i 4. 7 v A R - 2
! i ;‘\l— 7 (il) =4 s
; b 6 ‘
2 5. 2
) ! :\*4’.) 14'—-6 H‘A‘—z =4
{ 6 6
’ 2v4. 1147 26-2Y
2 E =2 (L 2) =16 ‘
‘ o . 6 _ z=02
A 2+5x4&8~5 8-2)2_1
“—=y 6 = 6 - s . oot
7+4x10419 19-7Y % Conclusion: If the project is performed 100 times under the same conditions, there
3-5 T =11 (T_) =4 gt |- 'l-yvil] be 78.81 occasions for this job to be completed in 40 days.
S+5x4+17 - 17-5Y ¢ ;"Example 5.12:Asmallprojectiscomposcd of seven activities whose time estimates
4-5 e = 7 (T) =4 5. are listed in the table as follow.
5+8x4+29 29-5Y? 3 Esdimated Duration (Weeks)
6-7 % =11 (T) =16 Acriviry Optimisde i Jmum, Pessimistic
1-2 T 1 7
3+3x449 943 1-3 1 4 7
5-8 \6— =4 — | =1 24 2 2 ?
. ' 2-5 1 1
_e\? 35 2 5 14 -
7-8 w-lg (32 8) =16 46 2 5 2
36 3 6 15
= - You are required to:
3 L (2) Draw the project network.
A () Find the expected duration and variance of each activity.
4. (c) Calculate the early and late occurrence for each event and the expected project
TR L - &= length, - - ~ - ——r R
(d) Calculate the variance and standard deviations of project length.
(¢) What is the probability that the Project will be completed
Expected project duration = 36 days. (1) 4 weeks earlier than expected.
Criticalpath] -2 —>3 358 (i) Not morel than 4 \vcck‘s later than expected. .
Project length variance = g2 =4 +16 + 4 + 1 (i) zfl :\Z :::Ject dpe date is 19 weeks, what s the probability of meeting the
e A - olution: The expected time and variance of each activity is computed as shown in
o =5 the table below:
Probability that the project will be completed in 40 days is given by,
P(Z< D)
T, -7 __.‘_‘_9_—_22=1=08
.:elf. Insiruction af ) i ag 5 5 Self-Instructional
loteriyy
Iz
7
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E,=Max(2+1,4+6)=10
E,=Max (10+7,3+5)=17

Network Anchysis »
Aoty | a \ ” LA (!,’_’o_)q
] B - 6 N/
| \ﬁl T_l T\‘ 1 —7 !
NOTES \ IR ; "
» T A ‘ :
; . s 2 5 3
i \ s | 2 " s : !
| se |3 | s ! :
| The earliest and the latest occurrence time for each is calculated as below:
| E/=0,E=0+2=2
1i E’ =0+4=4
| E=0+3=3
i
1
i

To determine the latest expected time we start from E, being the last event and
move backwards subtracting ¢_from each activity. Hence, we have

L,=E=17
L,=L-7=11-7=10
L,=17-5=12 ‘ 3
i: L,=10-6=4 a y
L,=10-1=9 R -
L =Min(9-2,4-4,12-3)=0

‘s

{

‘. ‘ :
\ Using the above information, we get the following network, where the critical /7
| path is shown by the double line arrow.

|
|

We observe the critical path of the above networkas 1 =3 55— 6.
The expected project duration is 17 weeks, ie, T,= 17 weeks.
The variance of the project Jength is given by,
F=1+4+4=9
Hence, g=3

(i) The probability'of comple(ing\thc project within 4 weeks earlier than expected A
is given by, ' !

sdflnrrucllonal
184 Materiol

| Here, T,=17 +4=21

(ii) The probability of completing the project within 19 weeks, is 8Ve" by,
i
AT

T, T,
P(Z < D) where D=—-§G—5

Due date — Expected date of complction

"..[Project variance
17-4-17 _13-17 _ 4
D=—7"1""3 3
=-1.33

Pz $-133)=05-9(133)
- 0.5-0.4082 (from the table)
=0.0918=9.18%

Conclusion: If the project is performed 100 times under the same conditions, then
there will be 9 occasions for this job to be completed in 4 weeks cartier than expected.
(if) The probability of completing the project not more than 4 weeks later thn |
expected is given by,
P(Z<D)

Where, D =Z'__—TL .
c

D=1 _4 33
3 3
P(Z<133)
=0.5+ ¢(1.33)
= 0.5 + 0.4082 (from the table)
=0.9082 = 90.82%

Conclusion: If the project is performed 100 times under the same conditions, 1

there will be 90.82 occasions when this job will be completed not more than 46
later than expected.

P(Z < D) where, D=12='7 _2
33
=0.666
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T U2+ 0.2514 (from the table)
=0.7514 = 75.14%

-

\

W

Z2=0.660

Concliosiva: It the hiojectis performed 100 times under the same conditions, thep

there wiil be 75,14 ocasions for this job to be completed in 19 weeks.
Exa:uple 5.13: Consider the following project.

1, . ': ’

A 3 6 - 9 . None

B 2 5 8 " None

C 2 4 6 A

D 2 3 10 B

E 1 3 11 ‘ B

F 4 6 8 C,D

G 1 5 15 E |

Find the path and standard deviation. Also find the probability of completing
the project by 18 weeks,

Solution: First we calculate the expécled time and variance of each activity as in the
following table: ;

Voemwmmeses e ameilg e, T et g e 2
4,+4L, +1¢ 1 (1,1,
” " GT’ o -(’T]
' 3+4x6+9 .
9 += 6 [ - 3y6]r= |
30
8 ? =5 [(8 - 2)/6)2= |
6 24/6 =4 (6 - 2)/6)* = 0.444
10 4 1.777 -
11 4 2,777
8 6 0.444
15 6 5.444

"'_: " Activity

Critical pathis | 2 -4 — 60orA—'C — F
¥ The project length = 16 weeks.

Project length variance o?= 1 + 0.444 + 0.444 = 1.888

% Standard deviation = o = 1.374

The probability of completing the project in 18 weeks is given by:

P(Z<D)
L7,

Where, D pm

T‘='18;T‘=16;0'='l.374

: 18-16 '
= 1374 =1.4556

P(Z<D)=PZ< 1.4556) = 0.5 + ¢(1.4456)
' =0.5 +0.4265 (from table)
=0.9265 = 92.65%

% Conclusion: If the Project is performed 100 times un
& there will be 92.65 occasions when this job will be co

~ Days
() Optimistic Most Likely Pessimistic
, » 3 1 t
—— ool ? —
1-2 2 S 14
1-3° 9 12 . 15
2-4 5 14 17
‘ 34 4 4 ) 10
1 4-5 8 17 . 20
__3-5 .6 6 12'

Nerwork
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Scheduled project completion date is 30 days. Also, find the date on which the
project manager can complete the project with a probability of 0.90.

Solution: The expected time 7, and variance for each activity is calculated in the
following table:

Activity (=, +de + :)/e at=((,- 1,)/6)!
1-2 6 - 4
1-3 12 1
24 13 . 4
34 5 1
3-5 16 4
4-5 7 1

To determine the critical path, the carliest expectcd time and the latest allowablg _;" 12

time. First we draw the project network as follows:

The critical path is givenby1 =53 — 5 and the project duration is given by 28 dayS.
Project length variance = o = 1 + 4 = 5. Standard deviation = Vo? = 2.236.

The probability of completing the project within 30 days is given by,

T,-T, 30-28
P (Z < D), where D.= —’T =236 = 0.8944 | R
e B G 08084 <05+ p08984) T T T T
 =0.8133
=81.33% .
Conclusion: If the project is per'fbnned 100 times under the same conditions, then " A

there will be 81.33 occasions when the project will be completed in 30 days.

If the probability for the completion of the project is 0.90 then the corrcspohding i

value of Z=1.29.

z=1T 29
o

T,-28 _

2.236

. T,=(1.29) (2.236) + 28

+ T,=30.88 weeks

ie., 1.29

4 PERT

COMPARISON AND LIMITATIONS OF PERT
AND CPM '

1. CPM is activity oriented, i.e., CPM network is built on the basis ?ffllclivitics.
Also results of various calculations are considered in terms of activities of the
project. On the other hand, PERT is event oriented.

2. CPMisa deterministic model, i.e., it dose not take into account the unccnaimigs

involved in the estimation of time-for execution of a job or an activity It

completely ignores the probabilistic element of the prob!?n.x P_ERT how.e'v.er is

a probabilistic model. It uses three estimates otj the activity time- opuml:v.ti_c,

pessimistic and most likely with a view to take into account time uncertainty.

Thus the expected duration of each activity is probabilistic indicates that there

is fifty percent probability of getting the job done within the time.

3. CPM places dual emphasis on time and cost and evaluates the trade off between
project cost and project time. Tt allows the project manager to manipulate project
duration within certain limits so that project duration can be shortened to an
optimal cost. On the other hand PERT is primarily concerned with time. It
helps the manager to schedule and coordinate various activitics so that the
project can be completed on scheduled time.

. Since the Critical Path Method does not account for uncertainty, it is best used
in projects where the activity time estimate can be predicted fairly accurately.
For example, for repetitive projects you can estimate the time for each activity
quite accurately from past experience. Whereas for projects that have a higher

degree of uncertainty, use the PERT Network. Most software projects will
require you to account for a high degree of uncertainty.

. Another difference in PERT and CPM is in how the diagrams are draws. In

PERT, events are placed in circles or rectangles to emphasize a point in time.
Tasks are indicated by the lines connecting the network of events. In CPM the
emphasis is on the tasks, which are placed in circles. The circles are then
connected with lines 10 indicate the relationship between the tasks. CPM use
has become more widespread than the use of PERT applications.

i

and CPM are used together because they have similaritics. For enempley PERT
and CPM both assume that a small set of activities, which make up the longest path

3

&', through the activity network coutrol the entire project. In addition to that, PERT and
i\ CPM also share the following six key assumptions:

. All tasks have distinct beginning and end points.

. All estimates can be mathematically derived.

. Tasks must be able to be arranged in a defined sequence that produces 2 pre
defined result.

. Resources may be shifted to meet the need.

Cost and time share a direct relationship, i.e., cost of each activity is evenly
spread aver time. -

6. Time, of itsclf, has no value.



Project?

Wh.u is expected
hme for ap activiry
12 project?

T NSV wgCwIeT, FEKL and CPM can provide:
- A range of time estimates (by PERT).
. Li.kcly time estimates (by PERT and CPM).
» Cost cstimates (by CPM).
* Time aud costs if crashed (by CPM).
° P;obabih‘u’cs. vf completion on time for arange of times (by PERT).
¢ Aclear path of tasks that are ctitical to the project (by PERT and CPM). .
! v Aceutrai focus for solid tummunications on project issucs (by PERT and CPM).
Limitations of PERT/CPM ‘

e Clearly defined, independent and stable activiu'c's.
* Specified precedence relationships.

~ Over emphasis on critical paths,

¢ Deterministic CPM model.

e Activity time estimates are subjective and depend on Jjudgment. If the estimates
are subjective, then it compromises the purpose of the formula. The weighted
estimate and standard deviation will not accurately depict the amount of time
required for each task. In case where there is little experience in performing
the activity, these estimates may be only a guess. Moreover if the person or
group perfqnni:_ng the activity estimates the time, there m‘a"y_rbe a bias in the
estimate. ‘

* PERT assumes a beta distribution for these time estimates, but the actual
distribution may be different. _ ;

* Even if the beta distribution assumption holds, PERT assumes that the
probability distribution of the project completion time is the same as that of the
critical path. PERT consistentlyunderestimates the expected project completion
time due to alterriate paths becoming critical. Under estimation of time can

cause huge problems in project management. Not only can it cause the project

‘to fall behind, but if can also cause overages in budget when employees arc
either forced to pull overtime to meet project deadlines or the project might
over extend what was budgeted resource wise, thus causing a. problem with

over allocation.

5.7 BASIC CONCEPTS OF CRASHING

What is variance of
13 aclivity?
Whar is the
#andard popm,)
bie of 5

 Projecy?

Why are PERT ang

i "‘f'lful.rm;”‘,,, al
terial

Crashing of a project means intentionally reducing the dur'ati(?n ot.' a proje.ct' .by
allocating more resources to it. A project can be crashed by cr'ashmg_ its c.jr.mcal activities
(because the duration of a project is dependent upon tl'xc duration of its critical acuvx.ues).
The use of more workers, better equipment, ovemrpe, etc., woulq generate higher
direct costs for individual activities. However, shortening the overall time of the project
would also reduce certain fixed and overhead expenses of supervision, as well as

indircct costs that vary with the length of the project.

_iJ situation, we need to have a time—cost trade-off; this means the sum of activity direct

13 We know that by adding more resources, the duration of an ac.tivity can be
b reduced. If an activity gets completed in ten days with five men working on it, ‘thc
4',: same activity can be finished in say, six days with't?xll men (exact mathematical
- relationships do not work here) working on it. The initial directcost was 50 man-

}' days (5 men x 10 days) and now it is 60 man-days (10 men x 6 days). Therefore, the

.‘.L direct cost has increased by 10 man-days. N
: At the same time, because of the decrease in duration of the activity by four
% days, the indirect cost (cost of supervision) decreases. Hence, we can.cc')ncludc that
£ the direct and indirect costs are inversely proportional to each other, i.€., when one
. increases, the other decreases. ) _
4 An activity can be crashed by adding more resources only up toa defu.:ite limit.
e Beyond this limit, the duration of the activity does not decrease by .addu:g more
resources. This is due to decreasing efficiency of labour, and also increasing confusion
¥ duetoa large number of resources. In our example; if we increase the number of
¢ workers to 15, the same activity can probably be done in four days; but by adding ten
' f,.‘ more men (so that 20 men work on this activity), the activity time may not decrease
% further. ) :
* . Thecrash time is tlic shortest time that could be achieved if all efforts
¥ (at any reasonable cost) were made to reduce the activity time. The limit beyond
[~ which the duration of the activity does not decrease by adding any amount of resources
i called the crash time. It is the shortest possible activity time.

The direct cost associated with each crash time is called the crash cost.
The normal time (10 days in our example) can be defined as the duration of an’

~ activity when the minimum possible resources required for its performance are
. deployed. The lowest expected activity costs are called the normal costs.

Project direct cost is the direct cost involved in all the activities of the project.

B

Project indirect cost is the costs associated with sustaining a project. It includes
the cost of supervision during the implementation of the project, overheads, facilities,

|+ project team members for its early completion are indirect costs, Project indirect cost is

i} a’ ' de.pcndcnt upon O‘I?CI !ength ofduration of the project. A project having a longer duration
< will have a higher indirect cost (due to Supervision required for longer duration).

In any project, there is a direct relationship between the time taken to complete
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 more workers, buying or leasing additiona) ¢quipment, drawing on additional support
+ facilities, etc. :

If activity direct costs rise, project indirect costs will fall. Therefore, in a real

costs and project indirect costs must be minimum.-

SILE

During the process of crashing a project, the critical path may get changed. At

1 * penalty costs and lost incentive payments. The salaries paid to the project manager/
- supervisor, etc., miscellaneous costs due to delays in the project, and rewards to the

{ some stage of crashing, there may even be tWo or more critical paths (having the
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same duration) simultaneously. In such situations, one activity is chosen from cn.ch of
the critical paths and these activities are crashed by unit time to reduce the duration pf
the project by unit time. <

Time—cost models search for the optimum reductions in time. We scek to shorten
the length of a project to the point where the savings in indirect project costs is offsct

The final step in time—cost analysis is to compare the crash limes and the costs
associated with them (crash costs). A sufficient number of intermediate schedules are
. computed such that the total of the direct and indirect (fixed) project costs can be plotted.

Example 5.16: G‘raph the total relevant costs for the previous example, and indicate
| the optimal time—cost trade-off value.

by the increased direct expenses incurred in the individual activities. 18t [Project [ Indirect | Activity Relevant Direct | Relevant Total Cost |
Example 5.15: A network has four activities with expected times as s!m‘wn. The Length | Cost Reduced Cost
minimum feasible times and cost per day to gain reductions in the activity times are = (l(:)ayS) 556 Some 5 500
also shown If fixed project costs are * 90 per day, what is the lowest cost time schedule? 9 210 -3 15 310 + 35 = 845
(4!l costs are in T 000) 8 720 1-2and3-4 |35+85=120 720+40+45+35 = 840
' 7 630 1-2and1-3 120 + 120 = 240 870
6 540 1-2and3-4 240+ 150=390 930
4,
cost
- 920
[ Activity Minimum Time in Days T Direct Costs of Time Reduction (3) 880
T 1-2 2 40 ( each day) -
Lo1-3 T2 35 (first day, 80 (second day) 840
| 2-4 4 None possible
3-4 3 45 (first day), 110 (other days) 200
{ : i
Solution: 6 7 8 9 10 days

This graph is called the crash-time diagram for completing the project. The
Path | Path Times . | Total Project Cost owest total cost is to complete the project in 8 days at a cost of T 840,000. However,

1-2,2-4 5+4=9 . ‘. extending it to 9 days adds only X 5000 to this cost.
1-3,3-4 4+6=10 10 days x ¥ 90/day = $ 900 ‘ !

For ease of reference, let us call the paths A and B respectively. Path B that is, P 5 _8V RESOURCE LEVELING AND RESOURCE
1-3-4 is the critical path with duration 10-days and cost ¥ 900. i ‘i : SMOOTHING

Next, we must select the activity that can reduce critical path time at the Jeast sl
cost. Select activity 1-3 at T 35 per day, which is less thar the T 90 per day fixed cost.

First we must determine the critical path and critical path time cost.

Reduce activity 1-3 to 3 days. Revise the critical path tife Cost.

Revised Path Times | Total Fixed Cost Savings over Previous Schedule
A:5+4=9 9%xT90=T810 ~ | T900—- (810 +35)=X>55
B:3+6=9 . : : e
~ Both paths are now critical, so we must select an activity on each path. Select &<, This depends upon several factors such as availability of resources, requirements
activity 1-2 at T 40 per day and 34 atX 45 per day. Reduce activity 1-2to4 days and - 7§ restrictions in regard to completion date, and so on. Various types of problems may
3—4 10 5 days. Revise the critical path time cost. 4t be encountered in this connection, but we shall consider only two of such problems:
27" () Resource levelling (ii) Limited resource allocation.

i, Resource allocation (also known as resource scheduling) implies the task of allocation
ot resources to various activities 1n such a manner that the ailocation is considered as

1B ,_,as the final schedule depends upon the quantity of deployment of resources. The
- basic question then is, How should the resources be allocated?

Revised Path Times | Total Fixed Cost | Savings over Previous Schedule
Ad+4=8 8x 90=%720 | 810—(720+40+45)=%5
B:3+5=8 :
Let us see if we can reduce the time of both paths any further. Activity 1-2 isa '*T§#
good candidate on Path A, for it is still at 4 days and can go to 3 for a ¥ 40 cost. But, 1
when this cost is combined with the ¥ 80 cost for reducing activity 1-3 another day,
the sum is greater than ¥ 90, so further reduction is not economically justified.

() Resource levelling (also known as local smoothing) means the resource
scheduling exercise in which the resource dernand is evencd out or levelled as
much as possible. In other words, resource levelling refers to the scheduling of
activities within the limits of the available floats in such a way that variations in

. resources requirements are minimized. -

(i) Limited resource allocation We often find that projects require costly items
ofplant and equipment for the execution of work of which only a limited number
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is available. Such limited resources must b . ¢, Activities 1-4,4-6, 6-7, and 7-8 are critical and have to be completed without delay.
stbe ate L, ’ i .
the total requirement should not exceed Lhca:l:i(l:i::; ‘1“’{“:\}10 10: 'l(?fm'u-e SrO o ) Jctiviles iy 41 13 A iom-criial activities, Fheyican e defuyed wit
L 3 . nd the utilization fact e i : ity R
remains mgh. This necessitates rescheduling of some or all of the activities m:)dr 4 Dieir flonts. Acc‘o gelghs ek now campuie foefloat of each vy
may even involve delay in the overal] tompletion of the project. .15 ' g Start Finish N
Fou resource levelling the methodology involves the following steps: { Activity £T LT ET id oat
i) Pr s list of rex . 3 . - 7 4 11 7
(i) Prepare the list of resources that would be required for the execution of various | ; ' : - ; 3 2 2 4 2
activities, _ v;; 1—4 0 0 2 2 0
(i1) Prepare the resource profiles for each resource by resource aggregation excrcise, ; ; B '; g f i ; ;
(i) Identity the periods of peak and low demands. ’ g 4-6 2 2 5 4 0
» )% - 4 4 7 7 0
(V) Make an attempt to lower the peak to fill up the trougls, i.e., to make the Z 3 _; 7 7 11 11 0
dcm:mq as mufom\. as poss?b'lc.‘ This can be done by altering the times of start (3 - . delayed for 7 da ithout affecting the overall project
and finish of non-critical activities in accordance of their floats without affecting . A.cnv:'ty 122 can be delay v, Or 7 oiys wiliout aficcting the o L
the overall completion date of the project: ’ ’ 1 completion time. If we postpone this activity for 7 days we get the following schedule:
Example 5.17: Workout the aggregate resource requirements, day by day for the |3 [r ——-G
following network. X - . é/ 3 ' o)
rfz @ _ @ @ 73 ) 3 )
: ~o
: ko ]'
234 56789 0] 0]
& Bl jisfrof2]2 [wlwa]w] w0 |

& Thus, with above stated modification, the variation in manpower requirements has
been smoothened from 1-24 to 2—15. We can make some further modifications as

The figures over the arrows in brackets indicate the requirement of labour and figures 5
below the arrows show the duration of an activity (in days). Presuming no resource - “§&" well. Activity 1-3 can be delayed for 2 days without aﬂ'ccung the overall project
constraint, smooth out the requirements of the resource (i.e., labour) to the extent - k3 :completion time and if we do so, we get the following schedule:

-

possible and outline the revised schedule. E
K o
. i ~f -
Solution: , 2 //\' L
. . o, 7/
For ﬁndUIg Lhe aggregate rcsour-cf requg‘e-t??—l{lisfx‘tzy dﬁay, l~t~".V-O'UI9_lZ.S .}_)C"]_R.-ﬁ.l-l 1’\5’!‘ '-"-:‘IY.' - SETTAL 8T TS (r T Tey— e T a2 = pe——
T U DIESENi (e BIVEn NEtwWOrK 48 shown BElow? )G ,é\
o }: " N : "/
2] AR &
<& ™. Bl \ ]
“/)’(,2/( ) E ,;h(\l\) ~~ . ;‘l . //‘/
DL O D O TS | 5)
(4) L+ - f -
RO | ¥ 12345678910}:10.,).,
10{10[{10[10]10] 1010 o1 Mainpower
Hig tof10{10/10 Requirements
k4 ]
bl 2|3|4)s5|6|7]8)9]10|11|DAYS ‘ i .;;T hus, the pattern of resource gemand has further improved. Perfect levelling has
;- been made possible in this particular case. = - .
22 (22029)24f10(2 (2[00 |0] B :
| i i{The methodology for limited resource problem involves the following:
The manpower requirements vary from 1-24 and variations of this size are not. ‘ (i) ‘Attempt to lower the peak requirements of the resources by staggering the
‘acceptable. So it is necessary to smoothout the aggregate requirements. This can be 4 inputs on non-critical activities. At times, it may become necessary to tackle
. Selfinstrucrional

done by modifying the input Qf resources to non-critical activitics. To begin with vt
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some critical activities for the purposc because of limited resourc
and this may mean even delays in completion of the work.

- (ii) Tt is advantageous lo rc-arrange the activities in the descengding order of the

NOTES

magnitude of their floats as resources can be diverted from the activities having
large amounts of floats. Critical activities should only be tackled in the end, if
necessary. 3

with limited resources facilitate the work:

(a) Allocate the resources to activities serially in line (i.e. in the order the
activities become due for start.)

(b) When several activitics compete for the same resources give preference
to activities having minimum float. i

(c) If two competing activities happen to have equal floats, allocate the
resources to the activity having lower duration.

critical jobs.

5.9 SUMMARY

« Network analysis is a method of planning and controlling projects by recording

problem involved to be tackled separately.

o Network analysis clearly shows the intcrdependencés between jobs to be
performed in contest of a project and thus enables people to see not only the
overall plan but the ways in which their own activities depend upon or influence
those of others. S ‘

o By splitting up the project into smaller activities, network analysis assists in

analysis allows schedules to be based on considerations of costs so as to complete
projects in a given time at minimum expense.

scheduling of times
effective. :

eck Your Progress Review Technique (popularly known as PERT).

Define the term
crashing.
¥hat is crash time?

efine the term
source allocation.

between planning and scheduling.

self-Instructional
foterial

(iii) The following four rules (heuristics) for resource allocation in project scheduling

(d) Reschedule non-=critical jobs; it possible to free resources for scheduling :

their interdependence in a diagrammatic form that enables each fundamental

the estimation of their durations leading to more accurate target dates. Network -

-« INeiwoik analysis separaics=iic plamiling of = sequence of jobs for the ke
for the jobs and thus it makes planning and scheduling ¥

o Network analysis is specially suited for projects which are not routine or
repetitive and which will be conducted only once or a’few times. Two most %
popular forms of this technique now used in many scheduling situations are the -
Critical Path Method (or simply CPM) and the Programme Evaluation and

o Critical Path Method or CPM was developed to aid in the scheduling of routine :
plant overhaul, maintenance and construction work. This method differentiates '

e Planning refers to the determination of activitics that must be accomplished '
and the order in which such activities should be performed to achieve the *

R R A ———

objective of the project whereas scheduling refers to the .imroduc-npx? of time
into the plan thereby creating a time table for the various activitics to be

performed. .

Programme Evaluation and Review Technique or PEI_(T was 'developm.i for

use in defence projects specifically but now this tcchnique assists a business

manager in planning and controlling a project.

In PERT, the time assumed to perform each activity is uncertain and as such

three time estimates (the optimistic, the pessimistic and the most likely) are
used. It is often described as an approach of multiple ime estimates to scheduling
problems of long-range research and development projects. :

A project is defined as a combination of interrelated activities, all of which
must be executed in a certain order for its completion.

Network is the graphic representation of Jogically and sequentially connected
arows and nodes representing activities and events of a project. Networks are
also called arrow diagram. :

An activity reprcgents some action and is a time consuming effort necessary to
complete a particular part of the overall project. Thus, each and cvery activity
has a point of time where it begins and a point where it ends.

The beginning and end points of an activity are called events or nodes. Eventis
a point in the time and does not consume any resource. It is represented bya
pumbered circle.

Activities, which must be accomplished before a given event can occur are
termed as preceding activities. Activities, which cannot be accomplished until
an event has occurred are termed as succeeding activities. Activities, which
can be accomplished concurrently are known as concurrent activities.

Certain activities which neither consume time nor resources but are used simply

to represent a connection or a link between the events are known as dummies.
It is shown in the network by a dotted line.

m a network diagram looping error is also known as cycling error. Drawing an
endless loop in a network is known as crror of looping.

}N‘\

s g . T
Todiscomient anaciivity before thio completionrefali thegethniize & 3 netyrnst ey e

diagram is known as dangling. dpesthities n
As per Fulkerson’s rule, after the network is drawn in a logical sequence every

cvent is assigned a number. The number sequence must reflect the flow of the
network.

Once the network of a project is constructed, the time analysis of the network
b‘ecorpcs essential for planning various activities of the project. An activity
tm}e isa forecast of the time an activity is expected to take from its starting
point to its completion (under normal conditions). '

An activity i‘s said to be critical if a delay in its start will cause a further delay in
the completion of the entire project.

The sequence of critical activities in a network is called the critical path. It is
the longest path in the network from the starting event to the ending event and

D
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“structinal

ucnnes e minumum time required to com

lete th iec . .
is denoted by double line. P € project. In the network, it

Theﬁ crit.ical path high}ights those activities which must be performed more
rapidly if the total project completion time is to be reduced.
The term slack is nonnally associated w
iatitude that s available for

ith events. It indicates the amount of
an event to occur, '
Crashing of a project means intentionally reducin

g the duration of a project by
.xllmalmg more resources to it

project can be crashed by crashing its critical activitics (because the duration
of'a project is dependent vpon the duration of its critical activities). The use of

more workers, better equipment, overtime, etc, would generate hlgher direct
costs for individual activities.

* An activity can be crashed by adding more resources only up to a definite limit.

—_— e~

Beyond this limit, the duration of the activity does not decrease by adding more
resources. This is due to decreasing efficiency of labour, and also increasing
confusion due to a large number of resources.

e The crash time is the shortest time that could be achieved if all efforts (at any
reasonable cost) were made to reduce the activity time. The limit beyond which
Lhe duration of the activity does not decrease by édding any amount of resources

is cailed the crash time. It is the shortest possible activity time,

e The direct cost associated w:th each crash time is called the crash cost.

» Project direct cost is-the direct cost involved in all the activities of the project.
Project indirect cost is the costs associated with sustaining a project. It includes
the cost of supervision during the implementation of the project, overheads,
facilities, penalty costs and lost incentive payments.

« During the process of crashing a project, the critical path may get changed. At
some stage of crashing, there may even be two or more critical paths (having
the same duration) simultaneously. In such situations, one activity is chosen
from each of the critical paths and these activities are crashed by unit time to
reduce the duration of the prOJect by umt time.

S P

—TINC TN TS S ET O

* Resource allocation (also known as resource schcdulmg) implies the task of
allocation of resources to various activities in such a manner that the allocation
is considered as acceptable under the given situation.

« Resource levelling (also known as local smoothing) means the resource
scheduling exercise in which the resource demand is evened out or levelled as
much as possible. In other words, resource levelling refers to the scheduling of
activities within the limits of the available floats in such a way that vaniations in
resources requirements are minimized.

e Limited resource allocation is used to find that projects require costly items of
plant and equipment for the execution of work of which only a limited number
is available. Such limited resources must be allocated with a lot of care so that
the total requirement should not exceed the ceiling and the utilization factor

remains high. This necessitates rescheduling of some or all of the activities and
may even involve delay in the overall completion of the project.

5.10 KEY TERMS

where activities are presented as arrows and events as nodes
that is needed to complete a part of the overall project

occur

e Concurrent activities: Activities which can be accomplished concurrently

delay in completion of the entire project
* Event: An event is either start or end of an activity

start to the complcnon of the project

e PERT: Itstands forProgram Evaluation Review Technique. It is a probabilistic
method where activity times are represented by a probability distribution

.o CPM: It stands for Critical Path Method and i is based on determination of the
critical path

e Dummy. acnviiy: An ‘activity that consumes’ ncither any resource nor tme,
but it is there on the network to show a link between events

. Redundancy A dummy activity that is the only activity emanating from an
event is a redundant activity which can be eliminated

e Optimistic time: The xmmmum time taken to complete an activity assuming
that everything goes well

« Fiost likely Hnie: The normal tifhe wkenbydn dcavity assuming armal delay

* Pessimistic time: The longest time required for an activity to complete assuming
everything going wrong

* Expected time: The time for an activity in a project, denoted in a PERT chart
and is given by the formula, as given below:

Expected time = (Opnmislic time + 4 x Most likely time + Pessimistic time) 6.

S.11 ANSWERS TO ‘CHECK YOUR PROGRESS’

0
i 1. Mauagemcm functions involved in three phases of wark involved in a project
are, planning, scheduling and controlling.

2. Planning is setting of objectives of the project by listing of tasks to be performed
and resources available to complete the project.

* Network: A graphic representation of logically connected activities and events
® Activity: An activity represents an action. and an effort that consumes time
e Preceding activity: An activity that must be accomplished for an event to

e Succeeding activity: An activity that cannot occur until an event has occurred

e Critical activity: An activity is critical if delay in its start will cause further

o Critical path: It is the path connecting all critical events of the project Erom

N ———
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. An activity represents an action. Itis an cffort that consumes time that is needed
to complete a part of the ovenall project. : '

. An cvent is cither start or end of an activity.

5. Netwaork is a graphic representation of logically connected activities and events .
where activities are presented as atrows and events as nodes. R

5 Events that arc ending of more than one activity are known as merge events

and those which are beginning of more than one activity are known as burst ' {&.

events.
. An activity that consumes neither any resource nor time, but it is there on the .}
network to show a link between events, are known as dummy activity. - :
. A dummy activity that s the only activity erﬁanating from an event is a redundant ./
activity which can be climinated, and this phenomenon is known as redundancy. 5
. An activity is critical if delay in its start will cause further delay in completion f’:’ P
of the entire project and critical path is the sequence of all such activities inthe -,
network. ) , . :
. PERT stands for Program Evaluation Review Technique. It isa p;obabil_istic )
method where activity times are repfesénted by a probability distribution. PERT |
is used where activities involved in a project are non-deterministic in nature. :

_ Smallest time taken to complete an activity assuming that eyerything goes W.ell .' b
is optimistic time. Most likely time is the normal time tiken by an activity .

assuming normal delay. Pessimistic time is the Jongest time required for an . J&

activity to complete assurming everything going wrong.
. Expected time for an activity in a project is denoted in a PERT chart and is 7
given by the formula as given below: : B &
Expected time = (Optimistic time + 4 x Most likely time + Pessimistic time)/6. 1%
_ Variance of an activity is given by o2 = [(Pessimistic ime — Optimistic time)/6]- B
. Standard pormal variable is given by the formula; (Scheduled time for project I
completion — Normal expected tire for the project)/Expected standard deviation < | &

fo:;bcmjmﬁxpec.mcLS!dpda:d deviation for.the project is calculated by the 2 L&

square root of sum of variance of all the critical activities. .
. PERT and CPM are used together because they have similarities. "

_ Crashing of a project means intentionally reducing the duration of a project by |
allocating more resources to it. A project can be crashed by crashing its critical “{3¥
activities (because the duration of a project is dependent upon the duration of
its critical activities). The use of more workers, better equipment, overtime, . |

etc, would generate higher direct costs for individual activities. H i

. The crash time is the shortest time that could be achieved if all efforts (at any e
reasonable cost) were made to reduce the activity time. The limit beyond which 1
the duration of the activity does not decrease by adding any amount of resources. &
is called the crash time. It is the shortest possible activity time. -

b

_ Resource allocation (also known as resource scheduling) implies the task of ':’;
- allocation of resources to various activities in such a manner that the allocation - ¢

3

'
)
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the given situation- The task of allocation of

as acceptable under :
" P al schedule dcy_oends upon the quantity of

is considered
rtant as the fin

resources is impo
deployment of resources. ' o

5.12' QUESTIONS AND EXERCISES

Short-Answer Questions

. What is understood by 2 project?

lingina petwork? How can it be avoided?

_ What is dang
_ Write basic two differences between PERT and CPM.

_ How are time estimates used in PERT and CPM?

1
2
3
4
5. How many types of float are there?
-6. Differentiate between float and slack times.
7. Define critical activity and critical path?
8. The total float of an-activity i —Jj is 18. The latest and earliest occurrence of

‘events i and j are 15, 12 and 22, 10 respectively. Find the free float.

9. What is independent float when the total float of an activity i —j is 187 Latest
and earliest occurrence of events i and j are 15, 12 and 22, 10 respectively.

10. What are the limitations of PERT and CPM?
. 1L Diﬁ"erenﬁate between crash time and crash cost.
12, Define the significance of resource leveling.
Lopg-'Answ'ver Questions

1. The following table gives the activities and duration of a coustruction

project.,
Activity T1-211-3]2-3]2-4|3-4|4-5
_ | Duration(days) | 20 | 25 | 19 12 | 6 | 10 _

(/) Draw the network for the project.

(ii) Find the critical path.

2. Asmall project consits of 11 activities 4, B, C,..,K.The precedence relationship
A, B can start simultaneously. Given 4<C, D, I; B<G, F, D<G, F; F<H, K G
H<J; I, J, K<E. The duration of the activitics are as follows.

Activity ATBlclplEIFIGIH I |JIK

DurationDays) |5 1311028456 12817

Draw the network of the project. Summarise the CPM calculations in 8 tabulet
determine B¢

form computing total, and free floats of activities and hence d°
critical path.




4. A small maintenance projectvonsists of the followinyg 12

—dobs  11-2]12-312-4 (3435|658 [6 71670175133

“+sav MLWUIA AUU UBTeTIINEG the Critica
ulculale all the floats involved in CPM.

['fuilc 1-211-312-913°4 |35 [4-5 96155
L Duration | € S 10 3 4 6 2 9

1 path for the given data, Also

jobs.

9-10

| Duration (Days) | 2 7

313 s |3 0s s e a1

Draw the arrow network of the project. Summarize CPM calculations in a

tubular forn calculating the three types of floats and hence determine the critical

path.

- Consider the following data for activities in a given project.

| Activity A\B|c| D |E]F
| Predecessor | — |A| - |B,C|C |DE
| TimeDays) |5 |4 7] 3 |4 2

Draw the arrow diagram for the project. Compute the earliest and the latest '

event times. What is the minimum project completion time? Llst the activities.
on the critical path.

6. For the following project, determine the critical path and its du:anon?

| Activity A B|Cc|D|E] F |G| H
Bredecessors -|A|A|{B|B|DE|D|CJFG
| Time (Days) |2 [4[8[3]2] 3 [4] 8

7. A project has the following time schedule.

[ Activiy [1-2]1- 3\1 -42-5[3-6[3-7]4-6]|5-8[6-9]7-8[8-9

‘Dumuon\ N 1
| Month) |

2 | 1.la gl g

"
-
N
i
n
")

Construct the network and compute:
(5) Total float for each activity.
(if) Critical path and its duration,
8. The data for a small PERT project is as given below, where a represents

optimistic time, m the most hkcly time and b the pessimistic ume Estimates
(in days) of the activities 4, B, ..., J, K. :

[ Aciivity | 4 c[ple|rFlcul1]J]«k
a 3262|5331 [a|1]2
m 6 1215 (11 9 192 4
b s(14/30]8(17[15(27] 7|28[ 09|12

2 K

o

TSy
S5 e

A

A, B, Ccanstansnnuhancously,As/) LLB<G,F.D<G, F C<E E<HK,
F<H,K,G H<J.

(i) Draw the arrow network of the project.

(i) Calculate the earliest and the latest expected times to each event and find
critical path.

"(iii) What is the probability that the project will be completed 2 days later
than expected?

9. The three esfimates for the activities of a project arc given below:

Estimate Duration (Days)

" Activity a m b
12 5 6 7
1-3 1 1 7
1-4 2 4 12
2-5 3 6 15
35 1 1 1

. 46 2 2 8
5-6 1 4 7

Draw the project network. Find out the critical path of the project and project
duration. What is the probability that the project will be completed at least 5
" days carher than expected?

What is the probabnhty that the project will be completed by 22 days?

' '1_0. -Cons:dcr the network shown in the ﬁgure below. The estimate 7, 7_ and t are

shown in this order for each of the actmum on the top of the arcs denotmg the
* respective activities.

. Fmd the probabxhty of completing the project in 25days.
: 357

4 [ X
w202, ."6". J.Ll&/p\"j L

11. A project is represented by the network shown below and has the following
table:

Task A|B|C|D|E

F|G|H|IT
Least time S|18|26(16|15|6 (7] 713
Greatest time 1012240 |20(25(12{12[ 9 |5
| Most likely dme | 8 {2033 [18 [20 | 9 [10] s |4

Determine the following:
(/) Expected tasks time and their variance.

(if) The earliest and the latest expected time to reach each mode.

Nerwo

NOTI

S i{/—ln:lmqlim(
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twork Analysis (iii) The critical path.
(i) The probability of completing the project within 41 .5 wecks.

12. Consider a project having the following activities and their time estimatcs.

NOTES Draw an arrow diagram for the project. Identify the critical path-and compute
the expected project completion time. What is the probability that the project

will require atleast 75 days?

Activity Predecessor Days

1, t, t,
A - 2 4 6
B A 8 12 16
é A 14 16 <30
D B 4 10 16
E CB . 6 12 18
F E 6 8 .22
G D 18 18 30
H F,G 8 14 32

13. Compare PERT and CPM with the help of examples. ‘
' . MODULE V

5.13 FURTHER READING
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| UNIT6 INVENTORY, QUEUING

_MODELS AND SIMULATION
\ v

Structure

6.0 Introduction

6.1 Unit Objectives

6.2 Queuing Models
6.2.1 Kendall’s Notation for Representing Queueing Models
6.2.2 Classification of Queucing Models

6.3 Simulation
6.3.1 Simulation of a Queucing System Using Event List
6.3.2 Multiplicative Congruential Algorithm
6.3.3 Inverse Transformation Method

6.4 Monte-Carlo Simulation -

6.5 Inventory Problems . .
6.5.1 EOQ with Price Breaks )

6.6 Summary .

8 6.7 Key Terms ' A

. - 6.8 Answers to ‘Check Your Progress’
® . 6.9 Questions and Exercises
. 6.10 Further Reading

6.0 INTRODUCTION

|| Inthis unit, you will understand the basics of queueing theory and its uses in rea] lifa.
* A flow of customers from finite/infinite population towards the service facility forms

a ‘queue’ (waiting line), on account of a lack of capability to serve them all at a time.
In the absence of a perfect balance between the service facilities and the customers,
waiting time is required either for the service facilities or for the customer’s arrival
The arriving unit that requires some services to be performed is called ‘customer’.
The customer may be persons, machines, vehicles, etc.

8. This does not include the customers being serviced: The process Or system that provides
7. services to the customers is termed as service channel or service facility. We find
¥¥ people standing in queue to take some services from some service facilities. Such
quecues are found at the counters for booking railway tickets, at bus stand, etc. A fter
entering a service centre, if a person is serviced before arrival of another person, no
- queue is formed. But if persons arrive while service provider is busy serving a
A customer, they have to wait and a queue or waiting line is formed. Queueing theory

M8 carries out study of waiting lines using mathematical models. :

You will learn about queueing discipline, When a queue is formed, service js
rendered according to some queueing discipline that may be; *First Come First Serve’
‘88 (FCFS) or ‘First In First Out’ (FIFO), ‘Last In First Out® (LIFQ), ‘Service In Random

&Y Order (SIRO) and priority queue. You will also learn about a queucing system that
has four essential components; arrival pattern, service pattern, queue discipline and
customer behaviour. Arrival pattern tells how customers are arriving for service at

|
|

|
|
|

AN .. Quene (waiting line) ctands for the munber of vustorners waitingto be servicad - e e -
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{he service facility. Service pattem tells how service is being rendered to customers.
Queue discipline tells the order in which customers arc given services. A queuc may
be considered for service either as FCFS, FIFO, SIRO or on priority basis. You will .
Xnow about customet behaviour which is an important aspect of queucing system.
Some customers may leave the queue sceing the long length of waiting line that is
formed (batking). There are customers who find it difficult to wait for long standing
in the queue and leave the queue (reneging). Sometimes, it is found that customers
move from one waiting line to another when there are many service channels
(jockeying). ~ R

In this unit, you will learn about states of queueing system. A queueing system
is in ransient state when its operating characteristics are dependent on time. If the
system behaviour is independent of time then it is in steady state. You will also learn
about notation for describing the model mathematically. A queueing model is

completely described in symbolic form as (a/blc): (dle), where, a shows probability *. - i

law for arrival, & shows law according to which customers are served, ¢ shows for
murmber of service channels, d'shows capacity of the system (maximum number allowed
in the system) and e shows queueing discipline.

Finally this unit, you will learn also about simulation. It is a representation of
reality through the use of a rmodel or any other device which will react like a real one
under a given set of conditions. Simulation can be analog or digital. Dikitzil simulation
is also known as computer simulation. You will understand the importance and
application of simulation techniques. Simulation is the process of designing a
mathematical or logical model of a real system and then accomplishing experiments
with the model to describe, explain and predict the behavior of the real system. A
static simulation model represents a system at a particular point in time whereas a
dynamic simulation model represents a system developed over time. Based on these

. two classifications, a simulation may be.classified as deterministic or stochastic. A

deterministic simulation model is one that contains no random variables whereas a
stochastic simulation model contains one or more random variables. You will also
learn about multiplicative congruential algorithm and inverse transformation -
method The Monte Carlo simulation model is used by modem management. It uses
random nurnber tables to reproduce on paper the operation of any given system under-

its own working conditionsYou will-also know about the thrce models of Montet -~
Carlo simulation used in three different contexts. These are queuing theory, inventory
control and production line. ‘ :

6.1 UNIT OBJECTIVES

After going through this unit, you will be able to:
« Describe queueing theory
 Upderstand queueing discipline
» Know about customer behaviour
e Explain Kendall’s notation
e Define qucﬁcing system

o Classify various queueing mathematical models

', Solve problems on queucing theory

%

i « Understand the basic concepts of simulation

Q‘ o Analyse the applications and importance of simulation

" ~» Discuss the simulation of a queueing system using event list -
5

& e Describe the significance of multiplicative congruential algorithm and inverse
transformation method

o Understand Monte Carlo simulation and its application
« Understand the three context models of Monte Carlo simulation

« Describe the problems related to inventory

% A queueing system can be completely described by:

e

(i) The input (arrival pattern).

(if) The service mechanism (service pattern).

<|& (i) The queue discipline.
§ (iv) Customer’s behaviour.

"The Input (Arrival Pattern)

. Input describes the way in which the customers arrive and join the system.
 'Generally, customers arrive in a more or less random fashion, which is not possible
& to predict. Thus, the arrival pattern can be described in terms of probabilities, and
S g‘consequently, the probability distribution for inter-arrival times (the time betwecen

Y two successive arrivals) must be defined. We deal with those queueing systems n

:\vhich the customers arrive in Poisson fashion. The mean arrival rate is denoted
3. by A.

{ The Scrvice Mechanism

This means, the arrangement of service facility to serve custoroers. 1f there is an
4! infinite durnbér of servers, thermiil the customers are Served ihstantanedusiy vu
& arrival'and there will be no queve. :

: 1f the number of servers is finite then the customers are served according to
: ,‘- a specific order, with service time as a constant or random variable. Distribution
i of service time that is important in practice is the negative exponential distribution.
. g The mean service rate is denoted by m.

g The Queue Discipline

I} 1t is a rule according to which the customers are selected for service when a queue
!} has been formed. The most common disciplines are:

e First Come First Served (FCFS).

o First In First Out (FIFO).

« Last In First Out (LIFO).

« Selection for Service In Random Order (SIRO).

Invrnlnry, On
Models and Simy,
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There are various other disciplines accor

(P preference ovcrd the others. Under priority discipline, the service is of two
pre cmptive and non-pre emptive. In pre- emptive system, the high prlorzypzs llmmely
us
are given service over the low priority customers; in non-pre-emptive sys::mcm
m, a

customer of low P{}Unl)' is serviced before a customer of high priority, I
paraliel chunnels “fasfest server rule’ is adopted. Y. Inthe case of

ding 1o which a customer is scrved jy

Custonier’s Behaviour

The customers generally behave in the following four w ays:

(f) Balking: A customer who leaves the queue because the queue is too long and
b has no time to wait or does not have sufficient waiting space.

(i) Keneging: This occurs when a waiting customer leaves the queuc due to

impatience.

(iii) Priorities: In certain applications some customers are served before olhers
regardless of their arrival. These customers have priority over others.
(iv) Jockeying: Customers may jockey from one waiting line to another. This is
most common in a supermarket.
Transient and Steady States: A system is said to bc in a fransient state when its
operating characteristics are dependent on time.
A steady state system is the one in which the behaviour of the system is
independent of time. Let P (1) denote the probability that there are n customers in thé
systern, at time ¢. Then in steady state,

lim p,(/) =p, (Independent ofr)
(—~®
___.dp”(l) = _d_pi
= dt dr

= lim p(1) =0

Traffic Intensity (or Utilization Factor): An important measure of a simple queue is

its traffic mtensntv given by,

Mean arrival rate - A

Traffic Intensity p = Mean service rate ;

The unit of traffic intensity is Erlang.

6.2.1 Kendall’s Notation for Representing Queueing Models

Generally, queueing model may be completely specified in the symbol form (a/b/c):
(d/e) where,
a = Probability law for the arrival (inter-arrival) time.

b = Probability law according to which the customers are being served.

¢ = Number of channels (or service stations).

PO
' Inver
d= (;apacity of the system, i.e., the maximum number allowed in the SySte” wodre
(in service and waiting),
e= Queue discipline. ’ -
NO

"? 6.2.2° Classification of Queueing Models

48 ModelI: (M/M/1): (co/FCFS): This deniotes Poisson arrival (exponential inter-

i arrival), Poisson departure (exponential service time), Single server, Infinite

% capacity and First come first served service discipline. The letter M is used due to-

#: Markovian property of exponential process.

%:Model II: (M/M/1): (N/FCFS): In this model, the capacity of the system is

J£¢ limited (finite), say N. Obvigusly, the number of arrivals will oot exceed the number
{ N in any case.

fModcl III: Multiservicée Model (M/M/S):(o/FCFS): This model takes the

bij number of service channels as S.

5 Model IV: (M/M/S): (N/FCFS): This model is essentially the same as model

. I3} 11, except the maximum number of customers in the system is limited to V, where,

I ‘(N> S).

‘ ,'r Model I: (M/M/T) («o/FCFS) (Birth and Death Model)

L To Obtain the Steady State Equations: The probability that there will be » units

,‘ (n > 0) in the system at time (¢ + Ar), may be expressed as the sum of three

¥ independent compound probabilities by using the fundamental properties of

3 probabxhty, Poisson arrivals and exponential service times.

The following are the three cases:

Time (1) Arrival Service Time (1 + Af)
No. of units No. of units
n-1 0 0 n
3 n-1 1 n
g 4 - -

| Check Your Progres:

wceod

Now, by adding the above three independent compound probabilities, we obtain |f1  Define 2 queue.
 the probability of » units in the system at time (¢ + Af). 2. What is FCFS in a

P(r+Al)=P(r)(l—-(/1+p)At)+P (D AAr+ S
P (0 At+0(A1) 3. What is SIRO?

_ 4. What are th
BUADBO) (ot P+ AP, (0 + P, (0 + X2 cssenial

At components of a
queucing system?

L Blran-RO oy, [-(M..)&(.)*w,,(z)»m ,,mpi’)]
FYEY) At

ato v S. What is balking?
y ) 6. What roneging?
P, (t N . .
——HI—. Sl ()‘ + "‘)Pu(l) + kPW-—IU) + }"Pn-tl(‘) i “,_h“ )O{:{tcymg?
] 8. Differentiate

betwcen transient
and steady states.

Self-Instructional
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T
where, n>0 i ;\
,o_é_gl = 0)~ . 5 [ .2.]'

( Aﬂo At , . ( %:., ;
In the steady state, . ‘ { ;{
P"(f) - 0) P.(‘) = P" . y
0=—(X+p)P +}_P L HRPL ) (1) i i

In a similar fashion, the probability that there will be # units (n.e n=0)in" {88
the system at time (7 +Ar), will be the sum of the following two independent j 3
probabilities.

() Probability (that there is no unit in the systcm at time ¢ and no amval in
time A7) :
=Py (1 -4 G
(i) Probability (that there is one unit in the system at time f, one unit semced m _‘
At and no arrival in Ar) : e
=P(Dudt(l -1 A)
=P(Nudt- 0(AY)
Adding these two probabilities, . ‘ .
Py(t— AN =Py)(1 - AN + P, ('t);lA! +0(A)
Pyt +AA12.—P0(1) AP () + lJ-Pl )+ X O(At) .
R+A)-FR()
At

Lt
Ar—0

=-APy() + uP (1) forn= 0

dRy(r) _ _

a0 )\-Po(’) +uP (9 . i
Under steady state, we have, o ' N
ol

Equations (1) and (2) are called steady state difference equalions for this modcl

From (2), P'= oA
From (1), P,= ﬁpl = (ﬁ)sz

u B
Generally, P = ( l) 3

n
Since, XA =1

g n=0
A 2

= Py+ -11,4.(;JP° + 1

ie., Py Py

A
Py ” p
: —(M'p = (2 _‘:)
Ao, py= (25 = () (-2
P,=p"(1-p)
Measures of Model I
1. Expected (average) number of units in the system L.
= Y nP,
Lg E

SEI()

(-G

(3Bl

L=
S 1-p

2. Expected (average) queue length L .
N
L,=L, =15

L -
q 1-p

M



3. Expected waiting line in the queue,

1 1
WIW>0)= —=
\( ) B=-A pd-p)

6. Expected length of non-empty queue,

1
L>0 = _P_=_

(L/ ) ; =

7. Probability of queue size 2 N=

.
o
= TP(P -A)e MW ap
8. Probability of waiting time in ’the queue >/
= ?x(n —)e W gy
9. Probability (waiting time in th’e system 2 /)

«@©
= fpu-ne@Maw

>

10. Traffic intensity, p= —

*

Inter-Relationship between L L', W W' (Littles Formula)
We know, )

Irwctional

5. Expected waiting time of a customer who has to wait (W/W > 0)

Similarly, Lq =] Wq hold in general,

I : -
' 9 mu-2)
o
W= 1
S, u-a
woolo 1 1 _p-ta-i) o _»
S pow-A p up-r) B
1
Wy= W=~

Multiplying both sides by A, we have,

- -3
e A(W’ u)

8 , ' A A
il . S R "
_ A
L=Ls-=>

6. come in. Ifthe arrival of sets is approximately Poisson with an average rate of 10
E. per eight-hour day, what is the mechanic’s expected idle time each day? How
: many jobs are ahead of the average set just brought in?

Here, u=1/30, l—- S

) B 8x60=;§
Expected number of jobs are,
I
v ‘“,1:;= 1- A ops -
; "
1.
= 48 2.
———————=1— jobs.
130-148 3%

pY

‘ Since the fraction of the time the machanic is busy equals to 4 the number
4 of hours for which the repairman remains busy in an eight-hour day,

h A 30
. -8(:]=8x§=5houxs
: Therefore, the time for which the machanic remains idle in an eight-hour
it1day = (8 — 5) howrs = 3 hours,
L ;
'Example 6.2: At what average rate must a clerk at a supermarket work, in order
‘o insure a probability 0£0.90 that the customers will not have to wait longer than

"4 g?l 2 minutes? It is assumed that there is only one counter, to which customers

.
Yy
()
<
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arrive in a Poisson fashion at an average rate of 15 per hour. The length of service

by the clerk has an exponential distribution.

Solution: .

1

15 1 .
Here, = customer/minute p =7

Prob. (waiting time 2 12) =1-0.9=0.10
jx(x —2)e" N gy

t

(-2t =01

12

~<n-2o \°
l(n-ﬂ) e =0.1
X (-(p-k) .

A (1208 =0.10
129 = 0.4p

1 . . .
. = 2.48 minutes per service.
oth are considered to be Poisson, with

Example 6.3: Arrivals at a telephone bo
The length of @

an average time of 10 minutes between one arrival and the next;

pho

(/) What is the probability that a person arri
wait? '

(i) What is the, average length of the qu

(iif) Thetelephone department will install a second booth when convinced that an

arrival would have to wait a

time must the flow of arrivals be increased in order to justify a second booth?
Solution: . B
Given, A =1/10, 1= 173 |
()  Probability (> 0)=1—P0=%=Tlax:-:- =3/10=03 B
S : oo o '
(ii) (LIL>0)= -;—_—i =0 1.43 persons
A
y W= —
(”i) - q P(P'l) B i
Since, Wq =3, = % , A=A for second booth,
M A =0.16

3= —=
l(l ,;\:)
3\3
e=0.16-0.10= 0.06 arrival per minute

Example 6.4: As in Example 6.3, in a telephone booth with Poisson arrivals
spaced 10 minutes apart on the average and exponential call Jength averaging

three minutes.

Hence, increase in the ‘arrival rat

pe call is assumed to be distributed picponentially with mean :three minutes. - k&
. ving at the booth will have to

eue that forms from time to time? -

t least three minutes for the phone. By how much

A% mean five minutes. The space in fron
& car can accommodate a maximum of three cars. Others

(7) What is the probability that an arrival will have to wait for more than 10
minutes before the phone becomes free? '
- (If) What is the probability that it will take him more than 10 minutes in total to
wait for the phone and complete his call? :
(1i7) Estimate the fraction of a day that the phone will be in use.
() Find the average number of units in the system.
nA = 0.1 arrival/minute
p = 0.33 service/minute

R, -
'j;(l u)u w2V gy

Solution: Given,

(i) Probability (waiting time 2 10)
‘ - _1_._ ~(p—A)o >
=(07)

. 10
. =03e2%=0.03
(if) Probability (waiting time in the system 2 10)
= [u-n @7 dw

10
" =0 = 23 =10
(#if) The fraction of a day that the phone will be busy = traffic intensity
' _A_
P=yu" 0.3.

(iv) Average number of units in the system,

3/7 = 0.43 customer.

tomers arrive at a one-window drive-in bank according to Poisson
Service time per customer is exponential with
t of the window including that for the serviced
can wait outside this space.
drive directly to the

Example 6.5: Cus
. distribution with mean 10 per hour.

"() Whatiis the probability that an arriving customer can
space in front of the ‘window?

(if) Whatis the probability that an arriving customer will have to wait outside
the indicated space?

(i) How long is an arriving customer exp

A = 10 per hour

ected to wait before starting service?

Solution: Given,

pn= -;- x 60 = 12 per hour

md 10
po 12
(i) The probability that an arriving custome

in front of the window,

r can drive directly to the space

Invens,
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1G!

= A 2
P0+P1+P2“Po"";Po+(i-)Pu

2
..‘ =Po(|+l+(}-) ]
pon
’ - LY, (Y A
=pl-—=l1+= -— . =] - —
( “)L P+(u)] o Fe=l "
(iole i
S Ll 12)(l+ﬁ+i—4-4—) = 0‘42

(i:; Prebability that an ammiving customer will have to wait outside the indicated
SAHIUCH

10 100

5=1-0.42=0.58
(i17) Average waiting tunc of a customer in a queue,

ST S P
pp-2  12\12-10) .12
= 0.417 hours.

minutes, following Poisson process. The average time taken by a cashier to list and
calculate the customer’s purchase is two and a half minutes following exponential
distribution. What is the probability that the queue length exceeds six?

What is the expected time spent by a customer in the system?
Solution:

10 .
= — per muute
A 30 P
1 -
= — T minute
H 25 pe

1
2.3 .
=5 ~0.8333

(7) 1né probability of quete size > 6 = p*

Expected waiting time W= ——- = (0.8333)° = 0.3348.

0.833
; W= = 0833
(1) s X 1-08333

= 14.96 minutes.
Example 6.7: On an average, 96 patients per 24-hour day require the service of an

3

attention. Assume that the facility can handle only one emergency at a time.

Suppose that it costs the clinic T 100 per patient treated, to obtain an average .

servicing time of 10 minutes and thus, each minute of decrease in this average
time would cost ¥ 10 per patient treated. How much would have to be budgeted

Example 6.6: In a supermarket, the average arrival rate of customers is 10 every 30

emergency clinic. Also, on an average a patient requires 10 minutes of active -

by the clinic to decrease the average size of the queue from 1% patients to

patients? i
Solution: -
¥ Given, - A=_26_-1L patient/minute
24x60 |15 z

1 . .
K=15 patient/minute

;

» Average number of patients in the queue,

(ke

_A A _(u
Lq—p, l-—p— l——l:
I
(&)
15 I R
=(L-i)_l_—lspatmnts
10 15)10
 But, L= 1% is reduced to L’ = 1/2

Substituting L' = 1/2, A’ = = % in the formula

12
' . - LY (TR )
(i)’.
; Lo _\s) = ' = 2/15 patients/minute
"2 p('-1115)

Hence, the average rate of treatment required is, i = 7.5 minutes. Decrease
& in time required by ¢ach patient #
= -_— l—s'= i 1
S 10 = 2@utes
The budget required for each patient
=100+3 x 10 =7 125

. So, in order to.get the required size of the queue, the budget should be
increased from ¥ 100 to T 125 per patient.

| Example 6.8: In a public telephone boath, the arrivals on an average are 15 per
- hour. A call on an average takes three minutes. If there is Just one phoue, find (i)
9 the expected number of callers in the booth at any time (i7) the proportion of the
kY time, the booth is expected to be idle? '

A= 15 per hour
n= % X 60 per hour

2
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(i) Expected length of the noﬁ-emp\y queuc
’ n 20

“p-A 20-15

. .. A 15 3
1 Thcs = —=m—m -
(ir) crvice is busy W20

m

(i) The mean queue size. .
(if) The probability that qucue size exceeds 10.

~ the changes in (7) and (ii)?
Solution: :
- . _ 30 1 . .
Given, A= ——— =— trains/minute
. 60x24 48 ;
: 1
p= 31_6 trains/minute '
\
_r_30_s ‘
p 48 8

_ b B _SB_S | e =2 trai -
(0) 1.‘,).—1_9-1_5,8 %3 l.6§nams 21ra1ns(app.)’

(ii) P (= 10)=(0.75)'° = 0.056
(iif) When the input increases to 33 trains per day,

_o3n
we have, 4— YT R=35 trains/min
. ' P =21 '
ol R L= g, where, p= 2 S35 - e
16 11 _ .
Lg= 65 = 2.1 trains
_ oo (1)°
also, p10)=p" = Ts = 0.1460

Model II (M/M/1): (N/FCFS)

case. The various measures of this model are,

L. Py= 'l-ff—. where, p = l(ﬁ>1is a"owed)
1-p"" M AN ,

- the booth is expected to be idle for 1 — -i-=% hours = 15 minutes,

Example 6.9: In a railway marshalling yard, goods trains arrive at a rate of 30 trains’_
per day. Assuming that inter-arrival time and service time distribution follows an
exponential distribution with an average of 30 minutes, calculate the following.

(ifi) If the input of the train increases to an average of 33 per day, what will be

This model differs from model I in the sense that, the “maximum number of
customers in the system is limited to N. Therefore, the difference equations of
model ] are valid for this model as long as n < N. Arrivals will not exceed N in any.

= i3

A& Given, N

{2 Py= 1_1;5*1 o, forn=0,1,2,.. N

N
4. Lg= po ), np"

n=0

=7 2

5. Lq— Ls-:
6. Wg=Lg/\
7. Wq=L¥X

H# Example 6.10: Ina railway marshallfng yard, goods trains arrive at the rate of 30
¢ trains per day. Assume that the inter-arrival time follows an exponential distribution

! and the service time is also to be assumed as exponential with mean of 36
. minutes.Calculate,

(/) The probability that the yard is empty.

nine trains.

Ad

i solution: For model II

‘12, Given, A= 603324 =4i8, " =§% trains per
18 'minute
. p= L] = % =0.75
J|&: (i) The probability that the queue is empty is given by,
. 0= ——]% where N=9
1-p
; o _1-075 025 .o
; 1-(0.75)**  0.90
P (i) Average queue length is given by,
: JI- A . 1y X - e
L_,=\ —Ll— T an
P n=0
1-0.75 <
= ——""_%" n(0.75)"
_ 1-(0.75)"° "z_(:,

=0.28 x 9.58 =3 trains.

14 ' Example 6.11: A barber shop has space to accommadate only 10 customers. He

. can serve only one person at a time. If a customer comes to his shop and finds it
. full, he goes to the next shop. Customers randomly arrive at an average rate A=
fr 10 per hour and the barber’s service time is negative exponential with an average
;|i& of 1/u4=5 minutes per customer. Find P, and P, .

= _lo _1
10,)\ -6—6,}1 5

(i) The average queue length, assuming that the line capacity of the yard is’

l ey,
Modely o
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P h s
P, = l—?ﬂ‘ 1-5/6
t—p"  1-(5/6)"
0.1667 _
0835_5-_0'1920

= (0.1926) x (3J [(n=0,1,2,.. 10]

1 988 -u-,)hblz A car pur

average?
Solution:
1 = = l.o_ = 9.'2 = 1
Given, N =32= 01" % " 2xe0
A ;
=—==20
P
((1-p ) _1-20 _ -19
- Po = Ll’ oNo1) T 1205 63999999
=2.9692 x 1077
N 5 C
L, =P, 2, nP" =(29692% 107)) " n(2.9692x10°7Y"
y n=0 n=0 .
= 4 (approximately).
Example 6.13: Assuming for a period of two hours ina day (8-10 am), trains arrive at

the yard every 20 minutes, then calculate for this period.
(N The prohabdxty_thm the verd is empty

only.
Solution: .
: p =2%=18 N=4
Given, 20 -0,
i _ p-l _
() Py = ;5—_7 =0.04
(if) Average queue size
4
= po Z".p"

n=0
= 0.04(p + 2p? + 3p° + 4p*) = 0.04 (67:77)-
= 2.9 = 3 trains. ,

s centa’rs 5 cars. The arrival of cars is Poisson, at a mean
rate of 10 per hour. Thc h,n"th of time each car spends in the car park is exponential
distribution with mean of 0.5 hou:s How many cars are in the car park on an

o~

(if) Average queue length, assuming that the capacity of the yard is 4 trains , ;

2 TPy e e e
Ap St b L

e
oy

TP

—
I~

T

—

S et
B e S %

ja

' hence, P,(s) — 0 for all n, above equations become,

[T v v svntam - smva s m Gresas ma e

Model III: (Multiservice Model) (M/M/S): (¢/FCFS)

f When there are 7 units in the system, difference equations may be obtained in the

" following two situations.

() 1fn <5, all the customers may be served simultaneously. There will be no
queue. (s — n1) number of servers may remain idle and then,

pn=np,n=0,1,2,..5,
(i) Ifn2s, all the servers are busy, and the maximum number of customers
waiting in queue will be (7 —s), then, p1, =5, :
Also, A, =A[n=0, 1,2..]
The sfeady state difference equations are,
Pyt + A1) = Po(l)(l -AAN)+P (t)pAt + 0(AN)
forn =
P+ = =P, (f)[l - (A +npA+ P 1(’)w
 a()(n+ Dpar+ oA forn=1,2...5-1
P (t+ A1) =P, (t)[l — (A +Sp)Af] + P, (NAA2
: P_,(DSuAs+0(A1) forn= S, S+1,5+2..
Now, demg these equations by At and taking limit as Ar — 0, the difference
equations are, )
' PY()=-APo() + WPy (i) forn=0
Ply=—+ nu)P O+ AP, (D + (n+ DpP (1)

for, n= 1,2 e S—
PI)y=—(+ Su)P O+ AP, 1+ S,y ©
for, n=S§S+1,8+2..

Considering the case of steady state, i.e., when / = «, P () — P, and

0 =-Apy+ HP, forn=20

o= -+ )P + 2P+ (n+p2 ..
for,1sn<§-1 . _

0 =—(A+Sp)P, + AP, +SupP , forns<S 3).

)
e 2)

Here, P, = P, initially,

P, = lpo from (1)

P, =-—HP —5 Py(Put n=11in(2))
In gencral,

- re—g—t
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In general, (Pn =Pt = FE(_&) BRn2S
Now, find P, using the fact,

A =1

n=0
. §-1 ©
ie., S B+Y B =1

n=0 r=S

This gives the steady state distribution of arrivals (n) as,

n
l(l) P,n=012.5-1 !

ni\ p

3\ . 3
-Sl—!g%:(%) PR,ifn=8,5+1..

Measures of Model I ) ‘ -
1. Length of the queue, A

P =

n

P
(-p)?

] »

St

L= p

where, Pg=

2. Length of the system,

3. Waiting time in the queue,

Lq
o=

4. Waiting time in the system,
L
W.= 22
Y
5. The mean number of individuals who actually wait is given by,

L(L>0)=l—_l;

6. The mean waiting time in the queue for those who actually wait is given by
wW(W > 0), ' .

1
Spu-n

=

P,
7. Probability P (W>0) = l__S_p

8. Probability that there will be someone waiting = ?—"_%
9. Average rumber ofidle servers =S~ (Average number of customers served)

ed
10. Efficiency o £ M/M/S model = Average number of customers scrv
' Total number of customers served

g Example 6.14: A supermarket has two girls ringing up sales at the counters. If the
i service time for each customer is exponential with mean four minutes and if
‘I§ people arrive ina Poisson fashion at the counter, at the rate of 10 per hour, then

. calculate,
(i) The probability of having to wait for service.
(if) The expected percentage of idle time for each girl.
(iii) 1f a customer has to wait, find the expected length of his waiting time.
i Sotution: _ .
3 (i) Probability of waiting time for service is,

e

=X al
P ps 3 _
S-1 n S 1
= Sp)" |, _(Sp)
_ | Po [E, n! +S!(1-p)I
N n 2
e [y ey
- ,§, Al 2(1=1/3)
4 1
= 1+2/3+ 9 =l
2x2/3 2
N (4/6)’--‘5
Thus, probability (W > 0)= O 1/6

(ii) The fraction of the time the service remains busy,

(i.e., traffic intensity) is given by, p = E}‘— =-§
M

Invey,,
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-, The fraction of the time the service remains idle is
]

1 2
(1 - 3) == 67% (approximately)

e gt - ! 1 1 | -

di) (W 20)= —. 0 s = i 5 .
GON¢ ) s T 3 minutes.

: 5 273
Exaangie 015 A petrol s:gtiou has two pumps. The service time follows the
exponcatial distribution with mean four minutes and cars arrive for service in a
Poisson process at the rate of 10 cars per hour. Find the probability that a customer

has to wait for service. What proportion of time do the pumps remain idle?
Solutios: '

Uiy s, §'=12, =10 per hour

per minute = %9 = 15 per hour

=

'l
|
l

(7) Probability

where,

1
_ [H@L_(a&’_I
1 2i1-p)

(Z)z ;
1
= l——I —372 = %x% = 0.167 (approximately) .

3
(if) The duration of time for which the pumps are busy = %‘- --;—
The duration of time for which the pumps remain idle

=1-1= 2= 67% (approximately)

3 S AT

ST —

Example 6.16: A telephone exchange has two long distance operators. The
telephone company finds that during the peak load, long-distance calls arrive 1n a
Poisson fashion at an average rate of 15 per hour. The length of service on these
calls is approximately distributed with mean length five minutes.
(7)) What is the probability that a subscriber will have to wait for his long
distance call during the peak hours of the day?
(i) If the subscribers will wait and be serviced in turn, what is the expected
waiting time? -
Establish the formula used.

Solution:

Here,

1
= Sp)” (sp)s
First, calculate Po=[ ( p_) +S!(1—P)I
L(/a"

2 1
R CIL))
n!  2{1-5/8)
- 1 ——=3/13
1+5/4+(5/4)’-3-313

o,

Si-p) °

2
: (%) 3013
=\ _o552-048
20-5/8)

Wo =L/
1 e
A S10-p)?

I
-

() ' - P(W>0)=

] (il’)

L4385/ 3 125

211-5/8)2 13 39

Example 6.17: Four counters are being run on the frontier of a country to check

the passports and necessary papers ofthe tourists. The tourists choosé any counter

at random. Ifthe arrival at the frontier is Poisson at the rate A and the service time

is exponential with parameter A/2, what is the steady state average queue at each
counter? '

=3.2 minutes,

Solution:

Here, S=4, A=\ pn=A2

= ra)

o2
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-1 A

14
32»1 44 2

L P T T (T

-1
=[2° 2 22 2 256,‘_1_]

=[1+2+2+8/6+43]" =[5+ 831 =3/23
But, the expected queue length Ag is, :

_ o’
st 1-p?

Model IV (M/M/S): (M/FCFS)

This model is essentially the same as M
of customers in the system is limited to

odel I11, except that the maximum number
N, where N> S (S =Number of channels).

. - A = A, 0SnsN .
a n~ |0, n2N !
- np,0<nsS )

Hn Sp,SSnsN ‘

n .
l[ﬁ] B, 0<n<S

p ={"\"

n 1 L n

_S_"TSTS'-!(_}IJ R).SSHSN
-1

gy & (Y
Fo= [gg,?(;) +,§S"'SS![:)

(5P N-SH (g _ N-S
L‘l_——_—sz(l-p)iu P a P)((f S+hp" Mk

— , L SUREREEE

= (S-n)Sp)" .

Ly=L+S-Poy——m—

W= %,where A =A(1-Py
1
Wq'=WSF ;

Example 6.18: A barber shop has two barbers and three chairs for customers.
Assume that the customers arrive in a Poisson fashion at a rate of five per hour
and each barber services customers according to an exponential distribution with
mean 15 minutes. Further, if a customer arrives and there are no empty chairs in
" the shop, he will leave. What is the expected nuinber of customers in the shop?

Solution:

5 1 :
Here, S=2,N=3,\ yiad ) customer/min

1, .
= —/min
=™
- 21 n 3 N -1
) Ly 1 |(X)
= —_— + ——
PO ‘.'12-:0”!(“) rm‘lz"_2 20\ p
1
- th(zZ—' (z)’
- 3 21\4 22!\ 4

s 12l
[l+—;+-2—(514)2+-;(514) ]

256

=——=028
901
—l—i(5/4)"x0.28 0<sn<2
_In!
Pn_ 1 n
561 x028 25n<3
—1—1(1.25)")(0_28 0<n<2
_In
2'_‘22!(1.25)" x028 2<n<3

x ”
ol

Ls=Lq+S—POZ =

n=0

3 2-1 49 _ 45"
=) (n-2)F, *’2"‘732'(3""‘)(%:5‘)—'
=2 - =0 s
=P;+ 2-32P,

= [3‘2—‘(f 25 x o.2s]+ 2-3.2x0.28 = 1.226 customers.

6.3 SIMULATION

dely used flexible modelling approach.
h is used to model the behaviour of individual components within the
for generating pragmatic variability.
tual modelling, model

d unalysis of results,

In operations research, simulation is the most wi

This approac
system with the help of random sampling technique
The simulation process includes problem definition, concep

coding, model verification and validation, experimentation an
and solution implementation.

Types of Simulation
Simulation is mainly of two types:
(i) Analog (environmental) simulation.

(if) Computer (system) simulation.

Iy,
Moy,

No

N

Check Yo
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in 3 Qe
systen!

10. Define®
serviee

11. What ¥
fntens?
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sume examples of simulation models are given below:

QiR

(i) Testing an aircraft model in a wind tunnel
(i) Children cycling in a park-
VIES traftic system.
OTES
(iiiy Planctarium,
Tu Lenniae the bc_hukur ol @ real system iy actual enviromnent, a number of
Sapeasnedts are perlernied on simulated wodels ej i
! \ s either in the laborutories

cumputer itself, ories or on the

Randum Variable

Tl}-: random variuble is a real-valued tunction, defined over a sample space associated
with the vutcome of a conceprual chance experiment. Random variables are classified
according to their probability density function. '

Random Number:

to a random variable, following uniform probability density function. In other words,
itis a number in a sequence of numbers, whose probability of occurrence is the same
as that of any other number in that sequence. T

Pseudo-Random Numbers: Random numbers are called pseudo-random numbers

when they are generated by some deterministic process, but have already qualified
the pre-determined statistical test for randomaness. \

Monte Carlo Technique or Monte Carlo Simulation .
The Monte Carlo method is a simulation‘ tqc}uiique in which statistiga; distrﬂ;uﬁon
functions are created by using a series of random numbers. The method is generally

used 1o solve the problems that cannot be adequately represented by the mathematical

models or where the solution of the model cannot be arrived at, by analytical method.

Monte Carlo simulation yields a solution very close to the optimal solution, but
not necessarily the exact solution. The Monte Carlo simulation procedure can be
summarized in the following six steps.

(a) Identify the objectives of the problem.

(b) Identify the main factors which have the greatest effect on the objectives of the
problem. o

Step 2 Construct an appropriate model.
(a) Specify the variables and parameters of the model.
(b) State the conditions under which the experiment is to be performed.
(c) Define the relationship between the variables and parameters.
Sirep 3 Prepare the model for experimentation.
(a) Define the starting conditions for the simulation,
(b) Specify the number of runs of simulation to be made.

. .
”» , . o
esicuctionul .

Ll

.wuh vanous signals and crossings—to model a

It refers to a uniform random variable or a numerical value assigned

| ‘Step I Crarly detine thé problem. ~ 7 5 vy - o

Step 4 Using Steps 1 10 3, experiment with the model.

(a) Define a coding system that will corr

elate the factors defined in Step 1 with the
random numbers to be generated fo :

r the simulation,

e

(®) Sclcct a-random number generator and create the random numbers to be used
in the simulation.

(c) Associate the generated random numbers with the factors identified in step 1
and coded in Step 4 (a).

- Step § Summ_arizc and examine the results obtained in Step 4.
Step 6 Evaluate the results of the simulation.

ISR T

Generation of Random Numbers

Monte Carlo simulation needs the generation of a sequence of random numbers, which

constitute an integral part of the simulation model and also help in determining random
observations from the probability distribution.

"Random numbers may be found through a computer using random tables or

manually. The most common method to obtain random numbers is to generate them
iy, through a computer program.

Example 6.19: A sample of 100 arrivals of a customer at a retail sales depot is
according to the following distribution.

B . ~ Time between

Frequency
. Arrival (min.) )
H 0.5 ' 2
‘I8 . ' - 1.0 . 6
1.5 : 10
2.0 25
2.5 20
3.0. 14
35 10
4.0 . 7
“ 4.5 : 3
War T e e '5.0°°° S 2z ’ o B

b A study of the time'required to service customers by addiné up the bms, receiving
¥ payments and placing packages, yields the following distribution.

Time between

Frequency
arrival (min.)

0.5 12
; 1.0 21
A 1.5 36
! 2.0 19
' 2.5 7

3.0 S
iR Estimate the average percentage of customer wéiting time and average

"B percentage of idle timo of the server, by simulation, for the next 10 arrivals.




Example 6.20: A tourist car operator finds that during the past few months, the car s
';ng‘;f;'l""i' on Solution: Tag-numbers are allocated to the events in the same proportions as indicated |, | ;se has varicd so much that the cost of maintaining the car varied considerably. During
by the probabilities. . L the past 200 days the demand for the car fluctuated as below.
: Arrivals Frequency ~ Probability g:’;:’:;:; Tag-Numbers Trips Per Week Frequelicy
"“NOTES : 0 16
: 0.5 2 0.02 002 0001 . 21
. 1.0 6 0.06 0.08 02-07 % 2 10
- 1.5 10 0.10 0.18 08-17 ﬁ‘f 3 60
2.0 25 0.25 0.43 - 18-42 S 4 40
25 20 0.20 0.63 43-62 kj . 0
30 14 0.14 0.77 : 63-76 X i
35 10 0.10 0.87 77-86 x . .
5 i t deman d for a 10-week period.
4.0 2 0.07 0.94 87-93 2‘ Using random numbers, simulate the dem fc p
4.5 ) 4 ©0.04 0.98 94-97 ;, Trips/Week or g . Cumulative
5.0 2 0.02 1.00 98-99 ) ,'; Demand/Week Frequency Probabillty - - Probability Tag-Numbers
o c — i 0 16 0.08 0.08 00-07
ervice . umulative R
. N Frequency Probability Tag-Numbers 1 24 0.12 - 0.20 08-19
time (min.) Probability ! § 2 30 0.15 0.35 20-34
0.5 12 0.12 0.12 00-11 ¢ 3 60 0.30 0.65 35-64
1.0 2 ©o021 0.33 12-32 H 4 40 0.20 0.85 65-84
1.5 36 0.36 0.69 ' 33-68 ‘1§ 5 30 0.15 . 1.00 85-99
2.0 19 0.19 0.88 69-87 i
2.5 7 . 0.07 0.95 88-94 & L, :
10 5 0.05 1.00 © 95-99 fo Solution: The tag-numbers allotted for the various demand levels are shown in the
: : ' table above. '
The random pumbers are generated and linked to the appropriate events. The [& "Vu X Random D d
first 10 random numbers, simulating arrival, the second 10, simulating service times. ( Number eman
The results are incorporated in Table 6.1, on the assumption that the system starts at i ] 82 4
0.00 am. o &
L .. 45 . 7 2 96 5
Avcerage waiting time per customer is, i 0.45 minutes. ¢ 3 g |
Average waiting time (or) idle time of the servers = :’g = 0.7 minutes. : 4
, Table 6.1 0 ' 20 5
‘ 5 20 2
Arrival| Random| . Inter- Arrival | Rundom| “Service Service Waiting Time HE S :
: Start . " ofEnd Ve ‘ . 6 84 4
e e ae e NG T iiber [ ATHVAl {Time (minci T No.  {Time (Min.) - T . [ CuMlomér Server~iyiT cas i i el g s mochlgen g e e
' Time (min.) a ’ e b S |c=b-a|d=f-a 8
i- : " |Customer| Server n I
1 93 40 4.0 78 2.0 4 | 6 - a0 52 3
2 2 | 20 6.0 76 20 6 | 8 -l - 10 - 03 0
3 53 2.5 85 58 1.5 |.85 | 100 -] os Total = 28
4 64 30 1.5 54 15 |15 13 - s
5 39 20 13.5 74 20 |135] 155 -| os ; ) ’
6 0 1.0 145 92 25 |155] 18 10| - bl The simulated demand for the cars for the next 10 weeks period is given inthe |
7 10 1.5 16.0 38 1.5 ]18.0 | 19.5 20| - table above. |
8 63 3.0 190 | .70 20 [195|215 0s| - . Total demand = 28 cars. '
9 76 3.0 220 96 30 [220(250 -1 os Av 28
. / - erage demand = — =2, :
10 15 20. 24.0 92 25 250 | 27.5 io 2 8 n m 2.8 cars per week.
Total 45| 10
Self-Insiructional s
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expenence indicales the daily denang as Jgi Special product, p revious

ven below,
S L T R
- Probabiliry ! e T ——=— 30
IES —ty S0 ‘_E’-_g‘__\-O.IS 050 ~ o012 0.02

Stnuiate the demiand for the next 10 days. Also find the dail

: . aver :
product on the basis of simulated data, Y average demand for the
|

Suiution
—
—_—
Demand Probability Cumulative
T - >
Probability 9g-Numbers
S 0.01 0.01 00-00
10 0.20 021 01-20
! 15 0.15 0.36 21-35
20 0.50 0.86 36-85
25 0.12 0.98 86-97
30 0.02 1.00° 98-99
Random
Day Number Demeis .
1 .82 20 .ll
2 96 25 )
3 18 10
4 96 25
S 20 10
6 84 20
7 56 20
B 11 10
9 52 20
10 03 10

.. Total =170

. mme— e

170 < 17 units/day,
10

Average demand =
Example 6.22: An automobile production line turns out about 100 cars a day but

deviations occur owing to many causes. The production is mnore accurately described
by the probability distribution given below.

Production/Day Probabilirty Production/Day Probability
95 0.03 101 0.15
96 0.05 102 0.10
97 0.07 103 0.07
98 0.10 104 0.05
99 0.15 105 0.03
100 0.20 106 0.60
' Self Insirucrional 1.00

| Moreriaf

———

' Solution: The ag-numbers are established in the table below.
3 Pro ? i .Cumulative
duction/Day Probability ' Probability Tag-Numbers
g“. 95 0.03 0.03 00-02
5 96 0.05 0.08 03-07
L 97 0.07 0.15 08-14
98 0.10 0.25 15-24
99 0.15 0.40 25-39
100 0.20 0.60 40-59
101 0.15 0.75 60-74
102 0.10 0.85 75-84
103 0.07 0.92 85-91
104 0.05 0.97 92-96
105 0.03 1.00 97-99
The simulated production of cars for the next 15 days is given in the following
table. : ’ ’
Day Random Production No. of Cars No. of Empry
Number per Day Waiting Space in the Ship
B! 97 105 4 -
2 02 95 - 6
Y 3 80 102 1 -
4 66 101 - -~
S 96 104 ' 3 -
_ 6 55 100 - 1
: 7 50 100 -~ 1
3 8 29 99 To- 2
! 9 58 100 - 1
N | 1o st 0 loo .1 -1
& 1 04 ' 96 - s
i 12 86 ' 103 2 -
g 13 24 98 - 3
3 14 39 99 - ’ 2
3 15 47 100 - 1
‘ M ' Total 10 23

Average number of cars waiting to be shipped = % = 0.67 per day.

Average number of empty spaces on the ship = LY.

T 1.53 per day.
' Example 6.23: Suppose that the sales of a particular item per day is Poisson with

' mean five, then generate 20 days of sales by the Monte Carlo method..
. Solution: The probability for the sales is given by,

-Ay ~Sor
e A es
=n=— !

(..: l= 5)
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y Cumulative Probability Tag-Numbers
i 0 0.01 00-00

1 0.04 01-03

2 0.13 04-12

3 0.27 13-26

4 0.44 2743

S 0.62 44-61

6 0.76 62-75

7 0.87 76-86

8 0.93 87-92

9 0.97 93-96

10 0.98 97-97

11 0.99 -98-98

12 1.00

99-99

The simulated sales for the next 20 days is given in the table below.

: Sales

Day Random Day ‘ Random Sales
Number - Number

1 49 05 1 9 12
2 55 05 .12 8y - 08
3 89 08 13 10 -« 02
4 15 03 - 14 27 04
5 12 02 15 50 05
6 94 09 . 16 93 09
7 85 07 17 .92 08
8 34 04 18 57 05
9 07 02 19 50 05
10 53 05 20 . 78 07

6.3.1 Simulation of a Queueing Systém Using Event List

technique for the analysis and study of complex systems. Simulation technique is
sPeciﬁcally used to imitate the function of a real world system that develops over
time. Ugually this is performed by developing a simulation model. As a rule, the
simulation model typically obtains the form of a set of assumptions with refer;nce
to the function of the system and is expressed as mathematical or logical relations
between the significant/concerned objects in the system. '

Thus, simulation is the process of designing a mathematical or logical model

of a real system and then accomplishing experiments with the m
nlaj g . odel t i
explain and predict the behavior of the real systern. 0 desoribe,

Th_e‘refore, to mo@el a system the basic concept of a system must be clear,
By dcﬁgtxon, a system is a collection of entities that act and interact toward th g
accomplishment of some logical end. Generally, the systems are referred to b:

dynamic as their status changes over time. Hence, to explain this status the concept

Sy Wiy . TSR R DI . m o e gee e s Py . 3 :
Simulation 1s referred as a powerful and exténsively used managemient s¢iende ™"

: time.

: clock is advanced in increments of A¢ time units, where Af is some appropriate

is used gimulation is very useful in understanding the

f:r?)f the real system and also in testing the efﬁcn?ncy Ofl_he

xpece p?\'formanfic simulation model represents 2 system at a particular point

Sy heres g S:iaynamic simulation model represents a system developed over
in time whereas 2 '

~

, these two clnssiﬁéations, a simulation may be cléssified as
e or stic. A deterministic simulation model is one that contains
tochastic simulation model contains one or more

of the state of a syst

inisti ocha
deterministic of stoc
no random variables whereas 2 3

rendem Vmable‘& characteristically defined as a situation that causes the statc of
the sy:t:: :,: :;;ige instantaneousty. When tht? state of syster’n transforms/changes

i oints in time termed as ‘discrete events’. Whe_n the state of
only o dt:scre;: :ominuously over time, then it is termed as ‘continuous event’,
Syﬁt;m i;fz:r%lation regarding change of state is preserved ina list called the event
‘l?st.tlr: a simulation, timé is maintained using a variable te:nne'd as thc-clock time.
This simulation is initiated with an empty system and arbitrarily assumed that the
frst event is an arrival that occurs at clock timme 0. Subsequently the departure
tifne of the first customer is scheduled.

Departure Time = Clock Time Now + Generated Service Time

Next step is to schedule the next arrival into the system by randomly
generating an inter-arrival time from the inter-arrival time distribution and setting
the arrival time as follows:

Arrival Time = Clock Time Now + Generated Inter-arrival Time

Both these events have their own specific scheduled times which are
maintained on the event list. In a system when cvents occur, time is advanced
from event to event. This approach of simulation is termed as the next-event
time-advance mechanism, because of the manner the clock time is updated. The
simulation clock can be advanced to the time of the most imminent event.

‘ Moving fromevent to event, the appropﬁate actions for eacheventis carried
out including any scheduling of future events. The jump to the next event in the

. ~next-event mechanism may be a large one or a small one which sgéciﬁes:}l_);t the |

siz.e of jumps can be changeable or varied. This approach can be ‘disting“"st}.ed
with the fixed-increment time-advance method. With this method, the simulation
time unit, usually 1 time unit.

However, for most of the models the next-event mechanism can be used 0

de\_/lelop models. To demonstrate the computerized simulation model, the followié
variables must be defined:

TM = Clock time of the simulation.

AT = Scheduled time of the next arrival.

DT = Scheduled time of the next departure. |
SS = Status of the server (1 = Busy, 0 = Idle).

Mmjd;
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o . MX = Length (in time units) of g simulation ryp
- The simulation can be injtig initi ' '
_ ed b mnitializiy '
e (pecific problen. » Y g all the Variables to analyse a
s Event Scheduhng. Time is advanced from, event

6.3.2 Multiplicative Congruential Algorithm

A Linear Congruential Geaerator
known pseudorandom numbe

(LCG) represents one of the oldest and well
the recurrence relation:

T gencrator algorithms. The generator is defined by

Xoa=(aX, +¢) (modm)
Where,

X, = The sequence of pseudorandom values.
m, 0 < m = The modulus.
a, 0 < a < m = The multiplier.

¢, 0 < ¢ <m=The increment.

X0, 0< X, <m =The start value or seed.

All these are integer constants that specify the generator. If c= 0, then the

generator is called a multiplicative congruential method or Lehmer RNG If & »

0, then the generator is called a mixed congruential méthod. :
Ifc=0, then we have a power residue or multiplicative generator.
Note that Z = (aZ, ) mod(m) = Z % (a"Z) mod(m).

Ifm =27, where B = # bits in the machine, then the longest period is m/4 if

and only if: :
e Z,isodd.
e a=8k+3, ke Z

%Your Progress
o random .
R T e
‘assified?

"hen the random
‘Umbers are called
* pseudo-random
“umbers?

“ny Monte Carlo
“tnulation needs-
fic generution of a
=uence of
ndom numbers?
¥y simuiation
technique is used?
cfine the term
3:/,.:*:"1.
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6.3.5 Inverse Transformation Method

In simulation process the inverse transformation method can be described on the
basis of following two postulates.

Inverse Transform Method for Simulating Continuous Random Variables
Let X be a random variable with continuous decreasing function F (x). Since F,

(%) is a non-decreasing function, the inverse function F,™ (y) may be defined for
any value of y between 0 and | as follows: '
| 72l are discrete
contmuous

{
7

]
-

Tt e

i e

J‘ PX=x)=P,

F0) = inf{ x: Fo(x) >=y) | O0<=y<=)

F,”' () is defined to equal that valye
Theorem 1. If U js unifo
F,™ (U) has continuous decr.

Proof: We have,

x for which F(x) = y.

rmly distributed over the interval (0, 1), thenX =
easing function F, (x). ’

D s

PX<=x)= PR () <=x) = pU <= F,(x)=F,(x).
So to get a value, say x, of a random varia

ble X, obtain a value, say u, ofa
random variable U, compute £,

(V) and set it equal to x. .
Example 6.24: Generate a random variable from the uniform distribution U(a, b):
. "
F,(x):l (b-a) a cicb
0 otherwise
Solution: The continuous decreasing function is,

. 0 x<a
F(x)= ’;:Z asxs<bh
: 1 x>b

CoXx—-

U=
b-a

X= Fx(U) —at b-aU

Q

Tnverse Transform Method for Simulating Disérete Random Variables
The inverse transform method for s
have analog in the discrete case. F
having partial differential function,

iﬁnulating from continuous random variables
or example, to simulate a random variable X

Jj=0,1, ..

4 v-.zv-“----E‘ni--»!».;_ p Fade | Jies
J

B

F(X)=%F

=0

To simulate X for which PX
distributed over (0, 1) and set as,

=x) = P} consider that U be uniformly

. U<B
* BRSU<R+R

X=|"

I=1

.
x; _'E;P, <U <‘z-°l}=;
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Since,

. _ WL, ) ,
P(X=x)= P\gﬂ U< S_:P, = f:(wdr =F(X)-F(X,,)=F
In this case X has the desired distribution.
Example 6.25: Simulating a Poisson random variable.

Selution: The random variable X is Poisson with mean A if,

1
p=PX=D=2

i where, i =0, 1, ...

The key to use the inverse transform method is to generate such a random
variable with the following identity:

A o .
P =T —Pn» where, >=0

i+l

Using this recursion to compute the Poisson probabilities, the inverse
transform algorithm for generating a Poisson random variable with the mean A
can be expressed as follows. _ ! ,

The quantity i refers to the value prcscnily under consideration; p = p, is
the probability that X is equalto i, and F = F(i) is the probabilit‘y that X is less
than or equal to (7). Now follow the given steps: :

Step 1: Generate a random number U.

Step 2:Let i=0, p=e>,F=p.

Step 3: If U< F, set X =i andstop.
Step4:Let p=Ap/I+1), F=F+p, i=i+1.
Step 5: Go to Step 3.

This algorithm generates a Poisson random variable with the mean A. Note -
“that it first gencrates o randon: rumber 1 and then checks whether or not__

U<et= Po-‘ If so, it sets X = 0. If not, then it computes p, by using the recursion
method. It now checks whether U < p, + p, and if so it sets X' = 1, and so on.

Thus, the algorithm successively checks whether the Poisson value is 0,
then whether it is 1, then 2, and so on. The number of comparisons required will
be 1 greater than the generated value of the Poisson. Hence, the above algorithm
will have 1 + A searches. It now generates a Poisson random variable with the
mean A by generating a random number U.

6.4 MONTE-CARLO SIMULATION

Monte Carlo simulation is often used by modern management when it cannot use
other techniques. There are many industrial problems which defy mathematical

solutions, The reason s that either they are too complicated or that the data cannot be

T e o BT R AR < S

i e ety

Ty ~Simulation i 4 representation of reality throughthe use of &
¢|§ . device whichwillreact in the same manner as reality under a given set of conditions.

expressed in mathematical terms. In such cases, it is .still possible. to reach yaljg
conclusions by using the Mante Carlo techmqu.e. A comtde.lratfle help is ﬂ}us obtaineg
at practically no cost in takhgdccisions'conccmmg the‘ﬁmctu_mmgof abusiness systery
The data and conclusions can be obtained through sm’mlauon‘o€ an actual operatiop
on the basis of its own past working. It paves the way for predicting the changes in it

behaviour and the result is evaluated from innovations that we want to introduce

By using a fresh series of random numbers at the appropriate junctureg we
can also examine the reactions of the simulated model just as if the same alteratiopg
had actually.been made in the system itself. Monte Carlo simulation, therefore,
provides a tool of knowing in advance whether or not the expense to be incurred
or the investment to be made in making the changes envisaged. Through this

technique, you can introduce the innovations on a piece of paper, examine thejr

effects and then may decide to adopt or not to adopt such innovations in the
functioning of real system. The usefulness of simulation lies in the fact that i
allows us to experiment with a model of the systemn rather than the actual system;
in case we are convinced about the results of our experiments we can put the
same into practice. Thus the effect of the actual decisions are tested in advance
through the technique of simulation by resorting to the study of the model

‘representing the real life situation or the system.

The main purpose of simulation in management is to provide feedback,
which is vital for the learning process. It creates an atmosphere in which managers
play a dynamic role by enriching their experience through involvement in reckoning
with actual conditions through experimentation on paper. The technique permits
trying out several alternatives as the entire production for service process can be

worked out on paper, without dislocating the system in any way. Thus, Monte

Carlo technique transforms the manager from a blind-folded driver of an

automobile, reacting to instructions of a fellow passenger to one who can se
fairly, clearly, where he is going.

Introduction to Simulation

Simulation is also defined as the use ofa sysiem model that has the designed
characteristics of reality in order to produce the essence of actual operation.
Table 6.2 is an example of simulation worksheet.

Table 6.2 Simulation Worksheet Jor Simulating Sizes to Locate the Number of Misfits

Shafis " Ri
Random Random R::fisom Random . in
Numbers Normal  Simulating  Numbers  Normal s‘m"I’ .
Assembly (from Deviate Size (from Tippett Deviate Size “
S.N.__Tippert Tables) @ X = tz(c) _ Tables) @ X :102)
1 2952 0.82 0.980 + 0.82(0.01) 3992 128 10% "28‘(({256
: =0.9882 al
02)
2 3170 0.91 0.980 + 0.91(0.01) 4167 138 10% Usﬁm
=0.9891 '

modcl-cr other-) ~ -
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-0.590.980 - 0.59(0.0]) 1300 033 10+ 0.3](0.02)
i =0.9741 = 1.0066
4 3408 100 0.930 + 1.00.01) 3563 108 1.0+ 1.06(0.02)
=0.9900 N = 1.0212
5 0560 014 0950 + 0.1400.01) 1152 025 1.0+ 0.2800.02
=0.981.4 : = 1.0056
) G4 | - A2 0.980-0.420001) 9799 “2.04 1.0-2.0400.02)
=0.97s8 =0.9592
! 2024 =010 0.930 — 0.16(0.01) 9525 -1.67 1.0- 1.67(0.02)
=0.9784 =0.9666
8 5356 —0.09 0.980 - 0.09(0.01) 2693 074 1.0+ 0.74(0.02)
. =0.9791 =1.0148
9 2789 U.76 O.yd0 + 0.76(0.01) 6107 -0.28 1.0 - 28(0.02)
=0.9876 =0.9944
10 5246 —0.06 0.980 - 0.06(0.01) 9025 - 129 1.0-1.29(0.02)
=0.9794 =0.9742
Areas of Application of Monte Carlo Simulation
Monte Carlo simulation has been applied to a wide diversity of prqblems ranging

from quening process, inventory problem, risk analysis conceming'ra major capital

very useful. In fact, the system of fle
Simulation can as well be used for
budgets.

xible budgeting is an exercise in simulation.
preparing the master budget through functional

Over and above, the greatest contribution of simulation is in the analysis of
complex systems. Many real-world problems involve systems made up of many
components parts that are interrelated. j‘he system may be dynamic and changing
over time and may involve probabilistic or uncerta

--.only technique for quantitative analysis.of such pra

hler_ns__‘.'. :
Monte Carlo Method

Monte Carlo methods are basicall
result to be calculated from repea
computerized calculations because
random or pseudo-random numb

y the algorithms used in the computation of
ted random sampling. These methods help in
these can perform repeated computation using
ers. It is also used when it js not feasible to
erministic algorithm, Monte Carlo simulation

Various simulation models
model of aeroplanes initiating flig
for a long time. However, Monte

, based on the principle of similitude (such as
ht conditions in a wind tunnel) have been in use
Carlo simulation is a recent operations research
making use of pure chance to contact a simulated

TN e e

1
i
:a:

in evénts. Simulation is the

Ulamlto the technique of solving
experimental solutions and too co

Monte Carlo method
used classes of a
be done:

problems though it is too expensive for
mplicated for analytical treatment.

is not one single method. It involves various \:videly-
pproaches to follow a specific model. Using it the following can

* Define a domain with feasible inputs,
J Réndom]y generate inputs from the domain.
* Perform deterministic computation with the inputs.

* Combine the results of the personal computations into the final result.

Monte Carlo methods are used to solve various mathematical problems

based on sampling experiments in statistics using the sequences of random mumbers
-for simulation and are termed as statistical simulation methods. Thus, Monte
Carlo method is not one sin

gle method, but it is a collection of various methods
and is basically used to

perform similar procedure. Some of these methods are
discussed here with the help of solved examples.

The Monte Carlo simulation technique can as well be used to solve
probabilistic problems. Suppose, we are to evaluate the probability P that a tank
willbe knocked out by either a first or second shot from an antitank gun assumed
to posses a constant kill probability of 1/2. The probability analysis will say that

out by either a first or second shot from an

=3/4. However, we can also work out this
probability by simulating each round of the antitank gun by the flip of a coin
through Monte Carlo simulation technique.

~ Since the probability of a ‘head” is the same as that of a kill, we may call it
i and otherwise a miss. If we flip the coin a

antitank gun is 1/2+1/2 (1-1/2)

Monte Carlo simy
the operation of any give,
is used to solve proble
mathematical model is

lation uses random number tah
N systemunder its own workin

ms that depend upon probability where formulation of

e T it
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ot possible. It involves first, the determining of the
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:’z‘;’ggi’;ﬁiﬁon probability distribution of the concerned variables and then sampling from this
distribution by means of random numbers to obtain data. It may, however, be
emphasized here that the probability distributions’ to be used should closely

resemble the real world situation. .

NOTES
One should always remember that simulation is not a perfect substitute but

. rather an akernative procedure for evaluating a model. Analytical solution produces |t

the optimal answer to a given problem, while Monte Carlo simulation yields a
solution which should be very close to the optimal but not necessarily the-exact
correct solution. Monte Carlo Simulation solution converges to the optimal
solution as the number of simulated trials goes to infinity. - '

Importance and Uses of Simulation Technique

Monte Carlo Simulation in the Context of Queuing Theory

Monte Carlo simulation which uses random number tables can better be illustrated
by considering any concrete operation subject to chance. Let us take the arrival
of scooters at a service station. First of all, observe the actual atrivals of scooters
on number of days, say for five days, then put this information in the following
two ways: '
» « Group the number of scooters arriving every hour, say between 7-8, 8-9
. am and so on till 45 p.m. (assuming the working hours of the service
station is from 7 a.m. to 5 p.m. and also assuming that noiscooter arrives
before 7 a.m. nor any scooter after 5 p-m.). Work out the mean number of

scooters arriving during 7-8 a.m., 8-9 a.m., 9-10 a.m. and so on. Let us

suppose, we get the information as illustrated in Table 6.3.
Table 6.3 Mean Number of Scooters Arriving Per Hour

78am _ 56
8-9 am , 54

9-10 a.m. 34
10-11am. - ' 3.6

o M-12p0en. e - — 2D
12-1 p.m. : : 3.0

" 12 p.m. 4.0
23pm. - 60

34 p.m. 3.0

4-5 p.m. 4.0

E7 ctnd e T L STSTNTTERIT T

« Obtain the deviation of actual arrivals during a particular hour from the
corresponding mean and do it for all the hours from 7 a.m. to 5 p.m. There
will thus be 10 sets of 5 deviations (because of the observation on 5 days)
from each of the 10 mean hourly arrivals and then prepare a frequency
distribution of such deviations. Suppose we get the frequency distribution
of such deviations as illustrated in Table 6.4.

Self-Insiructlonal
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___scooters that may be expected to arrive during any given hour. Suppose we want

Table 6.4 Random Number Allotment

Deviation Frequency . DPercentage Probability Random Nos.

. from Mean Frequency Allorted
+4.0 2 4 0.04 00-03
+3.5 3 6 0.06 04-09
+3.0 5 10 0.10 ° 10-19
+2.5 4 8 0.08 20-27
+2.0 6 12 0.12 28-39
+1.5 2 4 0.04 40-43
+1.0 3 6 0.06 44-49
+0.5 4 8 0.08 50-57
-0.5 3 6 0.06 ) 58-63
-1.0 2 4 0.04 6467
-1.5 4 8 0.08 63-75
-2.0 2 4 0.04 76-79
2.5 3 -6 0.06 80-85
-3.0 1 2 0.02 86-87
=35 2 4 0.04 88-91
-4.0 4 8 0.08 92-99
Total 50 100 1.00

In the last column of the Table 6.4 we have allotted 100 random numbers
from 00 to 99, both inclusive according to the percentage frequency of the deviaticn
or the probability distribution of deviations. Thus deviation to the extent of +4.0
from the mean, having a frequency of 2 out of 50 (and as such 4 out of 100) ora
probability of 0.04, bas been alloted 4 random pumbers, 00 to 03. The pext
deviation of +3.5 with a probability of 0.06 has the next 6 random numbers, 04 to
09, allotted to it. The same treatment has been done to all the remaning deviatioss.
The last deviation — 4.0 with a probability of 0.08 has been allotted to the last §
random numbers, from 92 to 99.

The object of doing all this is to derive by simulation the actual number of

"1 know the expécted number of'scooters arriving on & particuiar day Qutiug tie
hour 8 to 9 a.m. The table giving the mean number of scooters arrival shows that
the mean arrival during this hour is 5.4. If we can ascertain the deviation of the
actual arrivals from the mean we can easily work out the actual pumber of scooters

- arrived. To do so, we look at the table of random pumbers and select any two-
digit number at random. Suppose, the random number so selected is 84
corresponding to which the value of the deviation of actual arrivals from the
mean as per the above table is -2.5. In other words the actual arrivals for the hout
8-9 a.m. will be (5.4) — (2.5) = 2.9 (or approximately 3), so that we may sy that
three scooters will arrive between 8-9 a.m. on the day in question. The underl)ﬂ'ng
rationale of this simulation procedure is that every deviation fromits correSPO}Td“‘g
mean has the same chance of occurring by random number sclection as l“,‘hc
actual case because each deviation has as many random numbers allotted to 1 as

. e e. e
its frequency percentage in the general pool of all deviations as stated aboV . %am
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simulate and tell the actual arrival tune of the

station during any particular hour. If we are satisfied to note the arrival time
correct to-within, say, S minutes the required numbers of minutes past the hour
can tuke a'value only in.one of the 12 intervals (0-5, 6-10, 11-15
minutes) into which any hour can be divided. Keeping this in view
observations for all five days under consideration We can prepare a frequency
table showing how many scooters arrive within 5 minutes, how many within 6-10
nuites past the hour and so on tor the remaining intervals into which we choose

to split the hour. Let the obsenved information for 5 days period on this basis be
put as shown in Table 6.5.

Om number technique can even
scooter coming to the service

and the actual

Random numbers s the lest column of the Table 6.5 have been allotted in
a similar manner as we did in an earlier table. We have already seen that three

scooters arrive during the hour 8-9 a.m. and now we want to know the actual
time of their coming to service station.

Table 6.5 Number of Scooters Arriving Within the Number of Minutes Past the Hour

Deviation Frequency Percentage Probability Random Nos.
from Mean Frequency Allotted
0-S mits. 20 10 0.10 00-09
6-10 mts. 30 . 15 0.15 . 10-24
11-15 mts. 10 5 0.05 i 25-29
16-20 mts. 40 20 0.20 v 3049
21-25 mts. 16 8 0.08 . 50-57
26-30 mts. 14 7 0.07 58-64
31-35 mts. 18 9 0.09 . - 6573
3640 mts. 12 6 0.06 . ) 74-79
41—45 mts. 16 8 0.08 80-87
46-50 mits. 14 7 0.07 88-94
51-55 mts. 6 3 0.03 95-97
56—60 mits. 4 2 0.02 98-99
Total 200 100 1.00

e e ez e P
[ o

“For this purpose we pick a two-digit random number ﬁ'pm the table of random
numbers and let us say it is 25. A reference to the above table shows that this
number occurs in the range of 25-29 which belongs to the interval 11-15 minutes
and this means that the first of the 3 scooters arriving between 8-9 a.m- arrives at
15 minutes past 8 a.m. Similarly picking two more random numbers, viz., 36 and
96 we find from the above table that they are related to intervals 16—20 minutes
and 51-55 minutes respectively. Thus the second scooter arrives at 20 minutes
past 8 a.m. and the third scooter arrives at 55 minutes past 8 a.m.

Proceeding in a similar manner we can also make a frequency table showing
the number of scooters serviced within intervals of varying magnitudes. Each of
these intervals can then be allotted a set of 100 random numbers (i.e., 00 to 99)
according to the probability distribution to provide a basis for simulating the
pattern of available service.

» . 5610 60 -
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"l “Answer on the basis of Monte Carlo simulation technique. You may use the figures

Bt e e

’, Solution: From the given probability distributions of arrivals and service times,

The mentioned is an example of how arrival as well as service pattern in a
queuing process may be derived by Monte Carlo simulation. Remember that there
is no regularity either in the arrival of the scooters or in rendering service and
because of this there may be times when scooters have to wait for service while at
other times the service attendant may remain idle. If in such a case we want to
add one more service point to the service station then certainly we would first

like to assess whether the same would be economical or not. Simulation technique
can assist us in the matter. How does simulation help can better be made clear by
the following example:

Example 6.26: A firm has a single channel service station with following empirical
data available to its management: ]
(i) The mean arrival rate is 6.2 minutes
(ii) The mean service time is 5.5 minutes
(iii) The arrival and service time probability distributions are as follows:

Arrivals Service Time
(Minutes) - (Minutes)

34 0.05 34 0.10
4-5 -0.20 4-5 0.20
5-6 - 035 5-6 0.40
67 025 67 0.20
78 010 . 7-8 , 0.10
8-9 ’ 0.05 8-9 . 0.00
1.00 " 1.00
‘The queuing process begins at. 10.00 a.m. and proceads for nearly 2 hours.
An arrival goes to the service facility immediately if it is empty otherwise it will
wait in a queue. The queue discipline is, First come first served.

"Ifthe attendant’s wage is T 8 per hour and the customer’s waiting time cost
¥ 9 per hour, would it be an economical proposition to engage second attendant?

Probability Probability

based upon the simulated period for 2 hours. .

first of all we allot the random numbers to the various intervals. This has been
done as follows:

Arrivals Probability Random Service

Probdability  Random Nos.

(Minutes) Allotted

Nos. Allotted Time

(Minutes)
00-04 34 0.10
05-24- 4.5 0.20
25-59 5-6 0.40
60-84 6-7 0.20
85-94 7-8 0.10

34 0.05
4-5 0.20
5-6 0.35
6-7 0.25
7-8 0.10

00-05
10-29
30-69
70-89

- 90-99

8-9 0.05

95-99 8-9. 0.00

Invento
Models anc

NOT

Self-Inseructional
Malerial



fory, Queuing
Is and Simulation

NOTES

e

b s S

These allotted random numbers now become the basis for generating arrival
and service times in conjunction with a table of random numbers. A simulation
worksheet as shown on the next pagé has been developed in the following manner:

As the given mean arrival rate is 6.2 minutes which means that in an hour
approximately 10 units arrive and as such in a simulation period for 2 hours about
20 units are expected to arrive. Hence, the number of arrivals for our simulation
exercise is 20. '

A table of random numbers (given in Table 6.5) is used for developing the
simulation worksheet. The first random number for arrival time is 44. This number
lies between 25-59 and this indicates a simulated arrival time of 5 minutes. All -
simulated arrival and service times have been worked out in a similar fashion.

The next step is to list the arrival time in the appropriate column. The first
arrival comes in 5 minutes aftér the starting time. It means the attendant waited
for 5 mimutes. This has been shown under the column ‘Waiting Time: Attendant’.
The simulated service time for the first arrival is 5 minutes which results in the
service being completed by 10.10 a.m. The next arrival comes at 10.11 a.m.
which indicates that no one has waited in queue but the attendant has waited for
1 minute from 10.10 am. to 10.11 am. The service time ends at 10.18 a.m.
However, the third arrival comes at 10.17 a.m. and the service of the second
continues upto 10.18 a.m., hence the third arrival has to wait it the queue. This
is shown in the column “Waiting Time: Customer’ of the simulation worksheet.
One customer waiting in queue is shown in the column—'Length of the Line.’
The same procedure has been followed throughout the preparation of the
simulation worksheet. - . :
The following information can be derived from the above stated simulation

worksheet.
1. Average length qf queue:

_ No. of customers in line =_1_3_ ~0.65
No. of arrivals 20

2. Average waiting time of customer before service:

Customer waiting time _ 41 _5 o5 imites -
" No. of amvals 0
3. Average service time: ‘ '
_ Total service time 3127_ = 5.35 minutes
No. of arrivals 20
4. Time a customer spends in the system:
= Average service time + Average waiting time before s
= 5.35 + 2.05 = 7.40 minutes. :

Simulation worksheet developed above also statest ’ p
ie added then there is no need for a customer to ‘Wait in Queue’. But the cost 0

having one more attendant in addition to the existing one is to be compared Wllﬂ: A
the cost of one attendant and the custorer waiting time. This can be worked out -

as under:

ervice
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hat if one more attendant ’ y

Two Hour Period Cost with
_ One Attendant Two Attendants
Customer waiting time
(41 mts. x X9 per hour) 16.15 nil
Attendant’s tost
(2 hours x X 8 per hour) 16 332
Total ¥22.15 T 32

If the above analysis is based on simulation for a period of 2 hours and js_

representative of the actual situation, then it can be concluded that the cost with
one attendant is lower than with two attendants. Hence, it would not be an
.economical proposition to engage additional attendant.

Monte Carlo Simulation in the Context of Inventory Control

The following example explains the concept of Monte Carlo simulation in the
content of inventory control.
Example 6.25: Suppose that the weekly demand of Electric Motors has the
following probability distribution:

Number Probability Random
Demanded Numbers Assigned
0 0.10 00 10 09
1 0.40 10 to 49
2 0.30 5010 79
3 0.20 80 t0 99
Total 1.00

Distribution pattern of delivery time was as follows:

Number of Wecks Probability Random Numbers
from Order 10 Assigned
Delivery
-2 0.20 v 001019 ,
3 0.60 201079
el ity g e emg i W TS “ U:ZU- -— 80 (6_99 -
Total 1.00

Inventory ¢arrying cost is T 5 per unit per week, order placing cost is T 10
per occurrence and loss in net revenue (sale price less cpst of goods) is T 50 per
unit froin shortage. ' .

Estimate average weekly cost of the inventory system with a policy of
using reorder quantities of4 and a reorder points of 5 units using the technique of
Monte Carlo simulation for 20 weeks period taking 8 units as the opening balance
of inventory.

Solution: We shall first develop the simulation worksheet, keeping a
information in view, shown follows:

Simulation worksheet for a period of 20 weeks con
system and the related costs with reorder point of 5 units ar

11 the given

cerning the inventory |-
\d reorder quantity of

4 units.
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Simulated

Random Numbers

Weck {using Random S""""ﬂfed Weekly Simulateq
Number Number Tables) Costs Activiry
For For D - r Shortage
emund Recei, .
L Desad %c.,lj:m' Unis u,..-s"'g,‘.’.-’,‘i."“ ﬁ’;l‘d""':go Ordering
} b) 3 p 5 (in ) (in Y(in 1)
R 6 7 8 9
J o
) H ! 1 as
S 8 B 4 20 10
SO 2 2 10 )
85 3 )1 | 50
. 40 1 G 50
6 96 8S 3 4 1 s 10
7 16 1
8 16 1 D1 %0
9 97 3 13 150
10 92 39 3 4 1 5 10
11 33 T '
12 83 3 &N 150
13 42 16 1 4 3 15, 10
14 07 0 , 3. 15,
15 77 66 2 ‘4 s 25 10
16 50 ' 2 3 15
17 20 1 2 10
18 50 95 2 4 4 20 10
19 58 2 2 10
20 44 1 ) 1 5 )
—Soml =T —;_' -20- 39190, .60 . .ASO.—.,....
Average 1.8 1 195 - 95 '3 22.5

The procédure adopted in developing the above work sheet is briefly explained’
as under for the guidance of the readers. '

Successive Occurrence of Events and Their
Week Effects
Numbers

Random number ‘44’ indicates in column of given demand pattern
that customers demanded 1 unit leaving an inventory balance of 8 -
1 =7 units at a carrying cost of ¥ 5 per unit which equals ¥ 35.

Random number ‘84’ indicates demand for 3 units and lcaves an
inventory balance of 4 units which is less than the reorder point of 5
units. It costs T 10 to reorder. New order was placed. Random number
‘82" indicates that it will take 4 weeks to receive the new units ordered.

No special event,

S W P v S W

Invent.
4 ) : Models an
jlherc wag demmq for 3 units but only 2 units were sold because of -
. Inventory exhaustion. Under the assumption that customers went
clsewhere, one unit not sold represents a loss in net revenue to the
extentof 50, . NO1
5 New stock still has not arrived and a further loss of potential sales of ’
1 unit at a cost of T 50 occurred.
6 The quantity of 4 units ordered in week, two has arrived of which 3
units were sold and | unit was in balance. Hence, new order was
placed. .
7 Neither there was any shortage nor there was anything left in inventory
balance.
8and9 - Shqx{age 1o the extent of 1 unit and unit 3 respectively remained
causing a potential loss of T 50 and Z 150 respectively.
10 - Ordered quantity in week six arrived, three units were sold and one
remained in balance. Fresh order was placed. '
11 No shortage and no balance,
12 Shortage and potential loss of T 150.
13 Ordered quantity in week 10 arrived, | unit was sold and three
remained in balance. Fresh order was placed.
14 No special event.
15 - Ordered quantity in week 13 arrived, 2 units sold and $ units remained
in balance. Fresh order was placed. .
16and 17 No special event.
18 Ordered quantity in week 25 arrived, 2 units soid and 4 remained in
balance. Fresh order was placed.
19 and 20 No special event.
Under the assumptions of the simulation procedure it is noted that weekly costs
averaged ¥ 9.5 to carry inventory, ¥ 3 to order and ¥ 22.5 from shortages. In all
it costs ¥ 35 per week approximately to maintain the inventory system with a
policy of using reorder quantities of 4 and a reorder of 5 units.
Monte Carlo Similation in {he Tuntext of Froduiilon Ling Model - -
Example 6.28: A certain production process produces on the average seven per
cent defective items. Defective items occur randomly. Itemns are packaged for
sale in lots of five. The production manager wants to know what percentage of
the lots contains no defective items. You are required to solve the manager’s
problem using Monte Carlo simulation. You may as well compare your simulated
results with those obtainable using the analytical methods. If there remains Aany .
difference between such results then account for the same. (Simulate at least 10
lots each of five items.) . _ _
Solution: Since on an average the process produces 7 per cent defective items,
s0 93 per cent of the items produced are good. For this we can have the following
probability distribution: .
Self-Instrucsionad
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enfory, Queving e

dels and Simulotion Items Probobility Random Nos. Assigned 6.5 ]NVENTORY PROBIJEMS Models ony
Defective 0.07 . 00 to 06 - . . . .
- Oood .03 071099 . ‘ Inventory is defined as any idle resources of an enterprise. It is 2 physical stock o
' — oods kept for future use. In a factory, the inventory may be in the form of raw NOTI
NOTES Toml 5 g p e use ' i of

- . materials, parts, semi-finished goods. Inventory also includes furniture, machinery, '

Using the random number table develop the Simulation Worksheet ds follows: etc. :

Simulation worksheet for 16 lots taken for finding the percentage of lots with Reasons for Maintaining Inventories

no defective items,

The need of the management to make decisions regarding the mventory arises because

Lot Random Numbers Stmulated Items Defective : . 3 . : : :
. : i e. It is essential
(Five for Each Lot) G = Good; D = Defective Number in Lot ~of the various alternative courses of action avallat?le with the enterpnis

1 44 8 B2 50 8 G G G G G 0 ' for an enterprisc to have inventory for the following reasous.

2 40 96 88 16 16 G G G G G 0 ) . . . et

3 97 92 3 33 8 G G G G G 0 y (7) Tt helps in smooth and efficient running of the business.

4 42 16 07 77 66 G G G G G 0 l (if) It provides adequate service to the customers.

h) 50 20 S0 95 58 G G G G G 0 A . "

6 4 77 11 08 38 G G G G G 0 (iif) 1t reduces the possibility of duplication of orders.

; g_} ;g gz 3? % g g g g . g _g (iv) It helps in maintaining economy by absorbing some of the fluctuations when

@ 79 8 07 00 42 G G G D G 1 the demand of an item fluctuates or is seasonal.
10 13 97 16 8 11 G G G G G 0 in minimizi e loss due to the deterioration, obsolescence, damage,
11 45 6 34 8 12 G G G G G 0 (v) It helps inminimizing th ranen. ’ °
12 64 8 4 32 % G G G G G ! 0 ete,
13 07 51 25 36 19 G G G G G 0 (vi) Itacts as abuffer stock when raw materials are received late and shop rejections
14 32 14 31 96 03 G G G G D ! 1 are too man
1S 93 16 62 24 08 G G G G G i 0 ‘ o
16 38 8 74 47 00 G G G G D o (vii) It takes advantage of price discounts by bulk purchasing.

On the basis of these simulated sample of 16 lots we can estimate the percentége Though the inventories are essential and provide an alternative to production/
purchase in the future, it also locks up the capital of the enterprise. It includes the
- expenses of stores, equipment, personnel, insurance, etc., therefore, excess inventories
are undesirable. Larcer inventories do not necessarily lead to 2 bigh volume of cutput
instead it might hamper the production.

of good lots as = %XIOO =81.25

If we use the analytical method or well formulated mathematical method,’
we get the following result: C
. Our problem is to balance the advantages of having inventories and the cost of
carrying them to arrive at an optimal level of inventortes to minimiz= the total inventory
_cost. This calls for controlling the inventories in the most profitable way. The basic ,.‘-——ﬁ_
. obiective of inventory control is to release capital for more productive use. | Check Your 13
’ o 31Vt is dodly

p =p. (Good item) = 0.93
q = p. (Defective item) = 0.07
e m—- Each ot is of § items .which means that n = S, :

s -a el wpen mre e o

Using the binomial probability function we have the following:

Types of Inventories

Linear
all five good items) =% .93)* 0 . . . Congreet
p( good items) = *C, (0.93)*.(0.07) There are five types of inventories, which are as follows: Generaaf
=1(0.93).1 , . . N . , sepresenst’
o4 (1) Transportation inventories (if) Buffer inventories 27 what is bl
=0.70 . r . _ 22 W
208 (iif) Anticipation inventories (iv) Decoupling inventonies PWIIM
= A o simulalie
Thi tical ) (v) Lot-size inventorics mansgemed
. us analytical answer equals the true ex‘pccled value or tlhc average number (i) Transportation Inventories: These arise due to the transportation of inventory 23, What ’1,;'
of good lots .ovcr'the long run. However, the sunulal_ed result gives this percentage b l: g ! d'~u~‘t; hes a‘n:.‘. hue to e nsportation oh N Carlo mehd
as 81.25 which differs from that of 70 per cent obtained by mathematical method. e“:ls o e ‘var:oufrh S o ?mmfs SBd custemers from the varl ro
The d_lifcrcnce is on account of the fact that we took only 16 lots for simulation production centres. The amount of transportation inventory depends on th
exercise. If we increase this number, then our answer will approximate to that of timg consumed in.ranapariation and the oature.
the answer from analytical method. Thus, simulation gives only the best possible (ii) Buffer Inventories: These are maintained to meet the uncertainty of demand

Stlfelnstrucrional estimates and not the optimal result as given by analytical methods,

. and supply. -




\wy muuLpuiion 1nveniories: I'nese are built in advance by anticipalting or
foreseeing the future demand, e.g., production of crackers before the diwali
festival, electric fans, or coolers before the onset of summer season.

. (iv) Decoupling Inventories: The inventorics used to reduce the interdependence
S - ofvarious stages of production system are known as decoupling inventories.

. (») Lot-Size Inventories: Generally, the rate of consumption is differcnt from the
rate of production or purchasing. Therefore, items are produced in larger
quantities which result in lot-size, also called as cycle inventories.

Inveuiory Costs
There wee four categories of Lnventory cost associated with kecping inventories of
items. They arc as follows: )
(i) Item (or production or pmi:hase) cost
(if) Ordering or set-up cost
(iii) Carrying or holding cost
(iv) Shortage or stock out cost

(i) Item Cost: 1t refers to the cost associated with an item whether it is
manufactured or purchased. The purchase price will be considered when
discounts are allowed for any purchase above a certain quantity.

(ify Set-Up Cost (C ): These costs include the fixed cost associated with obtaining
the goods through placing of an order or purchasing of manufacturing or scttmg-
up a machinery before starting the production. They include the costs of
purchase rcquisiﬁbn; follow up, receiving the goods, quality contro}, etc. These

are also :;ancd order costs or replenishment costs and are usually’ dcnotgd by
C, per prbduction run (cyclc); They are assumed to be independent of the
q\}mmity ordered or produced. '
. . ; : iated with carrying or holding
C or Holding Cost (C): The cost assc?clatz can
@ m‘:g.z’dgs in stock is known as holding or carrying cost, which is denoted by C,
per unit of goods for a unit of time. Holding cost is assumed to vary directly
with the size of inventory as well as the time the item is held in stock. The
__ following compongnts copstimte the holding gost: . .. ..
' (a) Invested capital cost which is the interest charge over the capital invested.
(b) Record keeping and administrative cost.
(c) Handling cost includes costs associated with the movement of stock, such
as cost of labour.
(d) Storage costs.
(e) Depreciation costs.
(f) Taxes and insurance, elc.

If P is the purchase price of an item, / is the stock holding cost per unit time as
a fraction of stock value then the holding cost is C, = IP.

" (iv) Shortage Cost or Stock-Out Cost (C )¢ The pcnalry costs that are incurred as
a result of running out of stock (i.e., shortage) are known as shortage or stock-
out costs. These are denoted by C, per unit of goods for a specified period.

“if-lnztructional
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If the unfilled demand for the goods can be satisfied at a latter date (backlog
case), these costs arc assumed to vary directly with both the shortage quantity and the
delaying time. If the unfilled demand is lost (no back-log case), shortage cost becomes
proportional to shortage quantity only.

Variables in the Inventory Problem .

The variables involved in the inventory model are of two types, wiz. ({) Controlled

variables (ii) Uncontrolled variables.
0] anlrblléd variables: These variables include the following:
(a) The quantity of an item that should be ordered
(b) The frequency or timing of acquisition
(c) The completibn stage of stocked items
(ii) Uncontrolled variables: These include holding costs, shortage costs and set-

up costs.- _ : .
Note: Total inventory cost = Purchase cost of inventory items + Ordering cost + Carrying cost
+ Shortage costs. o

Other Factors Involved in Inventory Analysis

Demand

Demand refers to the number of items required per period. It may be known exactly
or known in terms of probabilities or may be completely unknown.

"The demand pattern of items may be either deterministic or probabilistic.
Problems in which demand is known and fixed are called deterministic problems.
Whereas those problems in which the demand is assumed to be a random variable are
called stochastic or probabilistic problems.

In case of deterministic demand, it is assumed that the quantities needed over
subsequent periods of time are known exactly. Further, the known demand may be
fixed or variable with time. Such demands called state or dynamic demands
respectively. ' '

* The probabilistic démand occurs when the demand over a certain period of | !

time is not known with certainty, but it is described by a known probability distribution.
A probabilistic demand may be either stationary or non-stationary over time.

The time gap between the placing of an order and the actual arrival of the inventory is
known as lead time. If the lead time is known and is not equal to zero, and if the
demand is deterministic, all that one requires to do is to order in advance by the time
equal to the lead time. If the lead time is zero, there is no need to order in advance.

In case, the lead time is a variable which is known only probabilistically, then
the question of when to order is more difficult. The amount and the timing of
replenishment is found by considering the expected costs of holding and shortage
over the lead time required. v :
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Amount Delivered (Supply of Goods)

The-supply of goods may be instantancous or spread over a period of time. Ifa quantity
q is ordered or purchased ot produced, the amount delivered may vary around q with
a known probability density-function.
Order Cycle
The time period between placement of two successive orders is referred to as an
order cycle. The arder cycle may be placed on the basis of the following two types of
inventory review systems. = :

(i) Continuous Review: The record of the inventory level is checked continuously

until a certain lower limit (known as recorder level) is reached when a hew
order is placed. This is often known as two-bin system.

and orders are placed at such intervals. The quantity ordered each time depends
on the available inventory level at the time of review.

Time Horizon
The time period over which the inventory level will be controlled is known as time
horizon. . : o \ :

Recorder Level
The level between the maximum and the minimum stock at which lxhe purchasing’
(manufacturing) activities must start for the replenishment is known asrecorder level.
The inventory model can be classified into two following categories:
(/) Deterministic inventory model
(ii) Probabilistic inventory model
Economical Order Quantity

‘When one talks of inventory control, one is concerned with the answering of questions

should be the technique of inventory contro}?

The optimum size of inventory depends upon the needs of the production
department. Some parts, materials and even completed products have to be kept on
hand in order to absorb discontinuities in production and to handle uncertainty. Finished
stocks may as well as be held to provide better service for customers.

Concerning the question of the Economic Lot Size (or how much to buy) it can
be stated that if we buy large quantities - we have certain advantages such as (a)
minimum ordering costs; (b) minimum handling and transportation costs; (c) reduction
in purchasing costs through quantity discounts and the like ones. On the other hand
there are inventory holding costs or stock holding costs which may mount up with the
purchase of Jarge quantities. The object of inventory control is to achieve a good
balance between the cost of holding stocks and the benefits from stock holding. Keeping

Self Insiructional
Material

both these aspects in view, and effort should be made to make the size of the purchase

(ii) Periodic Review: In this, the inventory levels are reviewed at equal time intervals -

like: What is the optimum amount of inventory to carry? What is the Economical .
Order Quantity (EOQ) or Economic Lot Size (ELS) for an order from a supplier or -
| fom 2 prodiction? What system.of sotrolling inventory should be used ic. what..

order so large that further economies are more than offset by the cost of holding
" stocks. In other words, a compromise is to be sought between too small and too large
a purchase order. That size of the purchase order which ‘minimises the total costs
involvéd is termed as the Economical Order Quantity or Economic Lot Size which
mainly depends upon two types of costs, viz., the preparation costs and the inventory

' carrying costs. )
6.5.1 EOQ with Price Breaks

In this, we consider the class of inventory in which cost is a variable factor. When
items are purchased in bulk some discount price is usually offered by the supplier.

Such discounts are referred to as quantity discounts of price breaks.

would be

TC=RK,+£C,+%qK,xI
q

holding cost per unit.

. dIC - :
7 0= 9= J2GRKI
d'1C

i Oatg= J2C,RIK,]

. 2GR
The optimum value of ¢, we have ¢* = |7 1~
1

Now we proceed to consider an EOQ problem when the purchase cost is subject
to price breaks. ’

Case I: EOQ Problems with One Price Break

. The procedure for obtaining EOQ for a single discount is given as follows.

e wie et

T Grder Quantity =7 'purchase Cost Per Unit
0<q,<b K,
B<gq, ' K,
& lv<vbere b is the quantity at and beyond which the quantity discount applies and
<
12 n
O.Step I: Compute g*2, i.e., optimum order quantity for the lowest price (highest
discount) and compare it with quantity b.
Ifg,* 2 b, then place the orders for quantities of size ¢,* and obtain the discount.
Otherwise, go to the next step. ’ .
o Step 2: If g,* < b, we cannot place order at the reduced price X,,. Therefore, in
order to maintain the optimum order quantity we neced only to compare the total
inventory cost for g = ¢'* (for price X,) with ¢ = b.
The values of TC(g,*) and T7C(b) may be determined as follows.

If the price discount is available then total cost per unit of system and items

where K is the cost of manufacturing or purchasing per unit and 7 denotes the

Inve
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. R 1
Jmalal" TC(g,*) = RK + =G+ =q,*x K, x . . '
| 1 W ogx % nxt ¢ Step 1: The highest discount available is Z. 0.98 = K, So we compute g, at K
" o L R | [2xRxC, _2x1600x5 _ .
OTES IC(b) = RK ,+ bC, +5bx K, %] . 9,* = Ko x1 = 0.98x0.1 = 404 units )
1£ TC (g, *)>TC(d) then g * = b, otherwise gt =g Now g,* = 404 units, b = 800 units. we get the case ¢,* < b.
Exuaiple 6.29: Find the optimen order quantity for a product for which the price » Step 2: Considering K|, =%. 1.00, we find the optimum order quantity.
break are as follows: ‘ :
. i ' 2RC,
Quantity Unit cost (%) g 9," = K, x1
0<gq4,<500 10.00
500 £ 92 9.25 | .- | g EEEETT I —
The monthly demand for the product is 200 units, the cost of storage is 2% of the unit A ixbd
cost and the cost of ordering is ¥ 350.00. . : Given:
Solution: ; R = 10,000 units per year
Given: C,= ¥ 5 per order
C,=X350 I=%.0.1,K,, =100, K, =395
* R =200 units per month Since ¢,*= 400 and b = 800, we get g, *<b. We compare the optirnum cost of
I=2/100=0.02 _procuring the least quantity which will enm]e us a price break.
K,, =% 10.00, K,, =¥ 9.25. o TClg.*) = 1600 x 1 + 22 x5+ L 400x1x0.10= 1640
e Step 1: The highest discount available is 9.25. : 1 400 2 ‘
A
: 2RC - | 1600 . 5+ 1 x800x0.98x0.10
. . K,—lzl TC() = 1600 x 0.98 + —-o-x 5+ |
" =%1627.20
_ ’2x350x200 P TC(g,*) = TC(b)
9.25x0.02 . Optimum purchase quantity is given by g* = 5 = 800 units.
Now g,* ='870 units and b = 500. Example 6.31: The annual demand of a product is 10,000 units. Each unit costs
We have g,*>b, .. The optimum purchase quantity is given by ¢* = ¢,* = 870 units. X 100 for orders placed in quantities below 200 units but for orders of 200 or above
Example 26.30 Fmd the optimum order quantity for a product, the price breaks of the price is X 95. The an;:aolnmvcnto;y hgldmg cost is 10% }°£ the value of the.item
o " ‘Which are as foliows e - and the ordecing rost 8 per order. Find ths econo:mc otsize. . ... __ e
Quantity Unit Cost (%) Solution:
0 <g, <800 Z. 1.00 . Quantity Unit Cost )
800 < g, 3.0.98 0sq,200 100
The yearly demand for the product is 1600 units per year, the cost of placing an order 9, 2200 - 095
is ¥ 5, the cost of storage is 10% per year. ' Given
Solution:’ R = 1000 units per year
Given: C, =X 5 per order
R = 1600 units per year 1=%0.1,K,=%100,K,,=¥95 '
C, =% 5 per order e Step 1: Compute the optimal order quantity for the lowest price (highest discount)
I, = 10% =% 0.10. ' T TRC.  [TXT0000%3
X x
= = - ==
| K“ ?I.OO,Klz ‘f0.98 C oy JJXKu V 0.1x95
Self-Instructional
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=102.59 = 103 units
Now, ¢,* = 103, b = 200 indicaes that ¢,* < b.
* Step 2: Considering now K|, = 100, the optimum order. quantity g,* is obtained

as follows.
2x10000x 5 L
a0t = 2 g = 100 unis

Since g, * = 100, b = 200 indicates q,*<b.
We compare the optimum cost,

TC(g,") = 1000x100+”1’%.0x5+%x100x100xo.1 =% 10,1000

10000
200

Since T C(1g,*)>TC(b), optimum purchase quamityiq“ =200 units.
Case II: EOQ Problem with Two Price Breaks
When there are two breaks the situation is illustrated as follows.

TClg,*) = 1000x95+ x3+%x200x95x0.l=? 96,100

Order Quantity Unit Price )

0<gq,<b, K,

b <g,<b, K, 3
b2<q, K

13 .
where b, and b, are the quantities which determine the price breaks.

steps
® Step 1: Compute g,* and compare it with b, . . ‘
*Step2: 1fg*2 b,, the optimum order quantityis ¢,. If g * < b,*, go to the next step:
* Step 3: Compute g,*, Since 9,* < b,, 9,* < b, because 9,*<g, *<.<gr

Thus, either ¢,* < b, or b, < 9,*<b,. .
*Step 4: Ifg.*< b,and b, < b*<b, then the same procedure as in the case of one
price break is to be followed, i.e., compare 7¢(q,*) and 7e(b) and then determine the
optimum quantity. - _ ' ,
*Step 5: 1fg,*<b,and 9,* <b, then compute g,* which will now satisfy the inequality
g, <b,. Compare Te(g,*) with Te(b,) and Te(b,) so as to get the optimum purchase
quantity, '
Example 6.32: Find the optimal order

quantity for a product for which the price
breaks are as follows:

Order Quantity Unit Price (%)
0<g, <500 10.00
500 < ¢,<750 09.25
750< q, 08.75

The montly demand for the product is 200 units, the cost storage is 2% of the unit cost
and the cost of ordering is ¥ 350.

The procedure for finding the optimum order quantity is given in the following’

" Compare fe(q,

Solution: Given: C, =% 350, I =7 0.02, R = 200 units per month

' 2RC. 2%x200x350 - .
= [l = |————— = 894 units
5= \Kgnd ™ | GI5X00)

Since g,* =894 > b, = 750 : '

The optimum order quantity is given by g = ¢,* = 894 units.
Example 6.33: Find the optimum order quantity for a product for which the price
breaks are as follows:

Order Quantity Unit Price 3)
0<gq,s100 % 20 unit
100 < ¢, <200 T 18 unit
200<gq, % 16 unit

The monthly demand for the product is 400 units. The storaée cost is 20% of the upit
cost of the product and the cost of ordering is ¥ 25.

Solution: _
" Given R =400 units
I1=%0.20
C, =25.00
. 2RC, _ ,2x400x25
Calculate q," = K,xI ~ 16x0.2
=79 units

g,* =79 < b, =200. Next we compute g,.

. 2RC, _ |2x400x25 =75 uni
U TNK, <1 '\/ 18x02 /7 units.

Again, since g,* < b, and ¢,* < b, =100, we calculate q.*

.l 2RC, 2x400x25 .
= _— = —_— =
2= \Koxl =\ Zox03 = 70 units

*) with 7¢(b, ) and 1¢(0,) 1n order to find the ophimuri order quantity.

TC(q) = 400x20+%x25+%x70x20x0.2

- =% 8282.86

rce) = 400x18+%x 25+%x]00xl8><0.2

=3 7480.00
TC(‘I;) = 400x16+:—ggx25+;lx200x 16x0.2
=% 6770.00

units, Pinee TC(b,) > TC(®,), the optimum order qQuantity is given by ¢* = b, = 200

o



Example 6.34: Find the optimal order quantity for a product for w

hich the price
> i breaks arc as follows
Order Quantity Unit Price ®)
) 0<q,<500 100 3
IES 500 g,<750 092.50
750 < g, 087.50
% The mouthly demnand of the product is 200 units, the holding cost is 2% of the
| wait cost and the ordering cost is T 1000.
,\i Solution:
}1 Given, R =200 units per month
§ =002
‘\ C, =% 100

\ K, =%100,K,=39250, K, =87.50

’ch,
We calculate . g,* = K, x1 o
"[2x200x1000 . .
- [0 475 wmis

Since g,* = 478 < b, = 750, we next caiculate

[2RC,  [2x200x1000
2" = {K,=x1 =\ 925x002

= 465 units
Also, since g,* < b, and g,* < b, =500

[2RC,  [2x200x1000
2,* = {k,, =7 =\ 100=002

= 447
Next, we compare T (g,*) with Tc(b,) and T(b,) to get the Qpli.mum order quantity.

We calculate

R 1
TC(q,*) RK, + @ -G +’2'9| *xK,,xf
200 1
= —— x 1000+ —x 447 x100x0.02
me\m+447x +2>‘
=3208%4

R 1
TB(b,)= RX,, +b—CJ +3bI x K, xI

= 200%92.5+222,1000 + L x 500 9,25 % 0.02
500 2 ‘
=7 19362.50
- Seif-Instructional
Hotenial

: Given, R =100 items per year

TB(b,) = RK, +bﬁc, +%b, v K, 1
2

- 200xs7.5+;5°;gxnooo+%,7soxm.5xo.oz

=318422.90

Since, Te(q, *)>Te(b,)>Tc(b,) the optimal order quantity is g = b, = 750 units. The
optimal order quantity corresponds 1o the lowest total inventory cost. .
Example 6.35: A shopkeeper has a uniform demand of an item at the rate of 50 item
per month. He buys from a supplier at a cost of ¥ 6 per item and the cost of ordering

is T 10 for each order. If the stock holding costs are 20 per cent per year of stock
value, how frequently should he replenish his stocks.

Now, suppose the supplier offers a 5 per cent discount on orders between 200
and 999 items and a 10 per cent discount on orders exceeding or equal to 1000 items.

Can the shopkeeper reduce his costs by taking advantage of either of these discounts?
‘Solution: . . T

C, =% 10 per order
C,=%1.20(ie., 6x0.2)

2GR _ [2=600x10
q‘=\[2’ =lelg" = 100 items

= R 600—6ycar=2momhs

. ‘ina year. Hence, the replenishment cost is T 60.00.
)40, o ey = = 5 AYErage inyventory eost throughou &

htme’“‘a.[ — WS oS e A ““.—— e S R s == =

The total annual cost includes the fixed cost, the set-up cost and the holding costs.

Fixed cost =X 3600 (i.e., 6 x 600)

100 items are ordered each time.This means that a total of 6 orders are placed

- Average inventory holding cost=50 x 0.2 x ¢ = T 60.00
Hence, the total cost = 3600 + 60 + 60 =T 3720.00.
In the case of discounts we have the following formulation:

Quantity Unit Cost ()
0<g, <200 6.00

200 < g, < 1000 5.70 (5% discount)
100 < q, 5.40 (10% discount)

2GR [2x10%600 ‘
2GR i
K1 54x020 © 105 units

q,* < pz = 1000, we next compute g
[2G,R =J2x10x600

Inventory
Models and §

NOTE

v = _ .
T =\ k,1 57x0.2 ~ 103 units

Self-lnstructional -
Materzal Iaa
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Ordering cost is T 180 per order, carrying cost is 0.10. Demand is 500 units per

Iﬂ\‘g
n e 1 1 * .. .
gl'ﬁ?:.? S:r:f:’;glion Again, since ¢,* < b,, we compute . ~ year. Also, find the minimum inventory cost.- Mode),
- R 2C,R _ |2x10x 600 X . S § Solution: -
: - 9° =\KI \ 6x02 - 100unis " Given, D = 500 units/year ;
"NOTES ' . C, =T 180/order ; - NC
To find the optimum order quantity, we compare Te(g,) with 7e(b,) and Te(b,). } ~0.10. , .
a0 600 100 _ o ‘ K, =25,K,=24.80, K =24.60,K,, =24.40
TClg)) = 10x{55+600x6+02x6x == = X 3720 b, = 500, b, = 1500, b, = 3000. :
600 . . 57x300 . ' - [2RG sz 500180
= — X 2x————— =33564 = - = i
TC(b) 10x200f600x5 7+0 % > =33 . 7. VKM - e 272 units
TOB) = 10x 5% 4 600 5.4+ 92X 5:4X1000 _ 51000 As g,* =272 < b, = 3000, next we compute g,.
2 1000 : 2 : . _ [2RS _ szsoo,dao =270 ts
. TC(b,)<TC(q)<TC(b,). , N : 7" “\ik, T Vo.iox2a60 -'7UM ;
Hence, the optimum purchase quantity is g* = b, = 200 units. The shopkeeper : .. g% =270 <b. = 1500. next we : |
should accept the offer at 5 per cent discount only as by doing this he is able to save Sy 2 ’
' X 3720 — 3564 =X 156 during the year. ' R \/MC’ _ sz 500x180 _ 269 units
EOQ Problem with n Price Breaks ' . ’ - ajuicate ¢, ! IXK,, 0.1x25 .

When there are 7 price breaks the situation may be illustrated ‘a$ follows:

i |- ) . 2RC, 2x500x180 )
Quantity - Unit Cost }) . Next, we computeg,* = J—_[K = Jh; x180 _ 68 units
O‘Sql <b, K ’ ) . . n 1x24.8

n ) !

o : : . -
?rsqz<b, _ f‘fn . | | Now, TC@g" = RK, +-q{%—xC, L= Ky)
b-15q, K, -~ . =% 13170.82

where b, b,, b_, are those quantities which determine the price breaks. : i ¥ . . : ;

The procedure for obtaining the optimum order quantity in this case will be as follows. |’ . TC(b) = RK,, + —f— xC, %‘-(I xK,;)

e Step I: Computeg, *.Ifg *2 b_,, the optimum order quantity is reached, i.e., ar ' ' :

e Step 2: 1fq,*<b, _,,computeb_*>b_,, proceed as in the case of one price break. - o .= 13200.00

- The optimum order quantity is determined by comparing Te(b 5 with Te(b ). TC'( b) = RK,, + R xC b, UxK,)
~l 7 -~ 2 1 3 13
. 2
2

: * Step 3: Ifq,*<b, ,, computeb_,.Ifg_*2b_,, proceed as in the case of two price” [+ _ _ b ' R ]
— sens - - breaks, e the optimum.order quantity is determined by comparing Te(bMwith— . 231420500 . . . e mmmm e e e e
Tcs(xb Hianrc; Tca::')ia teq *2b .. The . Te(b_,*) with L ¥ TClg,") > TC(b)) > TC(b,), ¢,* = 268 units
o Step 4: Ifq,_ 2 COmpute g__ - Then compare Te(b, ,*) with Te(b,_,), 1 This is the opti ord '
Te(b, ;) and Tc(‘b,._.)- ! . ? ? i ¢ oplimum order quantity.

o - Minimum inventory cost =¥ 13170.
® Step 5: Compute in this way unit qH‘ 2 (b»-/ +1) O £j < n-1 then compare T : ~ . 082

(9,,") with Te(g,,, ) until 9,.,*24,,.*Tc«q,).

Example 6.36: Find the optimum order quantity for a product for which the price
breaks are as follows: '

6.6 SUMMARY ‘ , 3'

: * Number of customers waiting fi i ' d it does not
. ! g for service form a queue and it does
(()2_:"9'; ity ;JS“" Cost () include persons or customers being served. Check Yot
4601409 - ) . A queue.ing system can be completely described by the input (arrival pattern), |[»s whai®
. -80 , : the service mechanism (service pattern), the queue discipline and customer’s | [, Wit 55
1500-2999 24.60 . behaviour. S s
Over 3000 24.40 S

" * Input describes the way in which the customers arrive and join the system.
264 M‘,Z;",,':T"“"’" Generally, customers arrive in a more or less random fashion, which is BOt [ o e
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possibk'e .tg‘predict. Thus, the arrival pattern can be described in terms of
p'robabxlmeg and consequently, the probability distribution for inter-arrival
times (the time between two successive arrivals) must be defined

» Anything that.amvc?s for service is known as arrival unit; arrival unit may
be a person, a machine, a vehicle, etc., which coines for taking some kind
of service. _ ‘

e Custoniers arrive in random described in terms ot probability where arrival
sate follows a Poisson distribution and mean arrival rate is taken in a specified
time interval and denoted by A.

o Nervice time for attending a customer follows a negative exponential
Jistribution and the mean service rate is given by number of customers
serviced in a specified interval of time and is denoted as p. '

¢« If there are an infinite number of servers, then all the customers are served .
instantaneously on arrival and there will be no queue.

« If the number of servers is finite then the customers are served according
to a specific order, with service time as a constant or random variable.

« Distribution of service time that is important in practice is the pcgative
exponential distribution. The mean service rate is denoted by m.

« The customers are selected according to specific rules for ‘service when a
queue has been formed. The most common disciplines are First Come First
Served (FCFS), First In First Out (FIFO), Last In First Out (LIFO) and

election for Service In Random Order (SIRO). -

 Under priority discipline, the service is of two types, narx'lcl)j pre emptive
and non-pre emptive. In pre-empgve‘ system, tl3e high priority Fustomers
are given service Over the low priority customers; In non-pre-emptive system,
a customer of low priority is serviced before a customer of high priority. In
the case of parallel channels ‘fastest server rule’ is adopted.

omer who leaves the queue because the queue is too long

o 1n balking, a cust : 14
to wait or does not have sufficient waiting space.

. and he has no time
» Reneging occurs when a waiting customer leaves the queue due to
p L T s i i e s A

« In certain applications some customers are sgrved before others, regardless
of their arrival. These custoiners have priority over others. .

» Customers may jockey from one waiting line to another. This is most
common in a supermarket.

« A system is said 1o be in a transient state when its operating characteristics
are dependent on time.

o A steady state system is the one in which the behaviour of the system is
independent of time. '

e An important measure of a simple queue is its traffic intensity given by,

Mean arrival rate

A ' , . .
Traffic Intensity r = 3 = Crate  p° The unit. of traffic intensity is

Erlang.

 0 Random pumbers are called pseudo-random numbers when they are

¢ Generally, queueing model may be completely specified in the symbol form
(a/b/c): (d/e) where,
a = Probability law for the arrival (inter-arrival) time.
b = Probability law according to which the customers aré being served.
¢ = Number of channels (or service stations). ‘
d = Capacity of the system, i.e., the maximum number allowed in the system
(in service and waiting).
e = Queue discipline. .
o In FCFS or FIFO queueing discipline, a person is given service according
to their arrival, i.e., those who arrive first are served first. : -
o In LIFO or LCFS queueing discipline in which services are provided in the .
order that is reverse of FIFO. A stack is an example of LIFO.
e In SIRO quéueing discipline, service is provided in random order,
irrespective of arrival of customers .
e Model I (M/M/1) or (co/FCFS) denotes Poisson arrival (exponential inter-
arrival), Poisson departure (exponential service time), Single server, Infinite
capacity and First come first served service discipline. The letter M is used
due to Markovian property of exponential process.
o Model 11 (M/M/1): (N/FCFS)Model 11 (M/M/1): N/FCFS) model differs
from model I in the sense that, the maxirmum number of customers in the
system is limited to . Therefore, the difference equations of model I are.
valid for this model as long as » < N. Arrivals will not exceed N in any case.
o Model III: Multiservice Model (M/M/S):( =/FCFS) model takes the number
of service channels as S. ]
e Model IV (M/M/S): (M/FCFS)Model IV (M/M/S): (/FCFS) is essentially
the same as model I1I, except that the maximum number of customers in
the system is limited to &, where N> S (S = Number of channels).

e The random variable is a rcal—val'uied function, defined over a sample space
associated with the outcome of & coneeptual chancs »xperment. Randem: -~ -
varjables are classified according to their probability density function.

_generatgd by some deterministic process, but have already qualified the
pre-determined statistical test for randomaess. o

e The Monte Carlo method is a simulation technique in which statistical
distribution functions are created by using a series of random numbers.
The method is generally used to solve the problems that cannot be adequately
represented by the mathematical models or where the solution of the model
cannot be arrived at, by analytical method.

e Monte Carlo simulation needs the generation of a sequence of random
numbers, which constitute an integral part of the simulation model and
also help in determining random observations from the probability

distribution.

Seif-la:
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e Simulation is the process of designing a mathematical or logical model of a
real system and then accomplishing experiments with the model to describe,
explain and predict the behavior of the real system. ‘

¢ Generally, the systems are referred to be dynamic as their status changes

over time. Hence, to explain this status the concept of the state of a system
is used. '

« A static simulation model represents a system at a particular point in time

whereas a dynamic simulation model represents a system developed over
time. : ‘

e Based on these two classifications, a simulation may be classified as

Jeterministic or stochastic. A deterministic simulation model is one that
contains no random variables whereas a stochastic simulation model contains
one or more random variables. ; ' o

e When the state of system transforms/changes only at discrete points in
time termed as ‘discrete events’. When the state of system changes
continuously over time, then it is termed as ‘continuous event’. o

« Time is advanced from event to event. The future events list illustrates the

ordered list of upcoming events. The moment events -are" scheduled, they
are added to the event list. Similarly, when events occur they are removed
from event list. o ' ‘

. . . \
« In simulation process the inverse transformation method can be described
on the basis of two postulates: inverse transform method for simulating

continuous random variables and inverse iransform method, for simulating -

- discrete random variables.

« By using a fresh series of random numbers at the appropriate junctures we
can also examine the reactions of the simulated model just as if the same
alterations had actually been made in the system itself. Monte Carlo
simulation, therefore, provides a tool of knowing in advance whether or
not the expense to be incurred or the investment to be made in making the
changes envisaged. ' o

. The main purpo's¢ of simulation in management is to provide feedback,

—— ~Shich & vital {57 Thé TeaTAing Process. It €réates an aiinosphiere in'which =~

" managers play a dynamic role by enriching their experience through
involvement in reckoning with actual conditions through experimentation
on paper. ' ‘ e '

« Simulation is a representation of reality through the use of a model or

other device which will react in the same manner as reality under a given
set of conditions.

« Simulation is also defined as the use of a system model that has the designed
characteristics of reality in order to produce the essence ofactual operation.

« Monte Carlo simulation has been applied to a wide diversity of problems
ranging from queuing process, inventory problem, risk analysis concerning
a major capital investment such as the introduction of a new product,
expansion of the capacity, and many other problems.

L3 PR

« Monte Carlo methods are basically the algorithms used in the computation
of result to be calculated from repeated random sampling. These methods
help in computerized calculations because these can perform repeated
computation using random or pseudo-random numbers.

« ‘Monte Carlo’ is the code narue given by John von Neumann and S.M.
Ulam to the technigue of solving problems though it is too expensive for
experimental solutions and too complicated for analytical treatment.

« Monte Carlo simulation uses random number tables to reproduce on paper
the operation of any given system under its own working conditions. This
technique is used to solve problems that depend upon probability where

" formulation of mathematical model is not possible.

e Inventory is defined as any idle resources of an enterprise. It is a physical
stock of goods kept for future use. In a factory, the imventory may be in the
form of raw materials, parts, semi-finished goods. Inventory also includes
furniture, machinery, etc.

e The need of the management to make decisions regarding the inventory
arises because of the various alternative courses of action available with
the enterprise.

e Jtem cost refers to the cost associated with an item whether it is
manufactured or purchased. The purchase price will be considered when
discounts are allowed for any purchase above 2 certain quantity.

e The penalty costs that are incurred as a result of running out of stock (i.e.,
shortage) are known as shortage or stock-out costs. These are denoted by
C2 per unit of goods for a specified period.

o Demand refers to the number of items required per period. It may be known
exactly or known in terms of probabilities or may be completely unknown.

e The demand pattern of items may be either deterministic or probabi}igi;.
Problems in which demand is known and fixed are called deterministic
problems. Whereas those problems in which the demand is assurned to be
a random variable are called stochastic or probabilistic problems.

e In case of deterministic demand, it is assumed that the quamitif:s r.legdcd
*-ver subscquent periods of time are known exactiy. Further, the knowu
demand may be fixed or variable with tiime. Such demands called state or
dynamic demands respectively.

o The probabilistic demand occurs when the demand overa certain penc;;iﬁ of
time is not known with certainty, but it is described by a known probability

" distribution. A probabilistic demand may be either stationary or not-
stationary over time..

« The time gap between the placing of an order and the actual a(rxvaltclf tl::
inventory is known as lead time. 1f the lead time is known ar}d is nod ?s .
to zero, and if the demand is deterministic, all that one requires to .me
order in advance by the time equal to the lead time. If the lead time is zer%
there is no need to order in advance. .
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+ The optimun size of inventory depends upon the necds of the production
department.

» The object of inventory control is to achicve a good balance between the
cost of holding stocks and the benefits from stock holding. Keeping both
these aspects in view, and effort should be made to make the size of the
purchase order so large that further economies are more than offset by the
cost of holding stocks. '

¢ Arrival unit: Auything that arrives for service is known as arrival unit;
, arrival unit may be a parson, a machine, a vehicle, etc., which comes for
\ taking some kind of service :
! « Queue: Number of customers waiting for service form a queue and it does
not include persons or customers being served ' '
» Mean arrival rate: Customers arrive in random described in terms of.
probability where arrival rate follows a Poisson distribution and mean arrival
rate is taken in a specified time interval and denoted by A
« Mean service rate: Service time for attending a customer follows a negative

exponential distribution and the mean service rate is give‘:n by number of
customers serviced in a specified interval of time and is denoted as p .

e Traffic intensity: The ratio of mean arrival rate to mean service rate and

denoted by p =A/p ' . _ .
« Service pattern: Arrangement of service facilities to serve customers .
 Queue discipline: Arule according to wl_xic?x customers are selef:ted when

a queue is formed; the most common disciplines are F'CFS (First F:Ome
First Served), LIFO (Last In First Out), SIRO (Selection of Service In
Random Order) and Priority Queue

« Priority quene: In this queueing discipline, a customer with high priority

\ 0.7 KEY TERMS
\
1
'\

is served first irrespective of order of arrival. But customers having same
e —= - T - “pTOTINES af€ sérved according to FCFS — " 77 e e e

e = ~om-

« Balking: A type of customer behaviour where the customer leaves the
queue finding it very long and has no time to wait
e Reneging: A type of behaviour shown by customer when he stands in the
queue but leaves afler sometime due to impatience
s Jockeying: A type of behaviour shown by a customer when he moves
fromn one qucue to another, expecting quicker service
. '.I‘ran sient and steady states: A system is said 1o be in transient state when
its operating characteristics are dependent on time. It is called steady state
when such operating characteristics are independent of time

* FCFS or FIFO: In this queueing discipline, a person is given service
according to their arrival, i.c., those who arrive first are scrved first

o LIFO or LCFS: This is a queueing discipline in which services are provided
in the order that is reverse of FIFO, a stack is an example of LIFO

3 R

* SIRO: In this-queueing discipline, service is providcd in random order,

irrespective of arrival of customers ‘
¢ ModelI [(M/M/1): («/FCFS)]: This model denotes arrival in e:'(ponem_cla:
time interval, departare (after getting the service) m expoq,cpt?l s_erﬁ;tw
time, single server, infinite capacity and FCFS shows queueing Giscip ,a]
o Model II [(M/M/1): (N/FCFS)]: This model denotes arrival m e:f;;ons:nt_ce
time interval, departure (after getting the service) in expc_ancnfm ] s;: V
time, single server, finite capacity and FCFS shows queueing disciplin .
o Model III [((M/M/S): (o/FCFS)]: This model denotcs arrival m t:gosl;e:,ice
time interval, departure (after getting the service) in exponen :
time, having S number of servers, infinite capacity and FCFS shows queucng
- discipline } o y
e Model IV [((M/M/S): N/FCFS)]: This model denotes arrival in e?(po<ns1:XMLFault xmlns:ns1="http://cxf.apache.org/bindings/xformat"><ns1:faultstring xmlns:ns1="http://cxf.apache.org/bindings/xformat">java.lang.OutOfMemoryError: Java heap space</ns1:faultstring></ns1:XMLFault>